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Transcript — Lecture 24
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Mién dan lién - 6n tap
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html
So, there's the third exam in this class will be on Thursday. I'm sure you already
know. Just remind you, you will go to the usual place when there's an exam.
Namely, if your last name starts with letter a to r, or if you're left handed, then you
should go to Walker. And if you start with s to z, then you should come here. As
usual, there's no documents, no calculators allowed. And, for those of you who can't
make it, then you have to talk to us in advance. That there will be make-ups next
week as usual, not on Monday because Monday is a holiday. Yea! [LAUGHTER] OK,
the other piece of information is that I will have slightly extended office hours
because I know a lot of you are anxious about the test.
Vang, bai kiém tra th& ba cia mén nay s& dudc t6 chlc vao thr Ndm. Toi chdc réng
ban d3 biét. Cac ban c( viéc dén noi théng thudng khi thi. Cu thé, néu tén cla ban
b&t dau tur chir a dén r, hodc néu ban dang & bén trai, thi ban dén Walker. Va néu
tén ban bat dau tir s dén z, thi ban sé& thi  day. Nhu thudng 1€, khong dugc phép
mang tai liéu va may tinh. Va, néu ban nao khdng thé& Iam dudc, thi hdy noi trudc
v@i chlng t6i. S& c6 make-ups trong tuan téi nhu binh thudng, khong phai ngay th&
hai bdi vi thf hai la ngay nghi. Vang! [Cudi] Vang, thong tin con lai la t6i s€é kéo dai
giG lam viéc cta téi han mot chut vi toi biét rat nhiéu ban dang lo 1ang vé ky thi
nay.

So, today I will be in my office after class until 3:30, and tomorrow from 3:30-6:00.
And, well let's see. So, before we actually start reviewing for the test, I still have to tell
you a few small things because I promised to say a few words about what's the
difference, or precisely, what's the difference between curl being zero and a field
being a gradient field, and why we have this assumption that our vector field had to
be defined everywhere for a field with curl zero to actually be conservative for our
test for gradient fields to be valid? So -
Vi vay, hOm nay t6i s& & van phong cua t6i sau gid hoc dén 3:30, va ngay mai tir 3:30-
06:00. Va, chlng ta hdy bat dau. Vang, trudc khi bat dau 6n tép thi, tdi phai ndi véi ban
vai diéu nho bdi vi tdi da hlra sé ndi véi ban vai diéu vé su khac nhau, hay chinh xac, su
khac biét gitra curl bang khdng va mét trudng la trudng gradient, va tai sao chdng ta lai
phai gia thuyét trudng vector cta ching ta phai xac dinh & moi ngi déi v8i mét trudng
c6 curl bdng khdng dé |a trudng bao toan déi véi bai kiém tra clia ching ta cho céc
trudng gradient hgp 1€? Vi vay -

More about validity of Green's theorem and things like that. So, we've seen the
statement of Green's theorem in two forms. Both of them have to do with comparing
a line integral along a closed curve to a double integral over the region inside
enclosed by the curve. So, one of them says the line integral for the work done by a
vector field along a closed curve counterclockwise is equal to the double integral of a
curl of a field over the enclosed region. And, the other one says the total flux out of
the region, so, the flux through the curve is equal to the double integral of

divergence of a field in the region.

Dé cép thém vé dinh ly Green va cac th(r tudng tu thé. Vi vdy, ching ta da thdy phat biéu
cua dinh ly Green dudi hai dang. Ca hai déu so sanh tich phan dudng doc theo dudng cong


http://ocw.mit.edu/terms
http://ocw.mit.edu
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html

kin v@i tich phan kép trén vung bén trong dudc bao bdi dudng cong. Vang, mot trong sé
chiing phéat biéu réng tich phan dudng ddi véi cdng dudc thuc hién bsi mét trudng vector
doc theo dudng cong kin theo chiéu ngudc chiéu kim déng hd bédng tich phan kép cua curl
cla mdt trudng trén vung khép kin. Va, cai con lai phat biéu thong lugng toan phan chay
ra ngoai mot vung, vang, thdng lugng qua dudng cong béng tich phén kép cua divergence
cua mét trudng trong vung.

So, in both cases, we need the vector field to be defined not only, I mean, the left
hand side makes sense if a vector field is just defined on the curve because it's just a
line integral on C. We don't care what happens inside. But, for the right-hand side to
make sense, and therefore for the equality to make sense, we need the vector field
to be defined everywhere inside the region. So, I said, if there is a point somewhere
in here where my vector field is not defined, then it doesn't work. And actually,

we've seen that example. Oops.

Vi vay, trong ca hai truéng hgp, chung ta can cac trudng vectd dugc xac dinh khéng

chi, y téi la, & vé trai sé c6 nghia néu trudng vector dugc xac dinh trén dudng cong

bdi vi nd chi la tich phan dudng trén C. Ching ta khong quan tam nhirng gi xay ra

bén trong. Nhung, dé cho vé& phai c6 nghia, va do d6 dé su tuong dudng cé nghia,

trudng vector can phai dudc xac dinh & moi ngi bén trong vung. Vi vay, toi da noi,

néu cd mot diém & dau dd quanh day & dd trudng vector khdng xac dinh, thi né

khéng dung. Va thuc su, ching ta da thay vi du dé. Oops.

So, this only works if F and its derivatives are defined everywhere in the region, R.
Otherwise, we are in trouble. OK, so we've seen for example that if I gave you the
vector field minus yi xj over x squared plus y squared, so that's the same vector field
that was on that problem set a couple of weeks ago. Then, well, f is not defined at
the origin, but it's defined everywhere else. And, wherever it's defined, it's curl is
zero.

Vi vay, day chi la cdng néu F va dao ham cla né dugc xac dinh & khap moi ngi trong
vung, R. Néu khong, chiing ta gap rac réi. Vang, vi vay ching ta d& thay vi du trong dé
néu toi cho ban trudng vector trir yi xj trén x binh céng y binh, vi vay dé la trudng
vector gidng nhu trén xap bai tap dé vai tuan trudc. Thé thi, vang, f khong xac dinh &
gOc toa do, nhung nd xac dinh 8 moi ngi khac. Va, bat c ngi nao né xac dinh, curl clta
né bdng khong.

I should say everywhere it's -- And so, if we have a closed curve in the plane, well,
there's two situations. One is if it does not enclose the origin. Then, yes, we can
apply Green's theorem and it will tell us that it's equal to the double integral in here



of curl F dA, which will be zero because this is zero. However, if I have a curve that
encloses the origin, let's say like this, for example, then, well, I cannot use the same
method because the vector field and its curl are not defined at the origin.

And, in fact, you know that ignoring the problem and saying, well, the curl is still
zero everywhere, will give you the wrong answer because we've seen an example.
We've seen that along the unit circle the total work is 2 pi not zero. So, we can't use
Green. However, we can't use it directly. So, there is an extended version of Green's
theorem that tells you the following thing. Well, it tells me that even though I can't
do things for just this region enclosed by C prime, I can still do things for the region
in between two different curves.

OK, so let me show you what I have in mind. So, let's say that I have my curve C'.
Where's my yellow chalk? Oh, here. So, I have this curve C'. I can't apply Green's
theorem inside it, but let's get out the smaller thing. So, that one I'm going to make
going clockwise. You will see why. Then, I could say, well, let me change my mind.
This picture is not very well prepared. That's because my writer is on strike. OK, so
let's say we have C' and C" both going counterclockwise.

Then, I claim that Green's theorem still applies, and tells me that the line integral
along C prime minus the line integral along C double prime is equal to the double
integral over the region in between. So here, now, it's this region with the hole of the
curve. And, well, in our case, that will turn out to be zero because curl is zero. OK,
so this doesn't tell us what each of these two line integrals is. But actually, it tells us
that they are equal to each other. And so, by computing one, you can see actually
that for this vector field, if you take any curve that goes counterclockwise around the
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So how do you get to this? Why is this not like conceptually a new theorem? Well,



just think of the following thing. I'm not going to do it on top of that because it's
going to be messy if I draw too many things. But, so here I have my C". Here, I
have C'. Let me actually make a slit that will connect them to each other like this. So
now if I take, see, I can form a single closed curve that will enclose all of this region
with kind of an infinitely thin slit here counterclockwise. And so, if I go
counterclockwise around this region, basically I go counterclockwise along the outer

curve. Then I go along the slit.

