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18.02 Multivariable Calculus, Fall 2007
Transcript - Lecture 20

Triong khong phu thudc vao dwong di va trrO'ng bao toan

Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html
So, let me remind you, yesterday we've defined and started to compute line integrals
for work as a vector field along a curve. So, we have a curve in the plane, C. We
have a vector field that gives us a vector at every point. And, we want to find the
work done along the curve. So, that's the line integral along C of F dr, or more
geometrically, line integral along C of F.T ds where T is the unit tangent vector,
Vang, dé téi nhac lai bai cli, hdm qua ching ta da dinh nghia va budc dau tinh toan
tich phan dudng chinh la cong clia mot trudng vector doc theo dudng cong. Vang,
chiing ta c6 mét dudng cong trong mat phang, C. Ching ta cé mdt trudng vects véi
mot vector tai mdi diém. Va, chiing ta mudn tim cdng dudc thuc hién doc theo dudng
cong. Vi vay, dé la tich phan dudng doc theo C cla F dr, hodac vé mat hinh hoc, tich
phan dudng doc theo C cua F.T ds @ day T la vector don vi ti€p tuyén,

and ds is the arc length element. Or, in coordinates, that they integral of M dx N dy
where M and N are the components of the vector field. OK, so -- Let's do an example
that will just summarize what we did yesterday, and then we will move on to
interesting observations about these things. So, here's an example we are going to
look at now. Let's say I give you the vector field yi plus xj. So, it's not completely
obvious what it looks like, but here is a computer plot of that vector field.

va ds la yéu t6 chiéu dai cung. Hoac, trong hé toa dd, ching la tich phan cia M dx N dy &
ddy M va N la cac thanh phan cua trudng vector. Vang, do dé - Hay lam mot vi du dé tém
tdt nhitng gi ching ta d& hoc hdm qua, va sau dé ching ta s& chuyén sang nhén xét thu
vi V& nhitng diéu nay. Vi vay, bay giG ching ta sé& xét vi du nay. Gia s rang tbi cho ban
mot trudng vector yi cdng vdi xj. Vi vay, khoéng ro né cé dang nhu thé nao, nhung day la
mot dd thi dugc v& bdng may tinh cua trudng vector doé.

So, that tells you a bit what it does. It points in all sorts of directions. And, let's say we
want to find the work done by this vector field. If I move along this closed curve,

I start at the origin. But, I moved along the x-axis to one. That move along the unit
circle to the diagonal, and then I move back to the origin in a straight line. OK, so C
consists of three parts -- -- so that you enclose a sector of a unit disk -- --
corresponding to angles between zero and 45°.
Vi vay, diéu doé cho ban hinh dung mot chit vé nd. N6 hudng theo tat ca moi hudng. Va,
gia s(r rang chung ta mudn tim céng dudc thuc hién bdi trudng vector nay. N&u toi di
chuyén doc theo dudng cong khép kin nay, tdi bat dau tir gbc toa dd. Téi di chuyén doc
theo truc x dén mot. Rdi sau d6 di chuyén doc theo cung clia dudng tron don vi, va roi toi
trd lai g6c toa do trén moét dudng thang. Vang, do d6, C gdbm ba phén - - kém theo mot
phan cua dudng tron don vi - - tueng ng vai goc gilra khéng va 45 °.

So, to compute this line integral, all we have to do is we have set up three different
integrals and add that together. OK, so we need to set up the integral of y dx plus x
dy for each of these pieces. So, let's do the first one on the x-axis. Well, one way to
parameterize that is just use the x variable. And, say that because we are on the,
let's see, sorry, we are going from the origin to (1,0).
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Vi vay, d€ tinh tich phan dudng nay, ching ta phai tinh ba tich phan khac nhau va cong
chlng vdi nhau. Vang, vi vay chiing ta cdn phai thiét 14p y dx cong x dy cho mdi doan
nay. Vi vdy, dau tién chldng ta hdy l1am céi trén truc x. Vang, dé tham s8 hda né chiing
ta chi can dung bién x. V4, gia st réng bdi vi ching ta dang & trén, xem nao, xin 13i,
ching ta di tir géc toa do dén (1,0).

