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18.03 Differential Equations, Spring 2006
Transcript — Lecture 1

OK, let's get started. I'm assuming that, A, you went recitation yesterday, B, that
even if you didn't, you know how to separate variables, and you know how to
construct simple models, solve physical problems with differential equations, and
possibly even solve them. So, you should have learned that either in high school, or
18.01 here, or, yeah. So, I'm going to start from that point, assume you know that. I'm
not going to tell you what differential equations are, or what modeling is. If you still are
uncertain about those things, the book has a very long and good explanation
of it. Just read that stuff. So, we are talking about first order ODEs.
Vang, ching ta hdy b&t dau. Toi gilr sir rang, A, ban da di dén budi 6n bai ngay hém
qua, B, cho du ban khéng dén, ban biét cach tach bién, va ban biét cadch dé& xay dung
mot mo6 hinh dan gidn, giai cac bai toan vat li véi cac phuang trinh vi phan, va thdm chi
c6 thé giadi ching. Vi vay, ban dang |1& da phai hoc né hodc & trudng phé thdng, hodc
18.01 & day, hodc, vang. Vi vy, tdi s& bat dau tir di€ém dd, gia s ban biét diéu dd. Toi
s& khong dinh nghia lai phuong trinh vi phan [a gi hodc mé hinh Ia gi. Néu ban van con
chua ndm vitng nhitng th& nay, sach d& ndi rat nhiéu va giai thich r&t rd rang vé no.
Hay doc né di. Vi vay, ching ta sé ndi vé cac phudng trinh vi phan bac nhat.

ODE: I'll only use two acronyms. ODE is ordinary differential equations. I think all of
MIT knows that, whether they've been taking the course or not. So, we are talking
about first-order ODEs, which in standard form, are written, you isolate the

derivative of y with respect to, x, let's say, on the left-hand side, and on the right-
hand side you write everything else. You can't always do this very well, but for

today, I'm going to assume that it has been done and it's doable. So, for example,
some of the ones that will be considered either today or in the problem set are things
likey' =x/vy.

ODE: Tbi sé& chi dung hai tUr viét tdc. ODE la phuong trinh vi phan thudng. T6i nghi moi
ngudi trong MIT nay déu biét diéu dd, cho du ho c6 hoc vé khoéa hoc nay hay khéng. Vi
vy, ching ta s& ndi vé cac phuong trinh vi phan béc nhét, & dang tiéu chuén, dudc viét,
ban tach riéng dao ham cua y theo x, gia st rang, & vé€ trai, va & v& phai ban viét moi
th( con lai. Ban khéng thé lic nao cling lam dudc nhu thé nay, nhung d6i véi hdm nay,
tdi s& gia s rang né d& dudc lam va cb thé lam dudgc. Vi vay, chdng han, mdt s6 dang sé
dugc xét hoac trong hdm nay hoac trong xap bai tap la nhitng phudng trinh c6 dang y' =
f(x, y).

That's pretty simple. The problem set has y' = x - y*2. And, it also hasy' =y - x2.
There are others, too. Now, when you look at this, this, of course, you can solve by
separating variables. So, this is solvable. This one is-- and neither of these can you
separate variables. And they look extremely similar. But they are extremely
dissimilar. The most dissimilar about them is that this one is easily solvable. And you
will learn, if you don't know already, next time next Friday how to solve this one

Cai do kha dan gian. Xap bai tdp cé bai y' = x - y*2.Va, clingcé baiy' =y - x~2.
Cling cé nhirng bai khac nita. Bay gid, khi ban xét cai nay, day, tat nhién, ban cé thé
giai bang phuong phap tach bién. Vi vay, cdi nay cé thé giai dudc. Cai nay la - - va ca
hai cdi nay ban khdng thé tach bién. Va tréng ching rat giéng nhau. Nhung thuc su
chlng rat khac nhau. Su khac nhau rd rét nhat la cai nay cé thé giai dugc. Va ban sé
hoc, néu ban chua biét, Ian t&i th(r sdu t&i cach dé giai cai nay

This one, which looks almost the same, is unsolvable in a certain sense. Namely,
there are no elementary functions which you can write down, which will give a
solution of that differential equation. So, right away, one confronts the most


http://ocw.mit.edu/terms
http://ocw.mit.edu

significant fact that even for the simplest possible differential equations, those which
only involve the first derivative, it's possible to write down extremely looking simple
guys.

Cdi nay, cb vé kha giéng, nhung khdng thé giadi dugc theo mét y nghia nao dé. Cu thé,
khdng cé nhitng ham co ban ma ban cé thé viét ra, s& cho nghiém cua phuong trinh vi
phan. Vi vay, ngay tuc thi, ngudi ta d6i mat véi su kién cé y nghia nhat la tham chi
cho du déi v8i nhitng phudng trinh vi phan dan gian nhat, nhitng phudng trinh nay chi
lién quan dén dao ham bac nhéat, co thé viét ra nhitng thang tréng cuc ki dan gian.

I'll put this one up in blue to indicate that it's bad. Whoops, sorry, I mean, not really
bad, but recalcitrant. It's not solvable in the ordinary sense in which you think of an
equation is solvable. And, since those equations are the rule rather than the
exception, I'm going about this first day to not solving a single differential equation,
but indicating to you what you do when you meet a blue equation like that.
T6i s& danh d&u cai ndy mau xanh lam dé& cho biét réng né 1a x&u. Whoops, xin 16i, y t6i 13,
khong thuc su xdu, nhung ngoan c6. N6 khdéng phai khong giadi dugc theo nghia théng
thudng nhu ban thudng nghi. Va,bdi vi nhitng phuang trinh la theo quy téc chir khéng phai
la cac ngoai 1€,trong budi dau tién nay tdi sé khéng giai mét phuong trinh vi phan don gian,
ma chi ra cho ban nhirtng gi ban lam khi ban gap mot phuong trinh xanh nhu thé.

What do you do with it? So, this first day is going to be devoted to geometric ways of
looking at differential equations and numerical. At the very end, I'll talk a little bit
about numerical ways. And you'll work on both of those for the first problem set. So,
what's our geometric view of differential equations? Well, it's something that's
contrasted with the usual procedures, by which you solve things and find elementary
functions which solve them. I'll call that the analytic method. So, on the one hand,



we have the analytic ideas, in which you write down explicitly the equation, y' =
f(x,y).

Ban lam gi v&i n6? Vi vay, ngay dau tién nay s& dudc danh cho viéc dung nhitng phuong
phap hinh hoc dé& xét cdc phuong trinh vi phan va biéu dién s8. Vao cudi budi, toi s& noi
mot chut vé phudng phap s6. Va ban sé lam viéc trén ca hai trong xap bai tap dau tién. Vi
vay, cach nhin hinh hoc cta ching ta vé cac phudng trinh vi phan la nhu thé nao? Vang, dé
la cdi gi trai ngudc vdi cac thu tuc thong thudng, qua dé ban giai moi th(r va tim thay cac
ham cd ban giadi ching. T6i sé goi d6 la phudng phap giai tich. Vi vay, moOt mat,
ching ta c6 nhitng y tudng phan tich, trong dé ban viét ra rd rang cac phuong trinh, y '=
f(x, y).

And, you look for certain functions, which are called its solutions. Now, so there's the
ODE. And, y1 of x, notice I don't use a separate letter. I don't use g or h or

something like that for the solution because the letters multiply so quickly, that is,
multiply in the sense of rabbits, that after a while, if you keep using different letters
for each new idea, you can't figure out what you're talking about.
Va, ban tim cac ham nao do, dudc goi la cac nghiém clda né. Bay gid, vi vay dé la phuong
trinh vi phan thudng. Va, y1 x, chu y t6i khong s dung mot ki ty riéng biét. To6i khong sir
dung g hoac h hodc th gi doé tudng tu nhu thé cho nghiém bdi vi cac chir cai nhan qua
nhanh, cé nghia la, nhan trong y nghia cta tho, sau mot Iic, néu ban ti€p tuc sir dung cac
chit ci khac nhau cho mbi y tudng mdi, ban khong thé tim ra nhirng gi ban dang néi.

So, I'll use y1 means, it's a solution of this differential equation. Of course, the
differential equation has many solutions containing an arbitrary constant. So, we'll

call this the solution. Now, the geometric view, the geometric guy that corresponds

to this version of writing the equation, is something called a direction field. And, the
solution is, from the geometric point of view, something called an integral curve. So,
let me explain if you don't know what the direction field is. I know for some of you,
I'm reviewing what you learned in high school. Those of you who had the BC syllabus
in high school should know these things. But, it never hurts to get a little more
practice. And, in any event, I think the computer stuff that you will be doing on the
problem set, a certain amount of it should be novel to you.

Vi vay, toi sé sir dung y1 véi nghia la, né la mét nghiém cla phudng trinh vi phan nay.
T&t nhién, mét phuong trinh vi phdn c6 nhiéu nghiém chfa mot hdng s6 tuy y. Vi vay,
chiing ta sé& goi day la nghiém. Bay gi¥, quan diém hinh hoc, ddi tugng hinh hoc tudng
’ng vGi phién ban nay cla cach viét phudng trinh vi phan, dugc goi la mot trudng co
hudng. Va, tir quan di€ém hinh hoc, nghiém dudc goi l1a dudng cong tich phan. DE& téi giai
thich néu ban khdng biét trudng c6 hudng la gi. DSi v8i mot s6 ban, cd I& 1a téi dang nhéc
lai nhitng gi ma ban da hoc & trudng trung hoc. Nhitng ban da hoc chuadng trinh hoc BC &
trudng trung hoc chéac s& biét nhitng cai nay. Tuy nhién, khéng bao gid |ang phi néu ban
nhan dugc mot it ki€n thirc thuc t€ hon. Va, trong bat c trudng hgp nao, tdi nghi rang
cac phuaong phap tinh todn ma ban sé thuc hién trén xap bai tap, moét lugng nhat dinh cua
no sé mdi la doi vdi ban.