Then I go clockwise along the inside curve, then back along the slit. And then I'm
done. So, if I take the line integral along this big curve consisting of all these pieces,
now I can apply Green's theorem to that because it is the usual counterclockwise
curve that goes around a region where my field is well-defined. See, I've eliminated
the origin from the picture. And, so the total line integral for this thing is equal to the
integral along C prime, I guess the outer one. Then, I also need to have what I do
along the inner side. And, the inner side is going to be C double prime, but going
backwards because now I'm going clockwise on C prime so that I'm going
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Well, of course there will be contributions from the line integral along this wide
segment. But, I do it twice, once each way. So, they cancel out. So, the white
segments cancel out. You probably shouldn't, in your notes, write down white
segments because probably they are not white on your paper. But, hopefully you get
the meaning of what I'm trying to say. OK, so basically that tells you, you can still
play tricks with Green's theorem when the region has holes in it. You just had to be



careful and somehow subtract some other curve so that together things will work
out. There is a similar thing with the divergence theorem, of course, with flux and
double integral of div f, you can apply exactly the same argument.

Vang, tat nhién sé cd su déng gop tu tich phan dudng cua hai doan nhé nay. Nhung,
toi di qua nd hai lan, theo cac dudng ngugc nhau. Vi vay, chdng triét tiéu nhau. Vi
vay, cac doan trang triét tiéu nhau. Co I€ ban khdng can, trong va cla ban, viét ra
cac doan trdng vi cé thé& ban khdng dung muc mau. Tuy nhién, hy vong ban hiéu
dudc y toi. Vang, do dd, vé cd ban diéu dé cho ban biét, ban van con cé thé thuc hién
cac thu thudt vdi dinh ly Green khi vung cé 16 bén trong nd. Ban chi can c&n than va
trir dudng cong nao dé dé cho cac th cing nhau hgp 1&. C6 mét diéu tuong tu vai
dinh ly divergence, tat nhién, vdi théng lugng va tich phan kép cua div f, ban cé thé
li luan tuong tu.

OK, so basically you can apply Green's theorem for a region that has several
boundary curves. You just have to be careful that the outer boundary must go
counterclockwise. The inner boundary either goes clockwise, or you put a minus sign.
OK, and the last cultural note, so, the definition, we say that a region in the plane,
sorry, I should say a connected region in the plane, so that means -- So, connected
means it consists of a single piece. OK, so, connected, there is a single piece. These
two guys together are not connected. But, if I join them, then this is a connected
region. We say it's simply connected -

Vang, do dd, vé ca ban ban cé thé ap dung dinh ly Green cho vlng cé vai dudng cong
bién. Ban chi can chu y la bién ngoai phai di ngudc chiéu kim dong ho. Cac bién trong hoac
la di cung chiéu kim dong ho, hodc ban dat mot dau trir. Vang, va chu thich cu6i cung |3,
vang, dinh nghia, ching ta néi rdng mdt vung trong mét phang, xin 16i, tdi nén noi ving
lién két trong mat phang, do dé diéu dé co nghia la - Vang, lién két cé nghia la né bao
gom mot doan duy nhét. Vang, vi vay, lién két, cd6 mot doan duy nhat. Hai thdng nay
khong dudc lién két vdi nhau. Nhung, néu téi ndi ching, thi day la vung dudgc lién két.
Chuang ta néi n6 don lién -

-- if any closed curve in it, OK, so I need to gave a name to my region, let's say R,
any closed curve in R, bounds, no, sorry. If the interior of any closed curve in R -- --
is also contained in R. So, concretely, what does that mean? That means the region,
R, does not have any holes inside it. Maybe I should draw two pictures to explain
what I mean. So, this guy here is simply connected while -

- néu bat ki dudng cong khép kin nao trong né, vang, vi vay téi can dat tén cho vung
cua toi, gid st 1a R, b4t ky dudng cong kin nao trong R, cac bién, khong, xin 16i. N&u
phan trong cuia bat ki dudng cong kin nao trong R - -cling dudc chira trong R. Vang, cu
thé, diéu dé cé nghia 1a gi? Diéu dé cd nghia 1a viing, R, khdng cé bat ky 16 nao bén
trong nd. C4 18 tdi nén vé ra hai hinh dé giai thich. Vang, thang nay & day 1a don lién
trong khi -

-- this guy here is not simply connected because if I take this curve, that's a curve
inside my region. But, the piece that it bounds is not actually entirely contained in
my origin. And, so why is that relevant? Well, if you know that your vector field is
defined everywhere in a simply connected region, then you don't have to worry
about this question of, can I apply Green's theorem to the inside? You know it's
automatically OK because if you have a closed curve, then the vector field is, 1
mean, if a vector field is defined on the curve it will also be defined inside.

- thdng nay & day la khéng don lién bdi vi néu tbi chon dudng cong nay, dé la mot dudng
cong bén trong vlung cla toi. Tuy nhién, cac doan ma né bao khéng dugc chlra hoan toan
trong vung ban dau cua t6i. Va, tai sao diéu do thich dang? Vang, néu ban biét trudng
vector clia ban dudc xac dinh & khap moi ngi trong ving dan lién, thi ban khdng can phai
lo 18ng vé cau hoi nay, tdi cé thé dp dung dinh ly Green cho bén trong hay khdng? Ban biét
no tu déng OK bdi vi n€u ban cé mét dudng cong khép kin, thi trudng vector 13, y toi la,
néu trudng vector dudgc xac dinh trén dudng cong né ciing sé dugc xac dinh bén trong.

OK, so if the domain of definition -- -- of a vector field is defined and differentiable --



-- is simply connected -- -- then we can always apply -- -- Green's theorem -- --
and, of course, provided that we do it on a curve where the vector field is defined. I
mean, your line integral doesn't make sense so there's nothing to compute. But, if
you have, so, again, the argument would be, well, if a vector field is defined on the
curve, it's also defined inside.

Vang, vi vay néu mién xac dinh - - cia mot trudng vector dugc xac dinh va kha vi --
don lién - - thi ching ta ludn ludn cé thé ap dung - - dinh ly Green - -va, t&t nhién, vdi
digu kién 1a ching ta lam diéu d6 trén dudng cong ma trudng vector xac dinh. Y toi 13,
tich phan dudng khdéng cé nghia vi vdy khdng cé gi d€ tinh. Nhung, néu ban cé, vang,
mot lan nita, li luan sé la, vang, néu mot trudng vector dudc xac dinh trén dudng cong,
no cling dudc xac dinh bén trong.

So, see, the problem with that vector field here is precisely that its domain of
definition is not simply connected because there is a hole, namely the origin. OK, so
for this guy, domain of definition, which is plane minus the origin with the origin
removed is not simply connected. And so that's why you have this line integral that
makes perfect sense, but you can't apply Green's theorem to it. So now, what does
that mean a particular? Well, we've seen this criterion that if a curl of the vector field
is zero and it's defined in the entire plane, then the vector field is conservative, and
it's a gradient field.

Vi vay, thay khéng, bai tap vdi trudng véc td & day ding la mién xac dinh cta né khong
don lién bai vi cd mot 18, cu thé 1a gbc toa db. Vang, do d6 thang nay, mién xac dinh, do
la mat phang trir géc toa dd véi gbc toa dd dudc di chuyén khdng don lién. Va vi vay doé la
ly do tai sao ban cé tich phan dudng cé y nghia hoan hao, nhung ban khéng thé &p dung
dinh ly Green cho nd. Vi vay, bay gid, diéu d6 cé y nghia cu thé gi khéng? Vang, ching ta
da théay tiéu chuén trong dé néu curl cla trudng vector bang khéng va né dugc xac dinh
trong toan bd mat phang, thi trudng vector bao toan, va dé 1a mot trudng gradient.