Well, we know we are on the x-axis. So, y there is actually just zero. And, the
variable will be x from zero to one. Or, if you prefer, you can parameterize things,
say, x equals t for t from zero to one, and y equals zero. What doesn't change is y is
zero, and therefore, dy is also zero. So, in fact, we are integrating y dx x dy, but that
becomes, well, zero dx 0, and that's just going to give you zero.

Véng, chung ta dang & trén truc x. Vi vady, y bang khdng. Va, bién sé& la x di tur khong dén
mét. Hodc, néu ban thich, ban cé thé tham s& hdéa cac th(r, gia s, x bang t vdi x chay tu
khéng d&n mét, va y bdng khdng. Nhitng gi khdong thay d6i la y bang khéng, va do dd, dy
cling bang khéng. Vi vay, trén thuc t&, ching ta dang tinh tich phédn y dx x dy, nhung né
s& trg thanh, vang, khéng dx 0, va két qua bdng khéng.

OK, so there's the line integral. Here, it's very easy to compute. Of course, you can
also do it geometrically because geometrically, you can see in the picture along the
x-axis, the vector field is pointing vertically. If I'm on the x-axis, my vector field is
actually in the y direction. So, it's perpendicular to my curve. So, the work done is
going to be zero. F dot T will be zero. OK, so F dot T is zero, so the integral is zero.
Vang, dé 1a tich phan dudng. O day, né rat dé tinh. T&t nhién, ban ciing cd thé xét no
theo phuong phap hinh hoc bédi vi vé mat hinh hoc, ban cé thé thdy trong hinh doc theo
truc x, cac vector cla trudng hudng theo chiéu doc. NEu tbi & trén truc x, trudng vector
cua toéi hudng theo y. Vi vay, né vubéng gbc vGi dudng cong cua toi. Vi vay, cong thuc
hién dugc s& badng khéng. F nhdn vd hudng v6i T sé& béng khdng. Vang, do dé F nhan
v hudng véi T bang khdng, vi vay tich phan sé& bang khéng.

OK, any questions about this first part of the calculation? No? It's OK? OK, let's move
on to more interesting part of it. Let's do the second part, which is a portion of the
unit circle. OK, so I should have drawn my picture. And so now we are moving on this
part of the curve that's C2. And, of course we have to choose how to express x
and y in terms of a single variable. Well, most likely, when you are moving on a
circle, you are going to use the angle along the circle to tell you where you are.

Véng, c6 ai thac méc gi vé phan tinh toan nay khdng? Khdng cé a? budgc roi? Vang,
hay chuyén sang phan li thi hon cua nd. Hay lam phan thd hai, né 1a mot phan cla
dudng tron dan vi. Vang, vang téi can phai vé hinh. Va vi vay bay gid ching ta sé
chuyén sang phan nay cua dudng cong dé la C2. Va, tat nhién chlng ta phai chon
cach biéu dién x va y theo mét bién duy nhat. Vang, cd I&, khi ban di chuyén trén mot
dudng tron, goc doc theo dudng tron sé cho ban biét ban dang & dau.



OK, so we're going to use the angle theta as a parameter. And we will say, we are on
the unit circle. So, x is cosine theta and vy is sine theta. What's the range of theta?
Theta goes from zero to pi over four, OK? So, whenever I see dx, I will replace it by,
well, the derivative of cosine is negative sine. So, minus sine theta d theta, and dy,
the derivative of sine is cosine. So, it will become cosine theta d theta.