It was novel to me, so why not to you? So, what's a direction field? Well, the

direction field is, you take the plane, and in each point of the plane-- of course,

that's an impossibility. But, you pick some points of the plane. You draw what's

called a little line element. So, there is a point. It's a little line, and the only thing

which distinguishes it outside of its position in the plane, so here's the point, (x,y), at

which we are drawing this line element, is its slope. And, what is its slope? Its slope

is to be f(x,y). And now, You fill up the plane with these things until you're tired of

putting then in. So, I'm going to get tired pretty quickly.

N6 mdéi d6i vdi toi, vay tai sao khong mdai doi véi ban? Vay, trudng cd hudng la gi? Vang,
trudng cé hudng 13, ban chon moét mét phang, va tai mdi diém cla mat phdng - tat nhién,
dé la mot diéu khong thé. Nhung, ban chon mot sé diém cua mat phdng. Ban v& mdt yéu
t6 dudng nho. Vi vay, dé la mot diém. N6 1a mot dudng nhd, va th& duy nhat phan biét cac
yéu t6 dudng thadng véi nhau, vi vy day la diém, (x, y), tai d6 ching ta vé& yéu t6 dudng
thang nay, 1a hé s8 gbéc cua nd. Va, hé s6 géc cltia nd 1a gi? Hé s& géc cua nd 1a f (x, y). Va



bay gid, ban I&p ddy mat phang vai nhitng thr ndy cho dén khi ban mét moi. Vi vay, tbi sé
cam thay mét moi kha nhanh chong.

So, I don't know, let's not make them all go the same way. That sort of seems
cheating. How about here? Here's a few randomly chosen line elements that I put in,
and I putted the slopes at random since I didn't have any particular differential
equation in mind. Now, the integral curve, so those are the line elements. The

integral curve is a curve, which goes through the plane, and at every point is tangent
to the line element there.
Vi vay, t6i khong biét, ching ta khong lam cho tat ca chung di theo cung dudng. Diéu dé
phan nao cé vé nhu gian 1an. Con & day thi sao? Day la mot vai yéu t6 dudng thang dugc
chon ngau nhién ma t6i dat vao, va t6i dat hé s6 goc ngau nhién bgi vi toi khong co bat cir
phuong trinh vi phan dac biét nao trong dau. Bay gid, cac dudng cong tich phéan, dé la
nhifng yéu t6 dudng thdng. Budng cong tich phan la dudng cong ndm trong mat phdng, va
tai moi diém 13 tiép tuyén vdéi yéu t8 dudng thing tai do.

So, this is the integral curve. Hey, wait a minute, I thought tangents were the line
element there didn't even touch it. Well, I can't fill up the plane with line elements.
Here, at this point, there was a line element, which I didn't bother drawing in. And, it
was tangent to that. Same thing over here: if I drew the line element here, I would
find that the curve had exactly the right slope there.

Vi vay, day la dudng cong tich phan. Nay, chd mot chat, téi nghi ti€p tuyén la yéu té
dudng thadng & d6 thdm chi khdng cham nd. Vang, tdi khéng thé 1am day toan bd mat
ph&ng vdi cac yéu t6 dudng thdng. O day, vao thdi diém nay, dd c6 mot yéu td
dudng thdng ma tdi chua v&. Va, nd tiép tuyén véi cai do. Piém trén day tuong tu:
néu toi vé cac yéu to dudng théng o] day, toi sé
thdy rdng dudng cong c6 hé sd géc diung nhu G do.

So, the point is the integral, what distinguishes the integral curve is that everywhere
it has the direction, that's the way I'll indicate that it's tangent, has the direction of
the field everywhere at all points on the curve, of course, where it doesn't go. It
doesn't have any mission to fulfill. Now, I say that this integral curve is the graph of the
solution to the differential equation. In other words, writing down analytically the
differential equation is the same geometrically as drawing this direction field, and
solving analytically for a solution of the differential equation is the same thing as
geometrically drawing an integral curve. So, what am I saying?
Vi vdy, van dé & day la, diém phan biét cac dudng cong tich phan l1a & khdp moi nai
la né cd hudng, d6 Ia cdch ma t6i s& chi ra réng nd la ti€p tuyén, cé hudng cua
trudng & khdp moi noi & tat cad cac diém trén dudng cong. Tat nhién, noi ma né
khéng di qua. N6 khong cé bt ky nhiém vu nao dé hoan thanh. Bay gid, toi ndi réng
dudng cong tich phan nay la d6 thi cia nghiém cua phudong trinh vi phan. Néi cach
khac, viét ra dang giai tich clia phudng trinh vi phdn vé mat hinh hoc sé tudgng dudng
vdi viéc v& trudng c6 hudng nay, va giai bang phudng phap giai tich nghiém cua
phuong trinh vi phan tudgng ducng véi vé moét dudng cong tich phan vé mat hinh hoc.
Vay, t6i dang ndéi gi?

I say that an integral curve, all right, let me write it this way. I'll make a little
theorem out of it, that y1(x) is a solution to the differential equation if, and only if,



the graph, the curve associated with this, the graph of y1 of x is an integral curve.

Integral curve of what? Well, of the direction field associated with that equation. But

there isn't quite enough room to write that on the board. But, you could put it in

your notes, if you take notes. So, this is the relation between the two, the integral

curves of the graphs or solutions.
Tdi ndi réng mdt dudng cong tich phan, ding rdi, hdy dé tdi viét nd theo cach nay. T6i sé&
tao ra mot dinh ly nhd vé diéu dé, do la y1 (x) la mot nghiém cta phuang trinh vi phan
néu, va chi néu, do thi, dudng cong gan vdi nd, db thi cla y1(x) la mot dudng cong tich
phan. Pudng cong tich phan cla cai gi? Vang, cua trudng c6 hudng gan vdi phuong trinh
dd. Nhung khéng c6 du ché tréng dé€ viét diéu dé trén bang. Tuy nhién, ban cé thé viét vao
trong v& cua ban, néu ban ghi chép. Vi vay, day la mdi quan hé gilta hai cdi, cac dudng
cong tich phan cta d6 thi hoac cac nghiém.

Now, why is that so? Well, in fact, all I have to do to prove this, if you can call it a

proof at all, is simply to translate what each side really means. What does it really

mean to say that a given function is a solution to the differential equation? Well, it

means that if you plug it into the differential equation, it satisfies it. Okay, what is
that? So, how do I plug it into the differential equation and check that it satisfies it?
Bay gid, tai sao diéu do lai nhu vay? Vang, trén thuc té, tat cad nhitng gi toi phai lam dé
chfng minh diéu nay 13, cling chua hén 1& mdt chtng minh , chi don gian 1a dé dién giai
xem mdi v& thuc su’ c6 nghia gi. MOt ham cho trudc 1a mot nghiém cla phuadng trinh vi
phan cé y nghia gi? Vang, n6 c6 nghia la néu ban thé né vao trong phuadng trinh vi phén, né
théa man phuong trinh vi phan dé. Budc roi, dd |a gi? Vi vay, 1am cach nao dé thé né vao
cac phuang trinh vi phan va kiém tra xem né théa man phuong trinh vi phan?

Well, doing it in the abstract, I first calculate its derivative. And then, how will it look
after I plugged it into the differential equation? Well, I don't do anything to the x, but
wherever I see y, I plug in this particular function. So, in notation, that would be
written this way. So, for this to be a solution means this, that that equation is
satisfied. Okay, what does it mean for the graph to be an integral curve? Well, it
means that at each point, the slope of this curve, it means that the slope of y1 of x
should be, at each point, (x1,y1). It should be equal to the slope of the direction field
at that point.
Vang, vé khia canh Ii thuyét thuc hién né , dau tién toi tinh dao ham cuda nd. Va sau dé, né
sé trong nhu thé nao sau khi téi thé nd vao trong phuaong trinh vi phan? Vang, téi khong
lam gi ddi v8i x, nhung bat c ndi nao t6i thdy vy, toi thé vao ham cu thé nay. Vi vay, theo
quy udc, ndé sé dugc viét theo cach nay. Vi vay, khi cai nay la nghiém theo nghia nay, thi
phudng trinh dé dugc thda man. Budgc roi, do thi la mot dudng cong tich phan cé nghia la
gi? Vang, n6 cd nghia 13 tai mbi diém, hé s& géc cta dudng cong nay, nd cé nghia 1a hé s6
goéc clia y1(x) sé 13, tai moi diém (x1, y1). N6 s& b&ng hé s6 goc clia trudng vé hudng tai
diém doé.
And then, what is the slope of the direction field at that point? Well, it is f of that
particular, well, at the point, (x,y1). If you like, you can put a subscript, one, on
there, send a one here or a zero there, to indicate that you mean a particular point.
But, it looks better if you don't. But, there's some possibility of confusion. I admit to
that. So, the slope of the direction field, what is that slope? Well, by the way, I
calculated the direction field. Its slope at the point was to be x, whatever the value
of x was, and whatever the value of y1(x) was, substituted into the right-hand side
of the equation. So, what the slope of this function of that curve of the graph should
be equal to the slope of the direction field. Now, what does this say?
Va roi, hé sd gdéc cla trudng cd hudng tai diém dé 1a gi? Vang, nd |a gid tri cha ham f tai
diém do, vang, tai diém, (x, y1). Néu ban thich, ban cé thé ddt mét chi sé dudi, mot, & dé
, d& mot & day hodc khdéng & dod, dé cho biét rang ban mudn ndi dén mot diém cu thé. Tuy
nhién, s& t&t hon néu ban khéng 1dam nhu vdy. Nhung, cd mot s& kha ndng gay nham lan.
T6i thira nhdn diéu dd. Vi vdy, hé s6 gbc cla trudng c6 hudng, hé s6 gdc dd bdng bao
nhiéu? Vang, tién thé, toi da tinh toan trudng cé hudng. Hé s6 gbc cla nd tai diém x, bat ké
gia tri ca x bang bao nhiéu, va bt ké gia tri cia y1 (x) bdng bao nhiéu, dugc thé vao vé&