And, the argument to prove that is basically to use Green's theorem. So, in fact, the
actual optimal statement you can make is if a vector field is defined in a simply
connected region, and its curl is zero, then it's a gradient field. So, let me just write
that down. So, the correct statement, I mean, the previous one we've seen is also
correct. But this one is somehow better and closer to what exactly is needed if curl F
is zero and the domain of definition where F is defined is simply connected -

Va, li ludn dé& chirng minh diéu dé vé cd ban |1a dung dinh li Green. Vi vay, trén thuc té,
phat biéu t&i uu thuc su ban cé thé tao ra la néu mét trudng vector dugc xac dinh trong
mét vung don lién, va curl clia né bang khéng, thi d6 la mot trudng gradient. Vi vay, hay
dé toi viét diéu do ra. Vi vay, phat bi€u chinh xac, y téi 13, cdi trudc ma ching ta da thay
cling chinh xac. Nhung diéu nay cé vé tét han va gan han vdéi nhitng gi dugc cadn néu curl F
bang khdng va mién xac dinh trong d6 F dugc xac dinh la dan lién -

-- then F is conservative. And that means also it's a gradient field. It's the same
thing. OK, any questions on this? No? OK, some good news. What I've just said here
won't come up on the test on Thursday. OK. (APPLAUSE) Still, it's stuff that you



should be aware of generally speaking because it will be useful, say, on the next
week's problem set. And, maybe on the final it would be, there won't be any really,
really complicated things probably, but you might need to be at least vaguely aware
of this issue of things being simply connected.

- thi F bado toan. Va diéu do cling c6 nghia la dé la mot trudng gradient. D4 1a thr tuang
tu. Vang, co bat ky cau haéi nao vé diéu nay khong? Khong cé a? Budc roi, mot s6 tin tot.
Nhitng gi toi d& noi & day s& khong xudt hién trong bai kiém tra vao th Ndm. Vang. (V6
tay) Tuy nhién, né la thr ma ban can phai nhan thdc néi chung bédi vi nd cé ich, chdng han
nhu, trén xap bai tap cla tuan ti€p theo. Va, cd 1€ vao ki thi cuGi ki sé c6, nhung sé khong
c6 bat ky nhitng th(r thuc su, thuc sy phic tap, nhung ban it nhat can phai cé nhan thic
sd lugc vé van dé don lién.

And by the way, I mean, this is also somehow the starting point of topology, which is
the branch of math that studies the shapes of regions. So, in particular, you can try
to distinguish domains in the plains by looking at whether they're simply connected
or not, and what kinds of features they have in terms of how you can joint point

. And, since that's the branch of math in which I
work, I thought I should tell you a bit about it.
Va qua day, tdi mudn ndi, day cling la diém bat dau cua topo, nd la mot nhanh cua todn
hoc nghién cltu cac vung. Vi vay, ddc biét, ban cé thé thr phan biét cdc mién trong mat
phang béng céach quy cho chldng hodc |a don lién hodc |a khéng, va ching cé loai tinh
chat nao phu thudc vao cach ban néi diém . Va,
vi chuyén mon cua téi la chd dé do, nén t6i nghi téi sé ndi cho ban mot chut vé nd.

OK, so now back to reviewing for the exam. So, I'm going to basically list topics.
And, if time permits, I will say a few things about problems from practice exam 3B.
I'm hoping that you have it or your neighbor has it, or you can somehow get it.
Anyway, given time, I'm not sure how much I will say about the problems in and of
themselves. OK, so the main thing to know about this exam is how to set up and
evaluate double integrals and line integrals. OK, if you know how to do these two
things, then you are in much better shape than if you don't.

Pudgc rdi, vy bay gid quay lai phan én tap cho bai thi. Vang, tbdi s& diém qua danh sach
cac chu dé. Va, néu thgi gian cho phép, toi sé nodi vai diéu vé cac bai tap trong bai thi thur
3B. Téi hy vong rédng ban cé né hodc ngudi ngdi canh ban cé nd, hodc ban cé thé Idy nd
bang cach nao db. DU sao di nita, v3i thdi gian dinh trudc, téi khdng chac tbi sé noéi dudc
bao nhiéu vé cac bai tap. Vang, do d6 diéu chu yéu can biét vé bai thi la cach thiét lap va
tinh tich phan kép va tich phan dudng. Vang, néu ban biét cach tinh hai cai dd, thi ban sé
thi tét han.

And -- So, the first thing we've seen, just to write it down, there's two main objects.
And, it's kind of important to not confuse them with each other. OK, there's double
integrals of our regions of some quantity, dA, and the other one is the line integral
along a curve of a vector field, F.dr or F.Mds depending on whether it's work or flux
that we are trying to do. And, so we should know how to set up these things and
how to evaluate them. And, roughly speaking, in this one you start by drawing a
picture of the region, then deciding which way you will integrate it.

Va - Vi vay, diéu dau tién ching ta da thay, chi can viét né ra, c6 hai d6i tugng chinh.
Va, ding 1an 16n chiing véi nhau. Vang, dé 13 tich phan kép trén viing nao dé cla dai
lugng nao dd, dA, va cai kia la tich phan dudng doc theo dudng cong cua trudng
vector, F.dr hodc F. Mds tuy thudc vao viéc né la cong hay thong lvgng ma ching ta
thir lam. Va, do do6, ching ta nén biét cach thiét lap nhitng thr nay va cach tinh

chdng. V4, néi mdt cach gén dang, trong cai nay, ban bat ddu béng cich vé hinh cla
vlng, sau d6 quyét dinh xem ban sé 1dy tich phan né theo cach nao.

It could be dx dy, dy dx, r dr d theta, and then you will set up the bound carefully by
slicing it and studying how the bounds for the inner variable depend on the outer
variable. So, the first topic will be setting up double integrals. And so, remember,
OK, so maybe I should make this more explicit. We want to draw a picture of R and



take slices in the chosen way so that we get an iterated integral. OK, so let's do just
a quick example. So, if I look at problem one on the exam 3B, it says to look at the
line integral from zero to one,

N6 cb thé 1a dx dy, dy dx, r dr d theta, va sau d6 ban s& thiét 1ap cdn can thadn bang céach
cdt n6 va nghién clu cac can nhu thé& nao d6i véi bién bén trong phu thudc vao bién bén
ngoai. Vi vay, chi dé dau tién sé la thiét 1ap cac tich phan kép. Va vi vay, hady nhd, vang,
nhu vay cé I€ toi nén lam cho cdi nay ro rang. Ching ta can vé hinh clia R va chon cac
mat cat theo cach dugc chon sao cho chiing ta nhan dugc tich phén 13p. Vang, ching ta
hay xét mot vi du nhd. Vi vay, néu tdi xét bai tdp mot trong bai kiém tra 3B, yéu cau tinh
tich phan dudng tir khong dén mot,

line integral from x to 2x of possibly something, but dy dx. And it says, let's look at
how we would set this up the other way around by exchanging x and y. So, we
should get to something that will be the same integral dx dy. I mean, if you have a
function of x and y, then it will be the same function. But, of course, the bounds
change. So, how do we exchange the order of integration? Well, the only way to do it
consistently is to draw a picture. So, let's see, what does this mean? Here, it means
we integrate from y equals x to y equals 2x, x between zero and one. So, we should
draw a picture.

Tich phan dudng tlr x dén 2x cla cai gi do, nhung dy dx. Va nd noéi, hdy xem chung ta sé
thiét 14p cai nay theo cach khac nhu thé& nao bang cach hoan ddi x va y. Vi vay, ching ta
sé dudc thir gi d6 giéng nhu tich phan dx dy. Y t6i 1a, néu ban cé ham cua x va vy, thi né sé
Ia ham tudng tu. Nhung, tat nhién, cac cén thay d6i. Vay, ching ta hoan déi th( tu tich
phan nhu thé& nao? Vang, cach duy nhéat dé lam diéu d6 ludn la v& hinh. Vi vdy, xem nao,
didu nay c6 nghia la gi? O day, né cd nghia 1a ching ta 18y tich phan tir y b&ng x dény
bang 2x, x gilta khéng va moét. Vi vay, ching ta sé& v& mét hinh.