Vang, do do, ching ta sé sir dung géc theta nhu mét tham s6. Va ching ta sé noi, ching
ta dang G trén dudng tron don vi. Vi vay, x bdng cd sin theta va y bang sine theta.
Khoang gia tri cua theta la gi? Theta di tir khong dén pi trén bén, dang khong? Vi vay, &
dau co dx, tbi sé thay né bang, vang, dao ham cua cosin bang trir sin. Vang, tru sin theta
d theta, va dy, dao ham cua sin bang cd sin. Vi vay, né sé trd thanh cb sin theta d theta.

OK, so I'm computing the integral of y dx x dy. That means -- -- I'll be actually
computing the integral of, so, y is sine theta. dx, that's negative sine theta d theta
plus x cosine. dy is cosine theta d theta from zero to pi/4. OK, so that's integral from
zero to pi / 4 of cosine squared minus sine squared. And, if you know your trig, then
you should recognize this as cosine of two theta. OK, so that will integrate to one

half of sine two theta from zero to pi over four, sorry.

Vang, vi vay t6i sé tinh tich phan cta y dx x dy. Biéu dd c6 nghia la - - Thuc su t6i sé tinh
tich phan cla, vang, y bang sine theta. dx, bang tru sin theta d theta cdng x cosin. dy
bang cd sin theta d theta tir khong dén pi / 4. Vang, vi vay do la tich phan tu khdng dén pi
/ 4 cla cos binh trir sin binh. Va, néu ban biét lugng giac, thi ban sé nhan ra ngay day la
c0 sin cua hai theta. Vang, vi vay dé s€ la tich phan clia mot phan hai sin hai theta twr
khong dén pi trén bdn, xin 16i.

And, sine pi over two is one. So, you will get one half. OK, any questions about this

one? No? OK, then let's do the third one. So, the third guy is when we come back to
the origin along the diagonal. OK, so we go in a straight line from this point. Where's

this point? Well, this point is one over root two, one over root two. And, we go back
to the origin. OK, so we need to figure out a way to express x and y in terms of the
same parameter.
Va, sin pi trén hai bédng mot. Vi vy, ban s& dudc két qua |a mdt phan hai. Vang, cb ai hoi
gi vé diéu nay khong? Khong cé a? Vang, thé thi chdng ta hdy lam cai th(r ba. Vang,
thang th( ba la khi ching ta quay lai g6c toa dd theo mét dudng chéo. Vang, vi vay
ching ta di theo dudng thdng tir diém nay. Piém nay & dau? Vang, diém nay |a mét trén
can hai, mot trén can hai. Va, chidng ta quay lai géc toa d6. Vang, vi vay ching ta can chi
ra cach biéu dién x va y theo cing mot tham s6.

So, one way which is very natural would be to just say, well, let's say we move from
here to here over time. And, at time zero, we are here. At time one, we are here. We
know how to parameterize this line. So, what we could do is say, let's parameterize
this line. So, we start at one over root two, and we go down by one over root two in
time one. And, same with y. That's actually perfectly fine.

Vi vdy, mét cach rat tu nhién I1a chi cdn ndi, vang, gia st rdng ching ta di chuyén tur day
dén day theo thdi gian. Va, tai thdi diém khéng, ching ta & day. Tai th&i diém nao do,
ching ta 6 day. Ching ta biét cach dé tham sé hdéa dudng nay. Vang, ching ta hdy tham
sd héa dudng nay. Vang, ching ta bat dau tai mét trén cén hai, va chidng ta di xudng mét
trén can hai vao IUc nao dé. Va, tudng tu vdi y. Diéu doé hoan toan tét.