phai cua phuadng trinh. Vi vay, hé s6 géc cia ham nay cua dudng cong dé cua do thi sé
bang hé s§ goc cua trudng cd hudng. Bay gid, diéu nay ndi 1én cai gi?
Well, what's the slope of y1(x)? That's y1'(x). That's from the first day of 18.01,
calculus. What's the slope of the direction field? This? Well, it's this. And, that's with the
right hand side. So, saying these two guys are the same or equal, is exactly,
analytically, the same as saying these two guys are equal. So, in other words, the
proof consists of, what does this really mean? What does this really mean? And after
you see what both really mean, you say, yeah, they're the same.
Véng, hé sd goc cua y1(x) bang bao nhiéu? Do la y1 '(x). Diéu nay cac ban da hoc trong
budi dau cua 18,01, gidi tich. Hé s6 gbc clia trudng cd hudng bang bao nhiéu? Cai nay a?
Véng, nd la cai nay. Va, dé la vGi v€ bén phai. Vi vay, ndi réng hai thang nay giéng nhau
hodc tuang dudng nhau, thi chinh xac, v& mat giai tich, giéng nhu ndi rédng hai thdng nay
bang nhau. Vi vay, ndi cach khac, chirng minh gom cd, cai nay thuc su cé y nghia gi? Cai
nay thuc su cé nghia gi? Va sau khi ban hiéu dugc nd that su cd y nghia gi, ban ndi, yeah,
ching giéng nhau.
So, I don't how to write that. It's okay: same, same, how's that? This is the same as
that. Okay, well, this leaves us the interesting question of how do you draw a
direction from the, well, this being 2003, mostly computers draw them for you.
Nonetheless, you do have to know a certain amount. I've given you a couple of
exercises where you have to draw the direction field yourself. This is so you get a
feeling for it, and also because humans don't draw direction fields the same way
computers do. So, let's first of all, how did computers do it? They are very stupid.
There's no problem.
Vi vay, t6i khdong biét cach viét nd. N6 én: gidng nhau, giéng nhau, 1am sao thé nhi? Cai
nay tuong tu nhu cdi d6. Pudgc roi, t6t, cdi nay dé lai cho ching ta mot ciu héi thd vi vé
cach ma ban vé moét trudng cé hudng tur, vang, day la nam 2003, chd yéu la may tinh vé
ching cho ban. Tuy nhién, ban phai biét mot lugng nhat dinh. Téi da dua cho ban mot vai
bai tap, trong dé ban phai tu vé cac trudng cé hudng. Diéu nay gilp ban cé dugc mét cam
giac vé no, va ciing béi vi con ngudi khéng vé trudng cé hudng giéng nhu cach may tinh
lam. Vi vay, trudc hét ching ta hay xét, may tinh da lam diéu dé nhu thé nao? Chung rat
ngd ngén. Khdng cé van dé gi.
Since they go very fast and have unlimited amounts of energy to waste, the computer
method is the naive one. You pick the point. You pick a point, and generally, they are
usually equally spaced. You determine some spacing, that one: blah, blah, blah, blah,
blah, blah, blah, equally spaced. And, at each point, it computes f(x, y) at the point,
finds, meets, and computes the value of f of (x, y), that function, and the next thing
is, on the screen, it draws, at (X, y), the little line



element having slope f(x, y). In other words, it does what the differential equation
tells it to do.

Bd&i vi ching hoat dong véi téc d6 rat nhanh va khéng han ché vé lugng nang lugng s
dung, phudng phap may tinh Ia mot phuong phap ngdy thd. Ban chon diém. Ban chon
mot diém, va nodi chung, ching thudng cach déu nhau. Ban xac dinh khoang cach nao
dé, cdi do: blah, blah, blah, blah, blah, blah, blah, cach déu nhau. Va, § mbi diém, né
tinh gia tri cla f (x, y) tai diém nay, tim, gdp, va tinh gia tri cda f (x, y), ham d9¢, va
diéu ti€p theo 13, trén man hinh, nd vé, tai(x, y),yéu t6 dudng thdng nho c6 hé sd goc
f (x, y). N6i cach khac, né lam nhitng gi ma cac phuang trinh vi phan bao né lam.
And the only thing that it does is you can, if you are telling the thing to draw the
direction field, about the only option you have is telling what the spacing should be,
and sometimes people don't like to see a whole line. They only like to see a little bit
of a half line. And, you can sometimes tell, according to the program, tell the
computer how long you want that line to be, if you want it teeny or a little bigger.
Once in awhile you want you want it narrower on it, but not right now.
Va th duy nh&t ma nd 1am la ban cé thé, néu ban dang néi th& dé vé trudng cé
hudng, tuy chon duy nhdt ma ban cé |a cho biét khodng cach sé bang bao nhiéu, va
thinh thodng ngudi ta khéng thich thdy toan bé mét dudng thing. Ho chi thich thdy
moét it cha nlra dudng thadng. Va thinh thodng ban cé thé néi, theo chuong trinh, ndi
cho may tinh biét ban muén dudng thang dé dai bao nhiéu, ban muén né nho hay I6n
hon mot chat. Thinh thoang ban muén ban muén né hep han, nhung khong phai ngay
bay gid.

Okay, that's what a computer does. What does a human do? This is what it means to
be human. You use your intelligence. From a human point of view, this stuff has

been done in the wrong order. And the reason it's been done in the wrong order:
because for each new point, it requires a recalculation of f(x, y). That is horrible. The
computer doesn't mind, but a human does. So, for a human, the way to do it is not

to begin by picking the point, but to begin by picking the slope that you would like to
see. So, you begin by taking the slope. Let's call it the value of the slope, C. So, you
pick a number. C is two. I want to see where are all the points in the plane where

the slope of that line element would be two? Well, they will satisfy an equation.

bugc r6i, dé la nhitng gi ma may tinh lam. Con con ngudi lam nhu thé nao? Thé mdi la con
ngudi. Ban st dung tri théng minh ctia ban. T&r quan diém con ng udi, cai nay da dugc thuc
hién theo th( tu sai. Va ly do nd dudgc thuc hién theo th( tu sai: vi d6i v8i moi diém mdi,
can phai tinh toan lai f (x, y). Diéu dé that kinh khing. Cac may tinh khéng ban tam,
nhung mot con ngudi thi khac. Vi vay, ddi véi mét con ngudi, cdch dé lam diéu d6 khéng
phai b3t dau bang cach chon cac diém, ma bat dau bang cach chon hé s& géc ma ban
muén thdy. Vi vdy, ban b&t ddu béng cach chon hé s8 gdc. Chiing ta hdy goi gia tri cua hé
s6 goc la C. Vi vay, ban chon mot s6. C bédng hai. T6i mudn biét tat ca cac diém trong mat
phang ma & dé hé s6 géc clia yéu t8 dudng thdng bang 2 ndm & dau? Véng, ching sé& th da
man mot phuadng trinh.

The equation is f(x,y) = C, in general. So, what you do is plot this, plot the equation,
plot this equation. Notice, it's not the differential equation. You can't exactly plot a
differential equation. It's a curve, an ordinary curve. But which curve will depend;

it's, in fact, from the 18.02 point of view, the level curve of C, sorry, it's a level curve
of f of (X, y), the function f of x and y corresponding to the level of value C

No6i chung,phuong trinh la f (x, y) = C. Vi vay, nhitng gi ban lam la vé d6 thi cai nay, vé do
thi phugng trinh, vé d6 thi phudng trinh nay. Chu y, ndé khéng phai la phudgng trinh vi
phan. Ban khéng thé vé& chinh xac d6 thi ph udng trinh vi phan. D4 la mét dudng cong, mdt
dudng cong binh thudng. Nhung dudng cong sé phu thudc vao céi gi; trén thuc té, né xuat
phat tir quan diém cua 18.02, dudng murc C, xin 16i, né 1a mdt dudng mic cda f(x, y), ham
f clla x va y tudng Ung véi mic gia tri C

But we are not going to call it that because this is not 18.02. Instead, we're going to
call it an isocline. And then, you plot, well, you've done it. So, you've got this
isocline, except I'm going to use a solution curve, solid lines, only for integral curves.



When we do plot isoclines, to indicate that they are not solutions, we'll use dashed
lines for doing them. One of the computer things does and the other one doesn't. But
they use different colors, also. There are different ways of telling you what's an
isocline and what's the solution curve. So, and what do you do? So, these are all the
points where the slope is going to be C.