The lower bound for y is y equals x. So, let's draw y equals x. That seems to be here.
And, we'll go up to y equals 2x, which is a line also but with bigger slope. And then,
all right, so for each value of x, my origin will go from x to 2x. Well, and I do this for
all values of x that go to x equals one. So, I stop at x equals one, which is here. And
then, my region is something like this. OK, so this point here, in case you are
wondering, well, when x equals one, y is one. And that point here is one, two. OK,
any questions about that so far?

Can dudi cua y la y bang x. Vi vay, ching ta hdy vé& y bang x. C6 vé nhu né giéng thé& nay.
Va, ching ta sé& di dén y bang 2x, nd cling la mét dudng thang nhung hé s6 géc I6n han.
Va sau do, dugc roi, do dé déi v6i moi gia tri clia x, vung cua toi sé di tir x dén 2x. Vang,
va toi s& lam diéu nay cho t&t ca cac gia tri cua x di tir x bdng mot. Vi vy, tdi ding tai x
bdang mot, & day. Va sau do, vung cla tdi la th& gi dé giéng nhu thé nay. Vang, do do
diém nay & day, trong trudng hgp ban dang tu hoi, vang, khi x bang moét, y bang moét. Va
diém dé & day la mot, hai. Vang, co bat ky cdu hoi nao vé diéu dé khong?



OK, so somehow that's the first kill, when you see an integral, how to figure out
what it means, how to draw the region. And then there's a converse scale which is
given the region, how to set up the integral for it. So, if we want to set up instead dx
dy, then it means we are going to actually look at the converse question which is, for
a given value of y, what is the range of values of x? OK, so if we fix y, well, where do
we enter the region, and where do we leave it? So, we seem to enter on this side,
and we seem to leave on that side. At least that seems to be true for the first few
values of y that I choose. But, hey, if I take a larger value of y, then I will enter on
the side, and I will leave on this vertical side, not on that one. So, I seem to have
two different things going on. OK, the place where enter my region is always y
equals 2x, which is the same as x equals y over two.

Vang, vi vay doé |a ki ndng th& nhat, khi ban gdp moét tich phan, lam thé& nao dé biét

y nghia clia nd, cach v& mién I8y tich phan. Va sau d6 c6 mot thang chuyén déi

ngugc dugc cho trong vung, 1am thé nao dé thiét 1ap tich phan cho né. Vi vy, thay

vi néu chudng ta mudn thiét Iap dx dy, thé thi n6é cé nghia la ching ta sé xét cau hoi
ngudc lai do la, doi véi moét gia tri nhat dinh cda y, khoang gia tri cda x la gi? Vang,

vi vy néu chlng ta gilt y khdng d6i, vang, ching ta di vao vung & dau, va ching ta

roi khéi né & dau? Vi vay, ching ta dudng nhu di vao phia nay,va dudng nhu ching

ta rdi khéi phia d6. It nhat diéu dé cé vé 1a ding ddi véi cac gid tri dau tién cua y ma

toi chon. Nhung, hey, néu toi lay gia tri I6n hon cua y,thi téi sé vao & mot phia, va

tdi sé rdi khdi ¢ phia thdng dirng nay, khéng phai cai dd. Vi vay, dudng nhu téi cd

hai th(r khac nhau xay ra. Vang, ngi vao vlung ludn luén la y béng 2x, tuong duong x
béng y trén hai.

So, x seems to always start at y over two. But, where I leave to be either x equals vy,
or here, x equals y. And, that depends on the value of y. So, in fact, I have to break
this into two different integrals. I have to treat separately the case where y is
between zero and one, and between one and two. So, what I do in that case is I just
make two integrals. So, I say, both of them start at y over two. But, in the first case,
we'll stop at x equals y. In the second case, we'll stop at x equals one. OK, and now,
what are the values of y for each case? Well, the first case is when y is between zero
and one.

Vi vy, x dudng nhu ludn bat dau tai y trén hai. Nhung, noi téi rdi khoi hodc 1a x bang vy,
hodc & day, x bang y. Va, diéu dé phu thubc vao gia tri ctia y. Vi vay, trén thuc té&, toi
phai chia vung thanh hai tich phan khac nhau. Tdi phai xét riéng trudng hgp y nam gilra
khong va mot, va gilta mot va hai. Vi vay, nhitng gi t6éi lam trong trudng hgp dé la toi
tinh hai tich phan. Vi vay, téi ndi, ca hai déu bat dau tai y trén hai. Nhung, trong trudng
hgp dau tién, ching ta sé& dirng lai tai x bang y. Trong trudng hgp thd hai, ching ta s&
ding lai 8 x bdng Mot. Vang, va bay gid, gid tri cua y trong mdi trudng hdp 1a gi? Vang,
trudng hop dau tién la khi y nam gilra khdng va mot.

The second case is when y is between one and two, which I guess this picture now is
completely unreadable, but hopefully you've been following what's going on, or else
you can see it in the solutions to the problem. And, so that's our final answer. OK,
any questions about how to set up double integrals in xy coordinates? No? OK, who
feels comfortable with this kind of problem? OK, good. I'm happy to see the vast
majority. So, the bad news is we have to be able to do it not only in xy coordinates,
but also in polar coordinates.

Trudng hgp th& hai l1a khi y di tir mot dén hai, ma hién tai t6i doan hinh nay kho thay,
nhung hy vong ban s& theo d&i dugc nhitng gi dang xay ra, hodc cai gi khac ban cé thé
thay trong nghiém cua bai toan. Va, do d6, dé la cau tra IGi cubi cung cua chdng ta. Vang,
c6 ai thdc mac vé cach thiét 1ap cac tich phan kép trong cac toa db xy ? Khdng cb a? Véang,
ai cam thay thoai mai vdi loai bai tap nay? Vang, tét. Toi vui khi thdy dai da s6. Vi vay, tin
xau la chung ta phai lam dugc né khong chi trong cac toa dé xy, ma con trong toa db cuc.

So, when you go to polar coordinates, basically all you have to remember on the side
of integrand is that x becomes r cosine theta. Y becomes r sine theta. And, dx dy
becomes r dr d theta. In terms of how you slice for your region, well, you will be



integrating first over r. So, that means what you're doing is you're fixing the value of
theta. And, for that value of theta, you ask yourself, for what range of values of r am

I going to be inside my origin?

Vi vay, khi ban di dén toa do cuc, vé co ban tat ca nhitng gi ban phai nhé & vé 13y tich
phan la x trd thanh r cosin theta. y trg thanh r sin theta. Va, dx dy tré thanh r dr d theta.
Tuy thudc vao cach cat vung, vang, dau tién ban sé I8y tich phan trén r. Vi vy, diéu dé cé
nghia la nhitng gi ban dang lam la ban dang c6 dinh gia tri cua theta. Va, ddi véi gia tri do
cua theta, ban tu hoi, doi véi khoang gia tri nao cua r téi sé & bén trong vung cua ching
ta?

So, if my origin looks like this, then for this value of theta, r would go from zero to
whatever this distance is. And of course I have to find how this distance depends on
theta. And then, I will find the extreme values of theta. Now, of course, is the origin
is really looking like this, then you're not going to do it in polar coordinates. But, if
it's like a circle or a half circle, or things like that, then even if a problem doesn't tell
you to do it in polar coordinates you might want to seriously consider it.

Vang, néu vlung cla ching ta nhu thé nay, thi doi véi gia tri nay cla theta, r sé di tir
khéng dén bat cr khoang cach nay. Va di nhién t6i phai tim khoang cach nay phu thudc
nhu thé nao vao theta. Va sau do, t6i sé tim thdy gia tri cuc tri cla theta. Bay gidg, tat
nhién, néu vung c6 hinh dang nhu thé nay, thi ban sé khéng lam né trong cac toa dé cuc.
Nhung, néu né c6 dang dudng tron hoac nra dudng tron, hoac thir gi dé gidbng nhu thé, thi
cho du dé bai khéng yéu cau ban lam né thi ban cling can xét né nghiém tuc.