But that's unnecessarily complicated. OK, why is a complicated? Because we will get
all of these expressions. It would be easier to actually just look at motion in this
direction and then say, well, if we have a certain work if we move from here to here,
then the work done moving from here to here is just going to be the opposite, OK?
So, in fact, we can do slightly better by just saying, well, we'll take x = t, y = t.
Nhung d6 la mét su phdc tap khong can thiét. Vang, tai sao phurc tap? Bdi v i ching ta sé
nhan dugc tat ca cac biéu th'c nay. Van dé sé dé dang hon néu xét chuyén ddng theo
hudng nay va rdi ndi, vang, néu chlng ta c6 mdt cdng nao dé néu ching ta di chuyén tur
day dén day, thi cdng dugc thuc hién khi di chuyén tir ddy dén day sé ngudc diu, ding
khong? Vi vay, trén thuc té&, ching ta c6 thé lam tét han bang cach chi can ndi, vang,



chingtaséchonx =1t vy=t.

t from zero to one over root two, and take, well, sorry, that gives us what I will call
minus C3, which is C3 backwards. And then we can say the integral for work along
minus C3 is the opposite of the work along C3. Or, if you're comfortable with
integration where variables go down, then you could also say that t just goes from
one over square root of two down to zero. And, when you set up your integral, it will
go from one over root two to zero.

t di tor khdng d&n mot trén cén hai, va 18y, vang, xin 16i, diéu dé sé cho chung ta trir C3,
ngudc vai C3. Va thé thi ching ta cd thé ndi tich phan clia céng doc theo trir C3 ngudc dau
vGi cong doc theo C3. Hodc, néu ban cam thay thoai mai véi cac can tich phan ngudc thi
ban cling c6 thé ndi t di tir mot trén can hai clia hai dén khdng. Va, khi ban thiét 1ap tich
phan cua ban, né sé di tir mot trén can hai dén khong.

And, of course, that will be the negative of the one from zero to one over root two. So,

it's the same thing. OK, so if we do it with this parameterization, we'll get that, well of
course, dx is dt, dy is dt. So, the integral along minus C3 of y dx plus x dy is just the

integral from zero to one over root two of t dt plus t dt. Sorry, I'm messing

up my blackboard, OK, which is going to be, well, the integral of 2t dt, which is t2
between these bounds, which is one half.
Va, tat nhién, do6 chinh la trir cha tich phan tir khong dén mot trén can hai. Vi vay, chidng
giéng nhau. Vang, vi vay néu chung ta tinh né vdi su tham sd hda nay, ching ta sé nhan
dudc diéu do, vang tat nhién, dx bang dt, dy bang dt. Vi vy, tich phan doc theo trir C3
cua y dx cdng x dy chinh la tich phan tir khong dén mét trén can hai cua t dt cong t dt. Xin
16i, toi dang lam rdi tung bang 1&n, vang, nd sé& 1, vang, tich phan cuta 2t dt, tuong duong
t2 gilta cac cén nay, né bang mot phan hai.

That's the integral along minus C3, along the reversed path. And, if I want to do it
along C3 instead, then I just take the negative. Or, if you prefer, you could have
done it directly with integral from one over root two, two zero, which gives you
immediately the negative one half. OK, so at the end, we get that the total work -- --
was the sum of the three line integrals. I'm not writing after dr just to save space.

Do la tich phan doc theo trir C3, doc theo dudng dao ngugc. Va, thay vao dé néu t6i mudn
lam diéu do doc theo C3, thi toi chi can 18y trir. Hodc, néu ban thich, ban cd thé thuc hién
no truc ti€p vdi tich phan tir mot trén can hai, khdng, nd sé ngay lap tlc cho ban két qua
bang trir mét phan hai. Vang, do d6 cudi cung, ching ta tinh dugc cdng toan phén - -1a
téng clia ba tich phan dudng. Téi khdng viét theo dr chi dé tiét kiém bang.



But, zero plus one half minus one half, and that comes out to zero. So, a lot of
calculations for nothing. OK, so that should give you overview of various ways to
compute line integrals. Any questions about all that? No? OK. So, next, let me tell
you about how to avoid computing like integrals. Well, one is easy: don't take this
class. But that's not, so here's another way not to do it, OK?