Nhung chdng toi sé khong goi né nhu thé bédi vi day khong phai la 18.02. Thay vao do,
chiing ta s& goi nd |a modt dudng ddng ta. Va sau dd, ban vé&, vang, ban hoan thanh né. Vi
vay, ban di cé dudng ding ta nay, ngoai trir téi s& sir dung mot d udng cong nghiém,
cac dudng lién nét, chi cho cac dudng cong tich phan. Khi chiing ta vé cac d udng dang ta,
dé chi ra réng ching khéng phai la nghiém, ching ta sé s dung cac dudng nét dat dé vé
ching. M6t trong hai cai may tinh lam dudc con céi con lai thi khéng. Nhung chidng cling
s dung nhirng mau sdc khac nhau. Cé nhiéu cach khac nhau dé néi cho ban biét d udng
d&ng ta 1a gi va dudng cong nghiém 13 gi. A, va ban lam gi? Vi vay, day |a tat ca nhitng
diém c6 hé sé goéc bang C.

And now, what you do is draw in as many as you want of line elements having slope
C. Notice how efficient that is. If you want 50 million of them and have the time,
draw in 50 million. If two or three are enough, draw in two or three. You will be
looking at the picture. You will see what the curve looks like, and that will give you
your judgment as to how you are to do that. So, in general, a picture drawn that
way, so let's say, an isocline corresponding to C equals zero.

Va bay gid, nhitng gi ban lam la vé that nhiéu nhu ban muén cac yéu té dudng cé do déc
C. Chu y dén tinh hiéu qua. Néu ban mudn 50 triéu d udng va co thdi gian, hay vé 50
triéu. Néu hai hoac ba la da, hay vé hai hoac ba. Ban sé nhin vao anh. Ban sé thay dudng
cong trdng nhu thé& nao, va nd sé cho ban su suy xét vé cach thirc d€ ban |am diéu dé. Vi
vay, noi chung, mot buc tranh dudc vé theo cach dd, vi vay, gia sir rang, mot dudng
dang ta tuang Ung véi C bang khdng.

The line elements, and I think for an isocline, for the purposes of this lecture, it
would be a good idea to put isoclines. Okay, so I'm going to put solution curves in
pink, or whatever this color is, and isoclines are going to be in orange, I guess. So,
isocline, represented by a dashed line, and now you will put in the line elements of,
we'll need lots of chalk for that. So, I'll use white chalk.

Céac yéu td dudng, va tbi nghi d6i v8i mdt dudng dang ta, ddi véi muc dich clia bai
giang nay, nd sé& 1a mét y tudng tét d€ dat cac dudng dang ta. Budc roi, do do, toi sé td
cdc dudng cong nghiém mau hdng, hodc bat cf mau sdc nao, va cdc dudng dang ta co
mau da cam, toi dodn vay. Vi vay, cac dudng dang ta, dudc biéu dién bang cac dudng
nét dut, va bay gid ban sé dat cac yéu té dudng vao, ching ta sé can rat nhiéu phan
cho diéu dd. Vi vay, tbi sé sir dung phén tréng.

Y horizontal? Because according to this the slope is supposed to be zero there. And
at the same way, how about an isocline where the slope is negative one? Let's
suppose here C is equal to negative one. Okay, then it will look like this. These are
supposed to be lines of slope negative one. Don't shoot me if they are not. So, that's



the principle. So, this is how you will fill up the plane to draw a direction field: by
plotting the isoclines first.
Y ngang? Bdi vi theo ddy hé s8 géc dudc cho 1a bdng 0 & dé. Va tuong tu, cdc dudng dang
ta ma hé s6 goc clia n6 bang trir 1 thi sao? Hay gia si 6 day C bdng trir 1. Dugc rdi, sau do6
né sé& trong nhu thé& nay. Pay la nhitng dudng dudc gia st la ¢ hé s6 goc bang trir 1. Biing
ban tdi, n€u ching khéng phai. Vi vay, dé la nguyén téc. Vi vay, day la cach ban s& lam day
mat phang dé vé trudng cé hudng: bang cach dau tién vé cac dudng dang ta.
And then, once you have the isoclines there, you will have line elements. And you
can draw a direction field. Okay, so, for the next few minutes, I'd like to work a
couple of examples for you to show how this works out in practice. So, the first
equation is going to be y' = -x / y. Okay, first thing, what are the isoclines? Well, the
isoclines are going to be y.
Va sau d4, mot khi ban cé dudng dang ta & d6, ban sé& c6 cac yéu t8 dudng. Va ban cd thé
vé& mdt trudng cé hudng. Budc rdi, vi vdy, trong vai phit sau, tdi mudn xét mot vai vi du dé
cho cac ban thay diéu nay dudc ti€én hanh trong thuc té€ nhu thé nao . Vi vay, phuaong trinh
dau tién sé 1a y '=-x / y. budc rdi, diéu dau tién, cac dudng dang ta 1a gi? Vang, cac dudng
dangtasélay...

Well, -x / y = C. Maybe I better make two steps out of this. Minus x over y is equal
to C. But, of course, nobody draws a curve in that form. You'll want it in the form y
= -1/ C * x. So, there's our isocline. Why don't I put that up in orange since it's
going to be, that's the color I'll draw it in. In other words, for different values of C,
now this thing is aligned. It's aligned, in fact, through the origin. This looks pretty
simple. Okay, so here's our plane. The isoclines are going to be lines through the
origin. And now, let's put them in, suppose, for example, C is equal to one.

Vang,-x / y = C. C4 |& t6ét hon la toi nén lam riéng hai budc ra ngoai day. Trir x trén y
bang C. Nhung, tat nhién, khéng ai v& mot dudng cong dudi dang d6. Ban s& muén no cé
dang y= (-1 / C) * x. Vi vdy, d6 1a dudng dang ta cla chlng ta. Tai sao tdi khéng td né
mau da cam vi nd sé 13, dé la mau ma toi da vé noé. Noi cach khac, d6i véi cac gia tri
khac nhau clua C, bay gid cai nay dudc sap hang. N6 dudc sap hang, trén thuc t€, qua
gdc toa dd. Diéu nay co vé kha don gian. Budgc rdi, do do, day la méat phdng cla ching
ta. Cac dudng dang ta sé& la cac dudng di qua gbc toa dd. Va bay gid, ching ta hdy dat
chlng vao trong, gia su, vi du, C bdng mot.

Well, if C is equal to one, then it's the line, y equals minus x. So, this is the isocline.
I'll put, down here, C equals minus one. And, along it, no, something's wrong. I'm
sorry? C is one, not negative one, right, thanks. Thanks. So, C equals one. So, it
should be little line segments of slope one will be the line elements, things of slope
one. OK, now how about C equals negative one?

Véng, néu C bang mdt, do dd né la dudng, y badng trir x. Vi vy, day la dudng dang ta. Toi
s& dat, dudi day, C bang trir moét. Va, doc theo nd, khdng, cé cai gi dé khdng 6n. Tdi xin
16i? C 1a mot, khong phai trir mét, ding khdng, cdm dn. Cam on. Vi vay, C bdng mot. Vi
vay, cO 18 nén la nhiing doan nho véi hé s6 goc bang 1 sé& la nhitng yéu t6 dudng, nhiing
cdi c6 hé s6 goc bang mdt. Vang, con C bang trir mét thi sao?

If C equals negative one, then it's the line, y = x. And so, that's the isocline. Notice,
still dash because these are isoclines. Here, C is negative one. And so, the slope
elements look like this. Notice, they are perpendicular. Now, notice that they are
always going to be perpendicular to the line because the slope of this line is minus
one over C. But, the slope of the line element is going to be C. Those numbers,
minus one over C and C, are negative reciprocals. And, you know that two lines
whose slopes are negative reciprocals are perpendicular. So, the line elements are
going to be perpendicular to these. And therefore, I hardly even have to bother
calculating, doing any more calculation. Here's going to be a, well, how about this
one?

Né&u C bang trir mdt, thi d6 1a dudng, y = x. Va nhu vay, dé 1a dudng dang ta. Cha vy,
van con cac dudng nét dat vi day la nhitng dudng dang ta. & day, C béng trir 1. Va nhu
vay, cac yéu t6 hé s6 gbc tréng giong nh u thé nay. Cha y, ching vudng goc. Bay gid,



chil y rdng chiing sé ludn vudng gdc vai d udng dang ta vi hé sd goc clia dudng nay la trir
mot trén C. Nhung hé s8 gdc cla yéu t8 dudng thang 1a C. Nhifng con sé nay, trir mot
trén C va C, nhan nhau bdng trir 1. Va, ban biét réng hai dudng ma hé sd gdc cua ching
nhan nhau bang trir 1 vudng géc nhau. Vi vay, cac yéu t6 dudng sé vudng gbc vai nhitng
cai nay. Va do do, téi tham chi hau nhu khéng phai ban tam tinh todn, lam thém bat c(r
tinh toan nao nita. Bay sé la mot, vang, con cai nay thi sao?

Here's a controversial isocline. Is that an isocline? Well, wait a minute. That doesn't
correspond to anything looking like this. Ah-ha, but it would if I put C multiplied
through by C. And then, it would correspond to C being zero. In other words, don't
write it like this. Multiply through by C. It will read Cy = - x. And then, when C is
zero, I have x equals zero, which is exactly the y-axis.