OK, so I'm not going to do it but problem two in the practice exam is a good
example of doing something in polar coordinates. OK, so in terms of things that we
do with double integrals, there's a few formulas that I'd like you to remember about
applications that we've seen of double integrals. So, quantities that we can compute
with double integrals include things like the area of region, its mass if it has a
density, the average value of some function, for example, the average value of the x
and y coordinates, which we called the center of mass or moments of inertia. So,
these are just formulas to remember.

Vang, vi vy tbi sé& khéng 1am né nhung bai tép hai trong bai kiém tra thir 1a vi du hay vé
tinh tich phan trong hé toa d6 cuc. Vang, do dé tuy thudc vao cac th& ma ching ta thuc
hién vdi tich phan kép, cé vai cong thirc ma téi mudn ban nhé vé cac i’ng dung ma ching
ta da th8y cla tich phan kép. Vi vay, cac dai lugng ma ching ta cd thé tinh véi tich phan
kép bao gébm cac thif nhu dién tich cia vung, khéi lugng ciia né néu né cé mat do, gia tri
trung binh cla ham nao do, vi du, gia tri trung binh cta cac toa do x va y, ma chung ta goi
la khoi tam hodac moment quan tinh. Vi vay, day chinh la cac cong thc can nhé.



So, for example, the area of region is the double integral of just dA, or if it helps

you, one dA if you want. You are integrating the function 1. You have to remember
formulas for mass, for the average value of a function is the F bar, in particular x bar
y bar, which is the center of mass, and the moment of inertia. OK, so the polar
moment of inertia, which is moment of inertia about the origin. OK, so that's double
integral of x squared plus y squared, density dA, but also moments of inertia about
the x and y axis, which are given by just taking one of these guys.

Vi vay, vi du, dién tich vung la tich phan kép cta dA, hodc néu né giup ban, mét dA néu
ban mudn. Ban dang lay tich phan ham 1. Ban phai nhg cac céng thic cha khdi lugng, giad
tri trung binh cla ham la F gach, dac biét x gach y gach, né la khéi tam, va moment quan
tinh. Vang, do d6 moment quan tinh cuc, dé la moment quan tinh xung quanh gdc toa do.
Vang, dé la tich phan kép cla x binh céng y binh, mat d6 dA, ma con mément quan tinh
Xxung quanh truc x va y, né dugc tim béng cach chon mot trong nhifng thang nay.

Don't worry about moments of inertia about an arbitrary line. I will ask you for a
moment of inertia for some weird line or something like that. OK, but these you
should know. Now, what if you somehow, on the spur of the moment, you forget,
what's the formula for moment of inertia? Well, I mean, I prefer if you know, but if
you have a complete blank in your memory, there will still be partial credit were
setting up the bounds and everything else.

Pung lo 1dng v& moment quan tinh xung quanh dudng thang tly y. Tdi s& héi ban
moment quan tinh d&i v8i dudng thang la hodc cdi gi d6 tudng tu vdy. Vang, nhung ban
nén biét nhitng cai nay. Bay gig, gia nhu ban, do bi héi thic, ban quén, céng thic cua
moment quan tinh la gi? Vang, y toi la, toi thich han néu ban biét, nhung néu ban hoan
toan khong nhd gi ca, van cé diém tirng phan cho viéc tim cac can va moi thir khac.

So, the general rule for the exam will be if you're stuck in a calculation or you're
missing a little piece of the puzzle, try to do as much as you can. In particular, try to
at least set up the bounds of the integral. There will be partial credit for that always.
So, while we're at it about grand rules, how about evaluation? How about evaluating
integrals? So, once you've set it up, you have to sometimes compute it.

Vi vy, nguyén tdc chung dé lam bai thi 1 néu ban bi sa lay trong tinh todn hodc dang
thi€u vai phén nho cta cau hoi, cd géng lam cang nhiéu cang t6t. Ddc biét, it nhat la c8
gang thiét Iap cac cén cua tich phan. Ludn luén cé diém tirng phan cho né. Vang, dé la
cac nguyén tac chung, thé con tinh toan thi sao? Tinh tich phan nhu thé& nao? Vang, mot
khi ban da thiét lap né, thinh thoang ban phai tinh né.

First of all, check just in case the problem says set up but do not evaluate. Then,
don't waste your time evaluating it. If a problem says to compute it, then you have
to compute it. So, what kinds of integration techniques do you need to know? So,
you need to know, you must know, well, how to integrate the usual functions like
one over x or X to the n, or exponential, sine, cosine, things like that, OK, so the
usual integrals.

Trudc hét, hdy ki€m tra chi trong trudng hgp dé bai yéu cau thiét I1ap nhung khdng
tinh toan. Thé thi, ding Iang phi thdi gian dé€ tinh todn. Néu dé bai yéu ciu tinh no,
thi ban phai tinh né. Vang, ban can biét nhitng ki thuat tinh tich phan nao? Vi vay,
ban can biét, ban phai biét, vdng, cach I8y tich phdn cidc ham thdng thudng ching
han nhu mot trén x hoac x mi n, hay e md, sin, cos, cac th( tudng tu thé, vang, ndéi
chung la cac tich phan théng thudng.

You must know what I will call easy trigonometry. OK, I don't want to give you a
complete list. And the more you ask me about which ones are on the list, the more I
will add to the list. But, those that you know that you should know, you should know.
Those that you think you shouldn't know, you don't have to know because I will say
what I will say soon. You should know also substitution, how to set U equals
something, and then see, oh, this becomes u times du, and so substitution method.
What do I mean by easy trigonometrics? Well, certainly you should know how to
ingrate sine. You should know how to integrate cosine. You should be aware that



sine squared plus cosine squared simplifies to one.

Ban phai biét lugng gidc co ban. Vang, t6i khéng mudn dua ra mot danh sach hoan chinh.
Va néu ban hoi toi van dé nao can phai hoc, t6i cang thém vao danh sach nhiéu han.
Nhung, ban nén biét nhitng cai ban nén biét, ban nén biét. Nhirng cai dé ban nghi ban
khong nén biét, ban khong can biét vi téi sé noéi nhitng gi téi s€ ndi ngay. Ban nén biét
phép thé&, cach thiét 1ap U bang mot cai gi do, va sau dé thay khdng, oh, cai nay trd thanh
u nhén du, va vi vay phuadng phap thé. Lugng giadc cd ban nghia la gi? Vang, chéc chan
ban nén biét cach tinh tich phan sin. Ban nén biét cach Iay tich phan co sin. Ban nén biét
rang sin binh céng cos binh don gian bang mét.

And, you should be aware of general things like that. I would like you to know,
maybe, the double angles, sine 2x and cosine 2x. Know what these are, and the
kinds of the easy things you can do with that, also things that involve substitution
setting like U equals sine T or U equals cosine T. I mean, let me, instead, give an
example of hard trig that you don't need to know, and then I will answer.

Va, ban can phai biét cac thlr chung chung nhu thé. Té6i mudn ban biét, ha bac nang
cung, sin 2x va cos 2x. Biét ddy |a gi, va nhitng thao tac cc ban ban cd thé 1am véi no,
cac th(r lién quan dén su thiét Iap phép thé chdng han nhu U bang sin T hodc U bang cos
T. Y toi 13, thay vi vay, hdy dé toi dua ra mot vi du vé lugng gidc khé ma ban khoéng can
biét, va sau do toi sé tra Idi.

OK, so, not needed on Thursday; it doesn't mean that I don't want you to know
them. I would love you to know every single integral formula. But, that shouldn't be
your top priority. So, you don't need to know things like hard trigonometric ones. So,
let me give you an example. OK, so if I ask you to do this one, then actually I will
give you maybe, you know, I will reprint the formula from the notes or something
like that. OK, so that one you don't need to know. I would love if you happen to
know it, but if you need it, it will be given to you.