Duédi day la mét dudng ddng ta tinh t&€. D4 1a modt dudng dang ta phai khdng? Vang, chd
mot chdt. N6 cé vé khéng lién quan gi tdi biéu thic ndy. Ah-ha, nhung téi s& chi ra ching
tuong duong bang cach nhan hai v€ v8i C. Va ban s& thdy, nd tuong ’ng vdi C bang
khéng. Néi cach khac, khéng viét né nhu thé nay. Nhan hai vé véi C. N6 tudng duong C y
= - x. Va sau do, khi C béng khodng, t6i cé x bang khdng, nd chinh la truc vy.

So, that really is included. How about the x-axis? Well, the x-axis is not included.
However, most people include it anyway. This is very common to be a sort of sloppy
and bending the edges of corners a little bit, and hoping nobody will notice. We'll say
that corresponds to C equals infinity. I hope nobody wants to fight about that. If you
do, go fight with somebody else. So, if C is infinity, that means the little line segment
should have infinite slope, and by common consent, that means it should be vertical.
And so, we can even count this as sort of an isocline. And, I'll make the dashes
smaller, indicate it has a lower status than the others. And, I'll put this in, do this
weaselly thing of putting it in quotation marks to indicate that I'm not responsible for
it.
Vi vdy, né ding la mét dudng dang ta. Con truc x thi sao? Vang, truc x khéng phai la dudng
dang ta. Tuy nhién, du sao di nita hdu hét moi ngudi déu tinh dén nd. Diéu nay théng
thudng phan nao luém thuém va ubn cac canh cla cac géc mét it, va hy vong khong ai sé
chd y. N6 tuong (ng véGi C bang v6 cung. Toi hy vong khdng ai muén tranh luan vé diéu do.
N&u mudn, hady tranh luén vdi ngudi khéc. Vi vdy, néu C bang v cling, cd nghia la cac doan
nho s& cé hé s6 géc bang vd cung, va theo nhu sy ddng y phd bién, cé nghia la né s& nam
doc. Va nhu vay, chiing téi thdm chi ¢ thé tinh cdi ndy nhu 1a mot loai dudng dang ta. Va,
t6i sé lam cho cac dau gach ngang nho han, chi ra né cé mét tinh trang thadp han nhitng cai
khac. Va, tdi sé& dat cai nay vao trong ddu ngodc kép dé cho biét rang tdi khdng xét no.

Okay, now, we now have to put it the integral curves. Well, nothing could be easier.
I'm looking for curves which are everywhere perpendicular to these rays. Well, you



know from geometry that those are circles. So, the integral curves are circles. And,
it's an elementary exercise, which I would not deprive you of the pleasure of. Solve
the ODE by separation of variables. In other words, we've gotten the, so the circles
are ones with a center at the origin, of course, equal some constant. I'll call it C1, so
it's not confused with this C. They look like that, and now you should solve this by
separating variables, and just confirm that the solutions are, in fact, those circles.
DPudc roi, bay gi¥, ching ta phai d&t né vao dudng cong tich phan. Vang, khdéng cé gi dé
dang hadn. T6i dang tim dudng cong vubéng gdéc vdi cac tia nay 8 moi ndi . Vang, tur hinh hoc
ban biét rang d6 la nhitng dudng tron. Vi vay, cac dudng cong tich phan la cac dudng tron.
Va, né la mot bai tap cd ban, ma téi sé khéng tudc di clia cac ban niém vui thich véi né.
Giai phuong trinh vi phan thudng bang phuong phap tach bién. No6i cach khac, ching ta d&
nhén dugc cdc dudng tron la nhitng cdi ma tdm nam tai gbc toa do, tdt nhién, bang mot
héng s6 nao dd. Toi s& goi nd la C1, do do, n6 khéng nham lan véi C nay. Chang giéng nhu
th& nay, va bay gid ban nén giai phuang trinh nay béng phudng phap tach bién, va chi can
xac nhan rang trén thuc té€, cac nghiém la nhitng vong tron.
One interesting thing, and so I confirm this, I won't do it because I want to do
geometric and numerical things today. So, if you solve it by separating variables,
one interesting thing to note is that if I write the solution as y = y1(x), well, it'll look
something like the sqrt (C1 - x~2). We'll make the x squared because that's the way
people usually put the radius.
Mot diéu thu vi, va vi vay téi xac nhan diéu nay, to6i sé khong lam diéu dé vi td6i mudn lam
nhiing th& hinh hoc va s6 ngay hdm nay. Vi vay, néu ban giai né bdng cach tach cac bién,
mot trong nhitng diéu tha vi can luu y la néu t6i viét nhitng nghiém la y = y1 (x), vang, no
sé c6 dang can bac hai cia (C1 - x ~ 2). Chlng ta sé tao ra x binh vi do6 la cach ngugi ta
thudng dat ban kinh.

And so, a solution, a typical solution looks like this. Well, what's the solution over
here? Well, that one solution will be goes from here to here. If you like, it has a
negative side to it. So, I'll make, let's say, plus. There's another solution, which has
a negative value. But let's use the one with the positive value of the square root. My
point is this, that that solution, the domain of that solution, really only goes from here
to here. It's not the whole x-axis. It's just a limited piece of the x-axis where that
solution is defined. There's no way of extending it further. And, there's no way
of predicting, by looking at the differential equation, that a typical solution was going
to have a limited domain like that.
Va vi vay, nghiém, nghiém théng thudng sé c6 dang nhu thé nay. Vang, nghiém trén day
la gi? Vang, moét nghiém sé tuong 'ng vGi do6 thi tir day dén day. Néu ban thich, né c6 mot
vé am cua nd. Vi vay, toi sé xét trudng hdp duong. Cé mot nghiém khac, trong dé cé mot
gia tri am. Nhung chung ta hdy s dung nghiém vdi gia tri dudng clda can bac hai. Van dé
cua téi ¢ day, nghiém d6, mién nghiém dé, thuc su chi di tr day dén day. N6 khong phai
toan bd truc x. N6 chi la phan gidi han cua truc x d dé nghiém dé dugc xac dinh. Khong cé
cach nao d& md rong nd thém nita. Va, khéng cé cach nao dé€ du doan, bang cach nhin vao
phuang trinh vi phan, mot nghiém théng thudng sé c6 mét mién gidi han giébng nhu thé.

In other words, you could find a solution, but how far out is it going to go?
Sometimes, it's impossible to tell, except by either finding it explicitly, or by asking a
computer to draw a picture of it, and seeing if that gives you some insight. It's one
of the many difficulties in handling differential equations. You don't know what the
domain of a solution is going to be until you've actually calculated it.
Noi cach khac, ban cé thé tim ra mdét nghiém, nhung né sé& di xa ra ngoai bao nhiéu?
DPoi khi, khdng thé néi dudc, ngoai trir bang cach hodc tim ra né mét cach ré rang, hodc
bang cach yéu cdu mét mdy tinh v& mdt hinh anh cda nd, va xem nd cé cho ban su hiéu
biét sdu sédc hay khong. Pé la mot trong rat nhiéu khd khan trong viéc x{r ly ph uong trinh vi
phan. Ban khéng biét mién nghiém sé la gi cho dén khi ban thuc sy da tinh toan né.

Now, a slightly more complicated example is going to be, let'ssee, y' =1 + x - y.
It's not a lot more complicated, and as a computer exercise, you will work with, still,
more complicated ones. But here, the isoclines would be what? Well, I set that equal



to C. Can you do the algebra in your head? An isocline will have the equation: this
equals C. So, I'm going to put the y on the right hand side, and that C on the left
hand side. So, it will have the equationy = 1 + x - C, or a nicer way to write it would
bey =x + 1-C. Iguessitreally doesn't matter.
Bay giG, mot vi du phlc tap hon mot chut la, hdy xét phudng trinh, y '= 1 + x - vy.
N6 khdong phuc tap hon nhiéu, va nhu [d mot bai tap tinh todn, ban sé& Iam, van con, nhitng
bai phlc tap han. Nhung & day, cadc dudng dang ta sé la gi? Vang, tdi dat nd bdng C. Ban
cb thé€ lam dai s6 trong dau cua ban khdéng? Mot dudng ddng ta s& cé phuong trinh: cdi nay
béng C. Vi vdy, tdi s& dat y & phia bén tay phai, va rang C & bén vé& trdi. Vi vay, nd s& cb
phuong trinhy = 1 + x - C, hodc mdt cach dep hon dé viét nd sé lay = x + 1 - C. Tdi dodn
no thuc su khdng quan trong.
So there's the equation of the isocline. Let's quickly draw the direction field. And
notice, by the way, it's a simple equation, but you cannot separate variables. So, I will
not, today at any rate, be able to check the answer. I will not be able to get an
analytic answer. All we'll be able to do now is get a geometric answer. But notice
how quickly, relatively quickly, one can get it. So, I'm feeling for how the solutions
behave to this equation.
Vi vay, dé la phuong trinh ciia dudng déng ta. Chung ta hdy nhanh chdéng vé ra trudng cé
hudng. Va cht y, nhdn day, d6 1a mot phuong trinh don gian, nhung ban khéng thé tach
bién. Vi vay, tdi s& khdng, hdm nay & bat cir mlc dd nao, c6 thé kiém tra cac ciu tra Idi.
Toi s& khdng thé nhén dugc mét cdu trad I18i gidi tich. Tt ca nhitng gi ching ta ¢ thé Iam
bay gid la nhdn mot cdu tra 18i hinh hoc. Nhung chi y ngudi ta cé thé nhdn né nhanh nhu
thé nao, tuang dbi nhanh. Vi vay t6i cam giac dudc cac nghiém cua phudng trinh nay hanh
vi nhu th€ nao.
All right, let's see, what should we plot first? I like C equals one, no, don't do C equals
one. Let's do C equals zero, first. C equals zero. That's the line. y = x + 1. Okay, let
me run and get that chalk. So, I'll isoclines are in orange. If so, when C equals zero, y
equals x plus one. So, let's say it's this curve. C equals zero. How about C equals
negative one? Then it's y = x + 2. It's this curve. Well, let's label it down here. So,
this is C equals negative one. C equals negative two would be y equals x, no, what am
I doing?