Vang, vi vay, khéng can thiét vao ngay Th& nam; khong cé nghia la t6i khéng mudn ban
biét ching. Toi rat mudén ban biét moi cong thiric tich phan ham moét bién. Tuy nhién, dé
khong nén la uu tién hang dau clda ban. Vi vay, ban khong can phai biét nhitng th nhu
lugng gidc ndng cao. Vang, hay dé tdi cho ban mot vi du. Vang, do dd, néu téi yéu cau
ban lam cai nay, thi t6i sé cho ban, ban biét, t6i sé in lai cac cong thirc tir cac note hodc
thir gi do tuong tu thé. Vang, vi vay ban khong can biét cai d6. Toi rat vui néu ban tinh
cG biét n6d, nhung néu ban can no, dé sé cho ban.



So, these kinds of things that you cannot compute by any easy method. And,
integration by parts, I believe that I successfully test-solved all the problems without
doing any single integration by parts. Again, in general, it's something that I would
like you to know, but it shouldn't be a top priority for this week. OK, sorry, you had a
question, or? Inverse trigonometric functions: let's say the most easy ones. I would
like you to know the easiest inverse trig functions, but not much. OK, OK, so be
aware that these functions exist, but it's not a top priority.

Vi vay, nhitng th(r ndy ban khong thé tinh béng bat ki phudng phap dé nado. Va, 18y tich
phan tirng phan, téi tin rang t6i d3 giai thir tdt ca cac bai tdp ma chua thuc hién tich phén
tirng phan. Mot lan nifa, ndi chung, nd la th& gi dé ma t6i mudn ban biét, nhung né khong
phai 1 mot uu tién hang dau cho tuan nay. Vang, xin 16i, ban ¢ ciu héi gi khong, hay?
Cac ham lugng gidc ngudc: gia st rdng nhitng cai dé nhat. T6i mudn ban biét nhitng ham
lugng gidc ngugc dé nhat, nhung khdng nhidu. Vang, Vang, vi vdy chl y réng cadc ham nay
cling cd, nhung né khong phai la vu tién hang dau.

I should say, the more I tell you I don't need you to know, the more your physics
and other teachers might complain that, oh, these guys don't know how to integrate.
So, try not to forget everything. But, yes? No, no, here I just mean for evaluating
just a single variable integral. I will get to change variables and Jacobian soon, but
I'm thinking of this as a different topic. What I mean by this one is if I'm asking you
to integrate, I don't know, what's a good example?

T6i nén néi trudc la, tdi cang bo bét cho cac ban bao nhiéu, moén vat ly va cac gido vién
khac clia ban cang phan nan, oh, nhitng thang nay khéng biét cach tinh tinh tich phan.
Vang, c6 géng diung quén moi thr. Nhung, xin mgi? Khong, khéng, & day tbéi chi mudn noi
dé tinh tich phdn ham mot bién. Tdi s& phai ddi bién va Jacobi ngay, nhung téi dang nghi
dén viéc nay nhu moét chu dé khac. Qua cai nay téi mudn ndi la néu toi yéu cau ban tinh
tich phan, t6i khong biét, vi du tot 1a gi?

Zero to one t dt over square root of one plus t squared, then you should think of
maybe substituting u equals one plus t squared, and then it becomes easier. OK, so
this kind of trig, that's what I have in mind here specifically. And again, if you're
stuck, in particular, if you hit this dreaded guy, and you don't actually have a
formula giving you what it is, it means one of two things. One is something's wrong
with your solution. The other option is something is wrong with my problem. So,
either way, check quickly what you've done it if you can't find a mistake, then just
move ahead to the next problem.

Khéng dén mot t dt trén can bac hai cia mot cong vdéi t binh, thi ban nén nghi dén phép
thé& u badng mot cong t binh, va thé& thi nd tré nén dé dang hon. Vang, vi vay, loai lugng
giac nay, doé 1a nhitng gi t6i ¢ trong tdm tri & ddy mét cach cu thé. Va moét 1an nira, néu
ban sa lay, dac biét, néu ban gap nhitng thang dang sg nay, va ban khdng dudc cho cbéng
thlrc ndo, c6 thé cé hai kha ndng. Mot la cach giai cia ban khdng 8n. Hai la cb thé dé sai.
Vi vdy, mét trong hai cach, hdy kiém tra mot cach nhanh chdng nhitng gi ban d3 thuc hién
né néu ban khdng tim th&y 16i, thé& thi chi cdn chuyén sang bai ti&p theo.

Which one, this one? Yeah, I mean if you can do it, if you know how to do it, which
everything is fair: I mean, generally speaking, give enough of it so that you found
the solution by yourself, not like, you know, it didn't somehow come to you by
magic. But, yeah, if you know how to integrate this without doing the substitution,
that's absolutely fine by me. Just show enough work. The general rule is show
enough work that we see that you knew what you are doing.

Cai nao, cdi nay? Vang, y téi Ia néu ban cé thé 1am nd, néu ban biét cach lam nd, moi
th(r ding: Y tdi 13, ndi chung, dé cho day du dé ban tu tim I3i gidi, khéng gidng, ban biét,
né da khéng cach nao dén vai ban bang phép thuit. Nhung, vang, néu ban biét cach tinh
tich phan cdi nay ma khéng dung phép th &, d6i véi toi diéu d6 tuyét ddi t6t. Chi can thé
hién day du cadc budc. Nguyén tdc chung la chi ra dady du cac budc dé chling té réng ban
bi€t cach lam né.

OK, now another thing we've seen with double integrals is how to do more



complicated changes of variables. So, when you want to replace x and y by some
variables, u and v, given by some formulas in terms of x and y. So, you need to
remember basically how to do them. So, you need to remember that the method
consists of three steps. So, one is you have to find the Jacobian. And, you can
choose to do either this Jacobian or the inverse one depending on what's easiest
given what you're given. You don't have to worry about solving for things the other
way around. Just compute one of these Jacobians.

Vang, bay gid mot diéu ching ta da thdy vai cac tich phan kép la tinh cac tich phan phdc
tap bang cach ddi bién. Vi vay, khi ban mudn thay x va y bdng mot s6 bién nao dd, u va
v, dugc cho bdi mot s6 cong thirc theo x va y. Vi vay, vé cd ban ban can phai nhé cach
lam chdng. Vi vay, ban can phai nhd réng phuong phap nay bao gém ba budc. Vang, mét
Ia ban phai tim Jacobi. Va, ban cé thé chon 1am hodc Jacobi nay hodc cdi ngudc lai dé lam
sao cho viéc tinh toan don gian nhat. Ban khdng phai lo 1dng vé viéc giai moi th( theo
cach khac. Chi can tinh mot trong nhitng Jacobi nay.

And then, the rule is that du dv is absolute value of the Jacobian dx dy. So, that
takes care of dx dy, how to convert that into du dv. The second thing to know is
that, well, you need to of course substitute any x and y's in the integrand to convert
them to u's and v's so that you have a valid integrand involving only u and v. And
then, the last part is setting up the bounds. And you see that, probably you seen on
P-sets and an example we did in the lecture that this can be complicated. But now, in
real life, you do this actually to simplify the integrals. So, probably the one that will
be there on Thursday, if there's a problem about that on Thursday, it will be a
situation where the bounds that you get after changing variables are reasonably
easy. OK, I'm not saying that it will be completely obvious necessarily, but it will be
a fairly easy situation. So, the general method is you look at your region, R, and it
might have various sides.

Va sau d6, nguyén téc la du dv la gid tri tuyét d6i cua Jacobi dx dy. Vi vdy, hdy quan
tdm dén dx dy, cach chuyén né thanh du dv. Piéu th( hai la, vang, tat nhién ban can
phai thay thé b4t ky x va y trong biéu thirc Iy tich phan dé chuyén ching th anh cacu
va cac v dé cho ban cé tich phan hgp Ié chi lién quan dén u va v. Va sau d6, phan cudi
cung la thiét 1ap cac can. Va ban thdy réng, c6 thé ban da thdy trén x&p bai tdp P va
mot vi du ma ching ta da lam trong bai giang diéu nay cé thé& phic tap. Nhung hién tai,
trong thuc té&, ban Iam diéu nay dé dan gian hda céc tich phan. Vi vy, sé cé bai dang
nay vao thr nam, néu c6 bai dang nay vao th& nam, né chi la cac bai & dé cac cdn ma
ban nhan dudc sau khi ddi bién 1a dé dang. Vang, tdi khdng noi r&ng né hoan toan can
thiét, nhung nd sé& 1a trudng hap kha dé. Vi vay, phuong phap chung Ia ban xét ving cla
ban, R, va né c6 thé& cé hai canh khac nhau.