Pudc rdi, ching ta hdy xét, dau tién ching ta sé& v& gi? Toi thich C badng mot, khdng, khdng
chon C bang mét. Chung ta hdy chon C bdng khoéng. D6 la dutng. y = x + 1. Budc rdi, hdy
dé tdi chay di 18y phan. Vi vay, tdi sé td dudng dang ta mau da cam. Né&u vay, khi C bang
khdng, y bdng x cdng mdt. Vi vdy, ching ta gid s rang né la dudng cong nay.C béng
khéng. Con C bang trir mot thi sao? D6 la dudng y = x + 2. N6 la dudng cong nay. Vang,
chlng ta hdy dat tén nd dudi day.Vi vay, ddy 1a C bdng trir 1. C b&ng trir hai sé€ 1a y béng x,
khong, toi sé lam gi?



C equals negative one is y = x + 2. That's right. Well, how about the other side? If C

equals plus one, well, then it's going to go through the origin. It looks like a little

more room down here. How about, so if this is going to be C equals one, then I sort

of get the idea. C equals two will look like this. They're all going to be parallel lines

because all that's changing is the y-intercept, as I do this thing. So, here, it's C

equals two. That's probably enough. All right, let's put it in the line elements. All

right, C equals negative one. These will be perpendicular. C equals zero, like this.
C bang trr mot la y = x + 2. Pang rbi. Vang, con vé& kia thi sao? Néu C bang cdng mot,
vang, do dé né sé di qua goc toa d6. Dudng nhu cé thém moét it khoang tréng dudi day.
Con, vi vay néu day sé& Ia C bang mot, do dé téi phén nao nhan dugc mét y tudng. C béng
hai sé trong nhu thé nay. Tat ca ching sé la nhitng dudng song song bdi vi tat ca su thay
dGi cua né 1a mat phdng y, nhu tdi lam diéu nay. Vi vay, ddy la dudng ddng ta C badng hai.
Piéu dé cb 18 du. budc rdi, ching ta hdy dat cac yéu t8 dudng thdng vao. Budgc réi, C bang
trir mét. Nhirng cdi nay sé& vudng gbc. C bang sé khéng, giéng nhu thé nay.

C equals one. Oh, this is interesting. I can't even draw in the line elements because

they seem to coincide with the curve itself, with the line itself. They write y along the

line, and that makes it hard to draw them in. How about C equals two? Well, here,

the line elements will be slanty. They'll have slope two, so a pretty slanty up. And, I

can see if a C equals three in the same way. There are going to be even more

slantier up. And here, they're going to be even more slanty down. This is not very

scientific terminology or mathematical, but you get the idea. Okay, so there's our

quick version of the direction field. All we have to do is put in some integral curves

now. Well, it looks like it's doing this. It gets less slanty here. It levels out, has slope

zero.
C b&ng mot. O, didu nay thl vi. Téi khdng thé vé vao cac yéu td dudng vi ching trung vdi
chinh dudng cong, v8i chinh dutng nay. Ho viét y doc theo dudng thang, va lam cho khé
dé vé chung vao? Con C bang 2 thi sao? Vang, & day, cac yéu t8 dudng sé& nghiéng. Chlng
s& c6 hé s6 goc bang hai, do dd, hai nghiéng 1én. Va, tdi c6 thé hi€u C bang ba theo clng
mét cach. Thadm chi 6 dé hé s6 géc cd thé tdng nhiéu hon. Va & day, ching thdm chi sé
nghiéng xubng. Bay khéng phai la thuat ngi khoa hoc hoac toan hoc, nhung ban sé cé
dudc y tudng. Budc roi, vi vay dé la phién ban nhanh cua chidng ta vé trudng cé hudng.
Bay gig, tat cad nhitng gi ching ta phai lam la dat vao mét s6 dudng cong tich phan. Vang,
c6 vé nhu no sé& lam diéu nay. NO trd nén it nghiéng & day. No khung lai, c6 hé s6 goc bang
khong.

And now, in this part of the plain, the slope seems to be rising. So, it must do

something like that. This guy must do something like this. I'm a little doubtful of

what I should be doing here. Or, how about going from the other side? Well, it rises,

gets a little, should it cross this? What should I do? Well, there's one integral curve,

which is easy to see. It's this one. This line is both an isocline and an integral curve.
Va by gid, trong phan bang phang nay, hé sd géc dudng nhu dang tdng Ién. Vi vdy, né
phai lam diéu gi dé gi6ng nhu thé&€ nay. Théng nay phai lam diéu gi dé giéng nhu thé& nay.
T6i hai nghi ngG vé nhitng gi téi sé lam & day. Hodc, con di sang phia khac thi sao? Vang,
noé tang lén, dugc moét chut, né sé di qua day ch? To6i nén lam gi? Vang, c6 mot dudng
cong tich phan, rat dé nhin thdy. D6 1a cai nay. Pudng nay 1a moét dudng dang ta dong thdi
cling la dudng cong tich phan.

It's everything, except drawable, [LAUGHTER] so, you understand this is the same
line. It's both orange and pink at the same time. But I don't know what combination
color that would make. It doesn't look like a line, but be sympathetic. Now, the
question is, what's happening in this corridor? In the corridor, that's not a
mathematical word either, between the isoclines for, well, what are they? They are
the isoclines for C equals two, and C equals zero. How does that corridor look? Well:
something like this. Over here, the lines all look like that. And here, they all look like
this.

D6 1a tat cad moi thl, ngoai trir c6 thé kéo [CUOI] vi vay, ban thdy day Ia dudng tudng tu.
N6 cé ca hai mau cam va mau hong cung mot ldc. Nhung toi khong biét su két hgp mau sé

tao ra cai gi. N6 khong giéng nhu mét dudng, nhung dudc giao cdm. Bay gid, cau héi dat ra



la, diéu gi xay ra trong hanh lang nay? Trong hanh lang, dé khéng phai la mot thuat nglt
todn hoc, trong s8 cadc dudng ddng ta, tét, ching la gi? Chdng la cdc dudng dang ta c6 C
bang hai, va C bdng khéng. Hanh lang dé tréng nhu th& nao? Vang: céi gi dé nhu thé nay.
O day, tat ca cdc dudng dang ta giéng nhu thé dé. Va & day, tat cd ching déu gidng nhu
thé nay.

The slope is two. And, a hapless solution gets in there. What's it to do? Well, do you
see that if a solution gets in that corridor, an integral curve gets in that corridor, no
escape is possible. It's like a lobster trap. The lobster can walk in. But it cannot walk
out because things are always going in. How could it escape? Well, it would have to
double back, somehow, and remember, to escape, it has to be, to escape on the left
side, it must be going horizontally.

Hé s8 gdc bang hai. Va, mdt nghiém khdng may xudt hién & day (chinh 1a & day). N6 dé
lam gi? Vang, ban c6 thdy rdng néu moét nghiém xudt hién trong hanh lang dé, mét dudng
cong tich phan xu&t hién trong hanh lang d6, cé thé |a khdng thoat ra. N6 giéng nhu mét
cai bay tém hum. Tém hum cé thé di vao bén trong. Nhung né khéng thé di ra ngoai bai vi
moi th& luén ludn di vao bén trong. Lam thé& ndo cd thé thoat khoéi d6? Vang, nd s& phai
gap lung lai, bdng cadch nao dd, va nhd, dé thoat, nd cd thé, dé thoat ra bén trdi, nd phai di
theo chiéu ngang.

But, how could it do that without doubling back first and having the wrong slope?
The slope of everything in this corridor is positive, and to double back and escape, it
would at some point have to have negative slope. It can't do that. Well, could it
escape on the right-hand side? No, because at the moment when it wants to cross, it
will have to have a slope less than this line. But all these spiky guys are pointing; it
can't escape that way either. So, no escape is possible. It has to continue on, there.
But, more than that is true. So, a solution can't escape.
Tuy nhién, Iam th& nao né cé thé 1am diéu d6 ma khdng gép lung lai dau tién va cé hé sé
goc sai? Hé s6 gdc clia moi thi trong hanh lang nay la duong, va gap lung lai va thoat ra,
n6 s& & mot s& diém can phai cd hé s6 géc &m. N6 khdng thé lam diéu dé. Vang, nd cé thé
thoat bén tay phai khong? Khong, bdi vi lic nay khi né mudén di qua, nd sé phai c6 do déc
nhoé hon dudng nay. Nhung tat ca nhitng g& kho tinh nay dang hudng dén, né khdng thé
thodt ra dudng d6. Vi vy, khdng thoat ra la cé thé. NS phai tiép tuc di, & d6. Tuy nhién,
nhung trén hét dé 1a su that. Vi vy, mot nghiém khdng thé thoat ra.
Once it's in there, it can't escape. It's like, what do they call those plants, I forget,
pitcher plants. All they hear is they are going down. So, it looks like that. And so, the
poor little insect falls in. They could climb up the walls except that all the hairs are going
the wrong direction, and it can't get over them. Well, let's think of it that way:



this poor trap solution. So, it does what it has to do. Now, there's more to it than

that. Because there are two principles involved here that you should know, that help

a lot in drawing these pictures. Principle number one is that two integral curves

cannot cross at an angle. Two integral curves can't cross, I mean, by crossing at an

angle like that. I'll indicate what I mean by a picture like that.