Well, on each side you ask yourself, what do I know about x and y, and how to
convert that in terms of u and v? And maybe you'll find that the equation might be
just u equals zero for example, or u equals v, or something like that. And then, it's
up to you to decide what you want to do. But, maybe the easiest usually is to draw a
new picture in terms of u and v coordinates of what your region will look like in the
new coordinates. It might be that it will actually much easier. It should be easier
looking than what you started with.

Vang, trén moi canh ban tu hdi, toi biét gi v& x va y, va lam thé& ndo dé chuyén cai dé theo
u va v? Va cé 18 ban sé thdy réng phuong trinh cé thé chi la u badng khéng chdng han,
hodc u béng v, hay cai gi tuong tu thé. Va sau dé, né dua ban dén quyét dinh ban mudén
lam gi. Tuy nhién, c6 thé& dé nhat thudng 13 v& mot hinh mdi theo cac toa dd u va v cua
ving clia ban trong nhu thé ndo trong cac toa dé mdi. C6 thé 1a né sé thuc su dé han
nhiéu. N6 s& dé han cai ban dau.

OK, so that's the general idea. There is one change of variable problem on each of the
two practice exams to give you a feeling for what's realistic. The problem that's

on practice exam 3B actually is on the hard side of things because the question is
kind of hidden in a way. So, if you look at problem six, you might find that it's not
telling you very clearly what you have to do. That's because it was meant to be the
hardest problem on that test.
Vang, vi vay do 1a y tudng chung. C6 mdot bai todn d6i bién & mdi hai bai thi thir d& cho
ban cam giac thuc té. Bai tap trén bai thi thr 3B thuc su & phia khd clia cac thi bdi vi cau
héi phan nao bi &n theo mét cach. Vi vdy, néu ban xét bai tdp sdu, ban cd thé thdy réng
noé khong cho ban biét rd6 rang nhitng gi ban phai lam. D6 1a bdi vi né dugc ndi la bai khé
nhéat trong bai kiém tra dd.

But, once you've reduced it to an actual change of variables problem, I expect you to
be able to know how to do it. And, on practice exam 3A, there's also, I think it's
problem five on the other practice exam. And, that one is actually pretty standard
and straightforward. OK, time to move on, sorry. So, we've also seen about line
integrals. OK, so line integrals, so the main thing to know about them, so the line
integral for work, which is line integral of F.dr, so let's say that your vector field has
components, M and N. So, the line integral for work becomes in coordinates integral
of Mdx plus Ndy while we've also seen line integral for flux.

Tuy nhién, mot khi ban d& dua nd vé mot bai todn déi bién thuc su, toi hi vong ban biét
cach lam né. Va, trong bai thi thir 3A, cling cd, t6i nghi nd 1a bai tdp ndm & bai kiém tra
thuc hanh con lai. Va, cai d6 thuc su tiéu chuén va truc ti€p. Vang, d& dén lic chuyén chu
dé, xin 10i. Vi vay, chdng ta ciling da thay cac tich phan dudng. Vang, do doé tich phan
dudng, do d6 diéu chia yéu dé biét vé chiing, vang tich phan dudng cua cong, dd la tich
phan dudng cua F.dr, vi vdy giad s rang trudng vector clia ban ¢ cac thanh phan, M va N.
Vang, tich phan dudng cho cong trg thanh tich phan toa dé6 M dx cong N dy trong khi
ching ta cling da thay tich phadn dudng cho théng lugng.

So, line integral of F.n ds becomes the integral along C just to make sure that I give

it to you correctly. So, remember that just, I don't want to make the mistake in front
of you. So, T ds is dx, dy. And, the normal vector, so, T ds goes along the curve. Nds
goes clockwise perpendicular to the curve. So, it's going to be, well, it's going to be
dy and negative dx. So, you will be integrating negative Ndx plus Mdy.

Vi vdy, tich phan dudng F.n ds trd thanh tich phan doc theo C chi d& dam bao rang téi dua
nd cho ban chinh xac. Vi vay, hdy nhg rang chi can, t6i khong mudn pham sai lam trudc
mat ban. Vi vay, T ds bang dx, dy. Va, vector phap tuyén, vi vay, T ds di doc theo dudng
cong. Nds di cung chiéu kim déng ho vudong goc vGi dudng cong. Vi vay, no sé la, vang, nd
s€ la dy va trur dx. Vi vay, ban sé lay tich phan trir Ndx cong Mdy.

OK, see, if you are blanking and don't remember the signs, then you can just draw
this picture and make sure that you get it right. So, you should know a little bit
about geometric interpretation and how to see easily that it's going to be zero in
some cases. But, mostly you should know how to compute, set up and compute



these things. So, what do we do when we are here? Well, it's year, we have both x
and y together, but we want to, because it's the line integral, there should be only
one variable. So, the important thing to know is we want to reduce everything to a
single parameter.

Vang, xem nao, néu ban tréng rong va khong nhé dau, thi ban chi cdn v& hinh nay va
dadm bdo réng ban nhén dugc nd ngay. Vi vdy, ban nén biét mét chit vé hinh hoc giai
tich va cach thdy dé& dang né sé& bang khong trong mét s trudng hgp. Tuy nhién, chu
yéu ban nén biét cach tinh, thiét 1ap va tinh nhitng th& nay. Vi vay, ching ta lam gi khi
ching ta & day? Vang, dé la nam, chidng ta c6 ca x va y vdi nhau, nhung ching ta
mudn, bdi vi nd la tich phan dudng, do sé chi la mot bién. Vi vay, diéu quan trong can
bi€t la ching ta mudn rut moi th& vé mot tham sé duy nhat.

OK, so the evaluation method is always by reducing to a single parameter. So, for
example, maybe x and y are both functions of some variable, t, and then express
everything in terms of some integral of, some quantity involving t dt. It could be that
you will just express everything in terms of x or in terms of y, or in terms of some
angle or something. It's up to you to choose how to parameterize things. And then,
when you're there, it's a usual one variable integral with a single variable in there.
Vang, vi vay phuaong phap tinh todn ludn ludn la giam dén mot tham s6 duy nhat. Vi vay,
vi du, cé thé ca x va y déu Ia ham cla bién t ndo dd, va sau dé biéu dién moi th theo tich
phan nao dé cua, mét dai lugng lién quan dén t dt. Ban con cd thé biéu dién moi thir theo
x hodc theo y, hodc theo géc hay thir gi dé. N6 dua ban dén viéc chon lua cach tham sé
hoéa cac thir. Va sau d6, khi ban dén dd, né la tich phan ham mot bién thong thudng.

OK, so that's the general method of calculation, but we've seen a shortcut for work
when we can show that the field is the gradient of potential. So, one thing to know is
if the curl of F, which is an x minus My happens to be zero, well, and now I can say,
and the domain is simply connected, or if the field is defined everywhere, then F is
actually a gradient field. So, that means, just to make it more concrete, that means
we can find a function little f called the potential such that its derivative respect to x
is M, and its derivative with respect to Y is N.

Vang, do do, do la phuang phap tinh toan chung, nhung chidng ta da thay mot tha thuét
tinh cdng trong trudng hgp chiing ta cé thé ching té réng trudng la gradient cua thé.
Véng, mot diéu can biét la néu curl clia F, nd bdng Nx trir My ngau nhién bdng khéng,
vang, va by gid tdi c6 thé ndi, va mién |1a don lién, hodc néu trudng dudc xac dinh & moi
nai, thi F thuc su la trudng gradient. Vi vy, cé nghia 1a, chi cdn lam cho né cu thé hon,
diéu dé cé nghia la chidng ta cd thé tim ham f nho dudc goi la thé dé cho dao ham cla né
theo x b&ng M, va dao ham cua né ddi v3i y la N.