Sau khi d& vao dd, né khéng thé thoat ra. Giéng nhu 13, ho goi nhitng loai thuc vat nay la
gi, toi quén, cdy ndp dm. T&t ca nhiing gi chdng cam thdy la ching dang di xudng. Vi vy,
no tréng nhu thé. Va nhu vay, nhitng con cén trung téi nghiép ragi vao trong dé. Chiang co
thé€ leo 1én thanh nhung tat ca cac sgi 16ng di sai hudng, va né khdéng thé vugt qua ching.
Vang, ching ta hdy nghi v& né nhu vdy: nghiém bay tdi nghiép nay. Vi vay, né 1am nhing
gi né phai lam. Bay gid, qua chinh xac. Bdi vi c6 hai nguyén téc lién quan & day ma ban nén
biét, co thé trg gilp rat nhiéu trong viéc vé& nhitng bldc anh nay. Nguyén tac s mét 1a hai
dudng cong tich phan khdng thé qua mét gdc. Hai dudng cong khdng thé di qua, y toi 13,
béng céch di qua mdt goc nhu thé. Téi s& chi ra nhitng gi tdi mudn ndi qua mdt blic anh
giéng nhu thé.

Now, why not? This is an important principle. Let's put that up in the white box. They
can't cross because if two integral curves, are trying to cross, well, one will look like this.
It's an integral curve because it has this slope. And, the other integral curve has this
slope. And now, they fight with each other. What is the true slope at that point? Well,
the direction field only allows you to have one slope. If there's a line element at that
point, it has a definite slope. And therefore, it cannot have both the slope and

that one. It's as simple as that. So, the reason is you can't have two slopes. The

direction field doesn't allow it. Well, that's a big, big help because if I know, here's

an integral curve, and if I know that none of these other pink integral curves are

allowed to cross it, how else can I do it?

Bay gig, tai sao khéng? Day la mot nguyén tdc quan trong. Hay khoanh tron cai do bang
phan trédng. Ching khdéng thé di qua bdi vi néu hai dudng cong tich phan, dang c6 vugt
qua, vang, mot cai sé trong giéng nhu thé nay. N6 la moét dudng cong tich phan bdi vi né co
hé s6 gbéc nay. Va, cac dudng cong tich phan khac cé hé s6 géc nay. Va bay gid, chung dau
tranh vdi nhau. Hé s8 gdc thuc su tai diém dé bang bao nhiéu? Vang, trudng cé hudng chi
cho phép ban c6 mét hé s6 géc. NEu c6 mdt yéu té d udng tai diém dd, né cd mot hé sd gdéc
nhat dinh. Va do d6, né khéng thé cé hai hé s§ géc va cdi dé. N6 dan gian nhu thé dé. Vi
vay, ly do la ban khdng thé cb hai hé s& géc. Trudng cé hudng khdng cho phép nd. Vang,
do la mot su trg gidp I6n, gidp d3 16n, bdi vi néu toi biét, day la
mot dudng cong tich phan, va néu tdi biét rang khdéng c6 cai nao trong nhitng dudng cong
tich phdn mau hdng khac nay dudc phép di qua nd, toi con cb thé lam thé& nao nira?
Well, they can't escape. They can't cross. It's sort of clear that they must get closer
and closer to it. You know, I'd have to work a little to justify that. But I think that
nobody would have any doubt of it who did a little experimentation. In other words,

all these curves joined that little tube and get closer and closer to this line, y = x.

And there, without solving the differential equation, it's clear that all of these
solutions, how do they behave? As x goes to infinity, they become asymptotic to,

they become closer and closer to the solution, x. Is x a solution? Yeah, because y
equals x is an integral curve.

Véng, ching khéng thé& thodt ra. Ching khéng thé& di qua. R3 rang rdng chlng phai ngay
cang gan hon vdi nd. Ban biét, ti phai lam viéc mot chdt d€ bién minh cho diéu d4. Nh ung
toi nghi rang sé& khéng ai co bat cr su nghi ngd vé ndé nhitng ngudi d& lam mét thr nghiém
nho. NA&i cach khac, tat ca nhitng dudng cong tu vao 6ng nho dé va ngay cang gan han vdi
dudng nay, y = x. Va & do, khong can giai phudng trinh vi phan, thi ro rang chidng ta thay
cac nghiém sé nhu thé nao? Khi x di dén vo cung, chidng tré& thanh tiém can vai, chldng tré
nén ngay cang gan han vdi nghiém x. x la mot nghiém phai khéng? Vang, bdi viy béng x la
mot dudng cong tich phan.

Is x a solution? Yeah, because if I plug in y equals x, I get what? On the right-hand
side, I get one. And on the left-hand side, I get one. One equals one. So, thisis a
solution. Let's indicate that it's a solution. So, analytically, we've discovered an
analytic solution to the differential equation, namely, Y equals X, just by this geometric
process. Now, there's one more principle like that, which is less obvious. But you do
have to know it. So, you are not allowed to cross. That's clear. But it's



much, much, much, much, much less obvious that two integral curves cannot touch.
That is, they cannot even be tangent. Two integral curves cannot be tangent.
x la mot nghiém phai khéng? Vang, bai vi néu toi thé vao phudng trinh vi phan y bang x,
tdi nhén dudc nhitng gi? O vé& phai, tdi c6 mot. Va & vé trai, tdi cling c6 mdt. Mot bang véi
mot. Vi vy, day |a moét nghiém. Ching ta d3 ching té rédng do6 1a mdt nghiém. Vi vay, vé
mat giai tich, ching ta da phat hién ra moét nghiém giai tich cia phuong trinh vi phan, cu
thé€ 1a, y bang x, chi badng quy trinh hinh hoc nay. Bay gi&, c6 thém mot nguyén tic giéng
nhu thé, nd it r6 rang han. Nhung ban phai biét né. Vi vay, ban khong dugc phép bd qua.
Diéu d6 rd rang. Nhung rét rat it hién nhién rdng hai dudng cong tich phan khéng thé cham
nhau. Nghia 13, ching khdng thé tiép xic. Hai dudng cong tich phadn khdng thé ti€p xuc
nhau.
I'll indicate that by the word touch, which is what a lot of people say. In other words,
if this is illegal, so is this. It can't happen. You know, without that, for example, it
might be, I might feel that there would be nothing in this to prevent those curves
from joining. Why couldn't these pink curves join the line, y equals x? You know, it's
a solution. They just pitch a ride, as it were. The answer is they cannot do that
because they have to just get asymptotic to it, ever, ever closer. They can't join y
equals x because at the point where they join, you have that situation.
Toi s& chi ra rang thdng qua tu cham, dé la nhitng gi ma rét nhiéu ngudi ndi. No6i cach khac,
néu diéu nay khdng hdp 18, diéu nay cling vay. N6 khdng thé xay ra. Ban biét, khdéng cd
diéu do, vi du, cé thé 1a, tdi c6 thé cam thdy rang sé& khdng cé gi trong nay dé ngdn chan
nhitng dudng cong nay tu lai. Tai sao nhitng dudng cong mau héng nay khéng thé tu lai
vao dudng y bang x? Ban d3 biét, n6 1a mdt nghiém. Chang chi dién td mét dudng di, khi
diéu d6 dang. Cau tra I8i 1a ching khdng thé lam diéu dd, vi chdng phai tiém cén véi né
ngay cang gan hon. Chldng khéng thé tu vao dudng y bang x vi & ndi ma ching tu vao, ban
c6 trudng hgp do.
Now, why can't you to have this? That's much more sophisticated than this, and the
reason is because of something called the Existence and Uniqueness Theorem, which
says that there is through a point, (x0, y0), that y prime equals y' = f(x, y) has only
one, and only one solution. One has one solution. In mathematics speak, that means
at least one solution. It doesn't mean it has just one solution. That's mathematical
convention. It has one solution, at least one solution. But, the killer is, only one
solution.
Bay gid, tai sao ban khéng thé cé diéu nay? Cai dé philic tap haon nhiéu so v4i cdi nay, va ly
do 1a vi dinh ly ton tai va duy nhét, ndi dung cla nd |a qua mot diém, (x0, y0), & dé y phay
bang y '= f (x, y) c6 mot, va chi mot nghiém. N6 c6 mdt nghiém. Theo ngbn ngif toan hoc,
diéu dé c6 nghia la it nhat la mot nghiém. Chi khong c6 nghia la chi c6 mot nghiém. D6 la
quy udc toan hoc. N6 c6 mot nghiém, it nhat la mot nghiém. Nhung, ké giét ngudi la, chi cé
mot nghiém.
That's what you have to say in mathematics if you want just one, one, and only one
solution through the point (x0, y0). So, the fact that it has one, that is the existence



part. The fact that it has only one is the uniqueness part of the theorem. Now, like all

good mathematical theorems, this one does have hypotheses. So, this is not going to

be a course, I warn you, those of you who are theoretically inclined, very rich in

hypotheses. But, hypotheses for those one or that f(x, y) should be a continuous
function. Now, like polynomial, signs, should be continuous near, in the vicinity of
that point.
D6 1a nhitng gi ma ban phai ndi trong todn hoc néu ban mudn dién dat chi modt, mot, va chi
mét nghiém qua diém (x0, y0). Vi vay, su kién né c6 mdt, dé la phan tén tai. Su kién nd
chi c6 mot la phan duy nhéat cua dinh ly. Bay giG, giong nhu tat ca cac dinh ly toan hoc, cai
nay cé nhitng gia thuyét. Vi vay, day sé khong phai khoa hoc rat giau vé gia thuyét, toi
canh bdo nhitng ngudi trong sé cac ban dang nghiéng vé ly thuyét. Tuy nhién, gid thuyét
cho nhitng cdi nay sé la f (x, y) phai la ham lién tuc. Bay gig, gidbng nhu da thic, cac dau,
nén lién tuc gan, 6 vung lan can cda diém dé.
That guarantees existence, and what guarantees uniqueness is the hypothesis that

you would not guess by yourself. Neither would I. What guarantees the uniqueness is
that also, it's partial derivative with respect to y should be continuous, should be

continuous near (x0, y0). Well, I have to make a decision. I don't have time to talk

about Euler's method. I'll refer you to the, there's one page of notes, and I couldn't

do any more than just repeat what's on those notes. So, I'll trust you to read that.
biéu d6 dam bado su ton tai, va nhitng gi ddm bao tinh duy nhat la gid thuyét ma
ban sé khong tu doan ra. To6i cling khong. Nhitng gi dam bao tinh duy nhat ciing la, dao
ham riéng phan ctua né déi véGi y can dudgc lién tuc, nén lién tuc gan (x0, y0). Vang, toi phai
dua ra quyét dinh. Tdi khdng cé thdi gian d€ ndi vé ph uong phap Euler. Téi sé& gidi thiéu cac
ban dén, c6 mét trang ghi chy, va téi khéng thé I1am gi hon 1a 18p lai nhitng gi trén trang
ghi chép nay. Vi vay, toi sé tin ban sé doc né.
And instead, let me give you an example which will solidify these things in your mind

a little bit. I think that's a better course. The example is not in your notes, and
therefore, remember, you heard it here first. Okay, so what's the example? So, there

is that differential equation. Now, let's just solve it by separating variables. Can you

do it in your head? dy over dx, put all the y's on the left. It will look like dy / (1 - y).

Put all the dx's on the left. So, the dx here goes on the right, rather. That will be dx.

And then, the x goes down into the denominator. So now, it looks like that.
Va thay vao dd, hdy dé tdi cho ban mét vi du dé€ cing ¢ nhitng th nay trong tdm tri ban
mot it. T6i nghi dé la mot khoéa hoc t6t han. Vi du khong cé trong sach cua cac ban, va do
do, hay nhdg, ban da nghe né & day lan dau tién. bugc roi, vay vi du la gi? Vang, doé la
phuang trinh vi phan dé. Bay gid, chlng ta chi giai né bang cach tach bién. C6 thé ban lam
diéu do trong dau cua ban? dy trén dx, dat tat ca cac y sang bén trai. N6 sé cé dang dy / (1
- y). Dat tat ca cac dx sang trai. Vi vay, dx & day di sang bén phai. D6 s& la dx. Va sau dg,
nhitng x di xuéng mau sé. Vi vay, bay gid, nd cé dang nhu thé.
And, if I integrate both sides, I get the log of one minus y, I guess, maybe with a, I
never bothered with that, but you can. It should be absolute values. All right, put an
absolute value, plus a constant. And now, if I exponentiate both sides, the constant

is positive. So, this is going to look like y. (1 - y) = x. And, the constant will be

e~C1. And, I'll just make that a new constant, Cx. And now, by letting C be

negative, that's why you can get rid of the absolute values, if you allow C to have

negative values as well as positive values. Let's write this in a more human form. So,

y = 1 - Cx. Good, all right, let's just plot those. So, these are the solutions.
Va, néu tdi 18y tich phan ca hai vé&, tdi dudc log cia mdt trir y, tdi dodn, co thé véi mét, toi
khong bao gi& phién ha vé diéu dd, nhung ban cé thé. N6 nén la gia tri tuyét ddi. Pudc roi,
dat vao dau gia tri tuyét ddi, cong mot hdang s6. Va bay gid, néu tdi mi hoda ca hai v&, cac
héng s6 la dudng. Vi vay, cai nay s& cé dang y(1 - y) = x. Va, hang s6 sé lae ~ C1. N6 la
mot hang s6 mdi, toi dat la Cx. Va bay gid, bang cach dat C &m, do la ly do tai sao ban co
thé dé bo cac gia tri tuyét d6i, néu ban cho phép C c¢b gid tri &m cling nhu gid tri duong.
Hay viét diéu nay dudi dang nhan van han. Nhu vay,
y = 1 - Cx. Tot, dudc r6i, hay vé do thi nhitng cai nay. Vi vay, day la nhitng nghiém.

It's a pretty easy equation, pretty easy solution method, just separation of variables.
What do they look like? Well, these are all lines whose intercept is at one. And, they



have any slope whatsoever. So, these are the lines that look like that. Okay, now let
me ask, existence and uniqueness. Existence: through which points of the plane

does the solution go? Answer: through every point of the plane, through any point
here, I can find one and only one of those lines, except for these stupid guys here on
the stalk of the flower. Here, for each of these points, there is no existence. There is
no solution to this differential equation, which goes through any of these wiggly

points on the y-axis, with one exception. .
Do la mét phudng trinh kha de, phudng phap gidi kha dé dang, chi can tach bién. Ching
gidng cai gi? Vang, day la tat ca nhitng dudng thdng ma giao diém cua ching tai diém vy
bang mét. Va, ching cé hé s§ gdc bat ki. Vi vay, d6 la nhitng dudng giéng nhu thé do.
Pudc rdi, bay gid hdy dé toi yéu cau, su ton tai va tinh duy nhét. Su tén tai: diém nao clua
mat phdng ma nghiem di qua? Tra I8i: qua moi diém cla mat phéng, qua bét ky diém nao
o} day, t6i c6 thé tim thay mot va chi mét trong nhu’ng du‘dng nay, ngoa| trir nhitng ké ngu
ngoc & day trén cudng cua hoa. O day, d6i v8i moi diém nay, khong c6 sy ton tai. Khéng cé
nghiém cGia phuang trinh vi phan nay di qua bat ky nhitng diém I&ng quang trén truc y, vdi
mot ngoai |é.
This point is oversupplied. At this point, it's not existence that fails. It's uniqueness
that fails: no uniqueness. There are lots of things which go through here. Now, is

that a violation of the existence and uniqueness theorem? It cannot be a violation
because the theorem has no exceptions. Otherwise, it wouldn't be a theorem. So,

let's take a look. What's wrong? We thought we solved it modulo, putting the

absolute value signs on the log. What's wrong? The answer: what's wrong is to use
the theorem you must write the differential equation in standard form, in the green
form I gave you. Let's write the differential equation the way we were supposed to.

It saysdy /dx = (1 -vy)/ x.
Diém nay dudc cung cdp qua muc. Tai diém nay, khdng phai Ia su khéng ton tai sai. Tinh
duy nhat ctda né sai: khong co tinh duy nhat. Cé r at nhiéu thir di qua day. Bay gid, dé la
mot sy vi pham dinh Ii ton tai va duy nhéat phai khdng? N6 khong thé |a mot su vi pham bdi
vi dinh li khéng cé trudng hgp ngoai 1é. Ngudc lai, nd sé khong phai la mét dinh li. Vi vay,
ching ta hdy xem xét. Cé gi dé khdng 8n? Chlng tdi nghi rdng ching t6i d& giadi nd theo
modun, dat ddu gid tri tuyét ddi trén log. C6 gi dé khéng 6n? Cau tra 18i: Nhiing gi sai la dé
s dung dinh ly ban phai viét cdc phudng trinh vi phadn dudi dang tiéu chuén, & dang mau
xanh ma toi cho ban. Hay viét phuong trinh vi phan theo cach ma ching ta dudc phép. Cé
dangdy /dx = (1 -y)/ x.

And now, I see, the right-hand side is not continuous, in fact, not even defined when

x equals zero, when along the y-axis. And therefore, the existence and uniqueness is



not guaranteed along the line, x equals zero of the y-axis. And, in fact, we see that it
failed. Now, as a practical matter, it's the way existence and uniqueness fails in all
ordinary life work with differential equations is not through sophisticated examples
that mathematicians can construct.
Va béy gidg, toi thdy, vé& phai khdng lién tuc, qua thuc, thdm chi khdng xac dinh khi x bang
khong, tlc la doc theo truc y. Va do d9, tinh ton tai va duy nhat khong dugc dam bao doc
theo dudng, x bang khdng cla truc y. Va, trén thuc t€, ching ta th8y rdng né sai. Bay gid,
nhu la mot van dé thuc té, do la cach ma tinh to6n tai va duy nhat sai trong tat ca céng viéc
dgi séng binh thudng vdéi phudng trinh vi phan ch(r khéng phai qua cac vi du phic tap do
cac nha toan hoc tao nén.
But normally, because f(x, y) will fail to be defined somewhere, and those will be the
bad points. Thanks.
Nhung binh thudng, bdi vi f (x, y) sé khong dudc xac dinh & mét noi nao dé, va dé sé la
nhitng diém x&u. Cam on.