We can solve these two conditions for the same function, f, simultaneously. And,
how do we find this function, little f? OK, so that's the same as saying that the field, big
F, is the gradient of little f. And, how do we find this function, little f? Well, we've seen
two methods. One of them involves computing a line integral from the origin to
a point in the plane by going first along the x axis, then vertically.
Chlng ta cb thé giai hai diéu kién nay cho cuing mét ham, f, ddng thdi. Va, ching ta tim
ham nay nhu thé& nao, f nhd? Vang, do dd, nd tuong tu nhu ndi réng trudng, F In, la
gradient cla f nhd. Va, chdng ta tim ham nay nhu thé nao, f nhd? Vang, chidng ta da thay
hai phudgng phap. Mot trong s6 ching lién quan dén tich phan dudng tir goc toa do dén
mot diém trong mat phdng bang cach dau tién di doc theo truc x, sau dd theo chiéu doc.

The other method was to first figure out what this one tells us by integrating it with
respect to x. And then, we differentiate our answer with respect to y, and we
compare with that to get the complete answer. OK, so I is that relevant? Well, first of
all it's relevant in physics, but it's also relevant just to calculation of line integrals
because we see the fundamental theorem of calculus for line integrals which says if
we are integrating a gradient field and we know what the potential is.

Phuong phap khac la dau tién chi ra cai nay cho chdng ta biét gi qua viéc lay tich phan né
theo x. Va sau d6, chung ta 18y vi phan cau tra I3i theo y, va chling ta so sanh vdi cai dé
dé nhan dudc cau tra I8i hoan chinh. Vang, vi vay diéu d6 cé thich dang khéng? Vang,
trudc hét nd thich dang trong vat li, nhung né ciing thich dang dé tinh tich phan dudng
bdi vi ching ta da thay dinh li cd ban cua giai tich cho cac tich phan d udng néi dung la
néu ching ta lay tich phan mét tr udng gradient va chdng ta biét thé la gi.

Then, we just have to, well, the line integral is just the change in value of a
potential. OK, so we take the value of a potential at the starting point, sorry, we take
value potential at the endpoint minus the value at the starting point. And, that will
give us the line integral, OK? So, important: this is only for work. There's no
statement like that for flux, OK, so don't tried to fly this in a problem about flux. I
mean, usually, if you look at the practice exams, you will see it's pretty clear that
there's one problem in which you are supposed to do things this way. It's kind of a
dead giveaway, but it's probably not too bad.

Thé thi, ching ta chi can, vang, tich phan dudng bang su thay ddi gid tri cia thé. Vang,
vi vay chilng ta |8y gid tri cGa thé tai diém bat dau, xin 16i, ching ta 18y gid tri thé tai
di€ém cudi trir gid tri thé tai diém dau. Va, diéu dé sé cho ching ta tich phan dudng, ding
khéng? Vi vy, quan trong: diéu nay chi 4p dung cho céng. Khéng cé phat biéu tuong tu
thé cho théng lugng, Vang, vi vay ding th ap dung cai nay vao cac bai toan théng
lugng. Y tdi 13, thong thudng, néu ban nhin vao cac bai kiém tra thir, ban s& thdy nd kha
rd rang cé moét bai tép trong dé ban dudc dé nghi lam céc th( theo cach nay. Thét Ia khé
kh&n, nhung khéng dén ndi té.

OK, and the other thing we've seen, so I mentioned it at the beginning but let me
mention it again. To compute things, Green's theorem, let's just compute, well, let
us forget, sorry, find the value of a line integral along the closed curve by reducing it
to double integral. So, the one for work says -- -- this, and you should remember
that in there, so C is a closed curve that goes counterclockwise, and R is the region
inside. So, the way you would, if you had to compute both sides separately, you
would do them in extremely different ways, right? This one is a line integral. So, you
use the method to explain here, namely, you express x and y in terms of a single
variable. See that you're doing a circle. I want to see a theta. I don't want to see an
R. R is not a variable. You are on the circle. This one is a double integral. So, if you
are doing it, say, on a disk, you would have both R and theta if you're using polar
coordinates. You would have both x and vy.

Vang, va diéu khac ma chdng ta da thay, vang t6i da dé cap no ngay tur dau nhung hay
dé t6i nhéc lai mot 1an nita. D& tinh todn cac thd, dinh ly Green, chidng ta hay tinh,
vang, ching ta hdy quén, xin 15i, tim gid tri cla tich phdn dudng doc theo dudng cong
kin béng cach dua no vé tich phan kép. Vi vay,céi ddi vdi céng nédi - - ddy, va ban nén



nhdg cai doé & dd, vang C la mo6t dudng cong khép kin di ngugc chiéu kim dong ho, va R

la mot vung bén trong. Vi vay, cach ban s&, néu ban phai tinh ca hai vé riéng biét, ban
sé lam chung theo nhitng cach rat khac nhau, phai khéng? Cai nay la tich phan dudng.
Vi vay, ban sir dung phuong phép giai thich & day, cu thé 13, ban biéu dién x va y theo

mot bi€n duy nhéat. Thdy réng ban dang lam trén dudng tron. Toi mubn thdy moét theta.
T6i khong mudén thdy mot R. R khéng phai la mét bién. Ban & trén dudng tron. Cai nay
la tich phan kép. Vi vay, néu ban dang tinh né, gia s, trén mot dia, ban sé cé cd R va

theta néu ban sir dung hé toa do cuc. Bansé coca x vay.

Here, you have two variables of integration. Here, you should have only one after
you parameterize the curve. And, the fact that it stays curl F, I mean, curl F is just
Nx-My is just like any function of x and y. OK, the fact that we called it curl F doesn't
change how you compute it. You have first to compute the curl of F. Say you find, I
don't know, xy minus x squared, well, it becomes just the usual double integral of
the usual function xy minus x squared.

O day, ban cé hai bién tich phan. Tai day, ban chi c6 mét sau khi tham s& hda dudng
cong. Va, viéc curl F, y toi la, curl F chinh la Nx-My giéng nhu bat ky ham nao cua x va
y. Vang, viéc ching ta goi nd la curl F khéng thay d&i cach tinh nd. DAau tién ban phai
tinh curl F. Gia sir ban tim dudc, téi khong biét, xy trir x binh phudng, vang, né sé trg
thanh tich phan kép binh thudng ciia ham binh thudng xy trir x binh.

There's nothing special to it because it's a curl. And, the other one is the counterpart
for flux. So, it says this, and remember this is mx plus ny. I mean, what's important
about these statements is not only remembering, you know, if you just know this
formula by heart, you are still in trouble because you need to know what actually the
symbols in here mean. So, you should remember, what is this line integral, and
what's the divergence of a field? So, just something to remember. And, so I guess I'll
let you figure out practice problems because it's time, but I think that's basically the
list of all we've seen. And, well, that should be it.

Khong cé gi dac biét doi véi noé bdi vi nd la mot curl. Va, cai kia la d6i tac cho théng lugng.
Vang, né néi day, va hidy nhd day 1a mx cong ny. Y tdi la, d6i v8i nhitng phat biéu nay
khong chi can nhd, ban biét, néu ban chi thudc 16ng cdng thirc nay, ban van con gép ric
roi bdi vi ban can phai biét nhitng ki hiéu ¢ day c6 nghia la gi. Vi vay, ban nén nhdg, tich
phén dudng la gi, va divergence 1a gi? Vi vy, chi cAn mot cai gi dé dé nhd. Va, vi vay toi
nghi tdi s& dé cho ban tu lam cdc bai tap thuc hanh bdi vi d6 1a lic, nhung téi nghi vé co
ban dé la danh sach tat ca nhitng gi ching ta da thay. Va, vang, nhu vay thoi.



So, again, I will have office hours now, tomorrow, and otherwise, good luck on the
test.

Vi vay, mot [an nira, hién tai téi sé cé mat trong gid lam viéc, ngay mai, va néu khong,
chldc may man trong khi thi.