Nhung, khdng cdng mot phan hai trir mét phan hai, va két qua sé bang khdng. Vang,
tinh todn rat nhiéu d& nhan dudc két qua bang khéng. Vang, diéu d6 cho ban céi nhin
téng quan vé nhiing cach khac nhau dé tinh tich phan d udng. Cé ciu hoi nao vé tat ca
diéu dé khong? Khéng cé a? budc roi. Vi vay, tiép theo, toi sé gidi thiéu véi ban cach
tranh tinh tich phan dudng. Vang, mot cach dé dang: dirng hoc moén nay. Nhung khéng
phai vdy, vang day |a mot cach khac dé khéng lam nd, ding khéng?

So, let's look a little bit about one kind of vector field that actually we've

encountered a few weeks ago without saying it. So, we said when we have a function
of two variables, we have the gradient vector. Well, at the time, it was just a vector.
But, that vector depended on x and y. So, in fact, it's a vector field. OK, so here's an
interesting special case. Say that F, our vector field is actually the gradient of some
function.

Vi vay, hay xét mot chat vé mot loai trudng vector ma chung ta da tirng gap trong vai tuan
trudc ma chua xét ki. Vang, ching ta da néi khi ching ta cé mét ham hai bién, ching ta cé
vector gradient. VAng, vao thd&i diém do, nd chi la mot vector. Nhung, vector dé phu thudc
vao x va y. Vi vay, trén thuc té, dé la mot trudng vector. Vang, do do, day la mét trudng
hgp ddc biét thd vi. Gia s rdng F, trudng véc to clia ching ta la gradient cia ham nao dé.

So, it's a gradient field. And, so f is a function of two variables, x and y, and that's
called the potential for the vector field. The reason is, of course, from physics. In
physics, you call potential, electrical potential or gravitational potential, the potential
energy. This function of position that tells you how much actually energy stored
somehow by the force field, and this gradient gives you the force.

Vi vay, nd la mét trudng gradient. Va, do do, f la mot ham hai bién, x va y, va né dudc goi
la thé cla trudng vector. Ly do la, tat nhién, tir vat ly. Trong vat ly, ban goi thé nang, thé
ndng tinh dién hodc th& hap dan, th& ndng. Ham theo vi tri ndy sé& cho ban biét ndng lugng
dugc du trif bao nhiéu bgi trudng luc, va gradient nay chinh la luc.

Actually, not quite. If you are a physicist, that the force will be negative the gradient.
So, that means that physicists' potentials are the opposite of a mathematician's
potential. Okay? So it's just here to confuse you. It doesn't really matter all the time.
So to make things simpler we are using this convention and you just put a minus
sign if you are doing physics. So then I claim that we can simplify the evaluation of
the line integral for work.

Thuc su, khdng hoan toan nhu vay. Néu ban la mét nha vat ly, Iuc sé bang trir gradient.
Vi vay, diéu do cé nghia la thé ciia nha vat li ngugc véi thé cia nha toan hoc. Sao? Vang
né lam céc ban bdi réi. Van dé nay khdng quan trong.Vi vay, dé cho moi thr don gian
han ching ta sé dung quy udc nay va ban chi can thém dau trir khi ban lam vat li. Vang,
thé thi tdi cho rdng chlng ta c6 thé dan gian hda viéc tinh tich phdn dudng dé tim cdng.

Perhaps you've seen in physics, the work done by, say, the electrical force, is
actually given by the change in the value of a potential from the starting point of the
ending point, or same for gravitational force. So, these are special cases of what's
called the fundamental theorem of calculus for line integrals. So, the fundamental
theorem of calculus, not for line integrals, tells you if you integrate a derivative, then
you get back the function.

C6 18 ban d3 tirng gdp trong vat ly, cdng dudc thuc hién bdi, gia s, luc dién, bang su thay
d6i gid tri ctia thé tir diém bat ddu dén diém két thic, hodc tuong tu cho thé h&p dan. Vi
vay, day la nhitng trudng hgp dac biét cta dinh ly giai tich cd ban cua tich phan dudng. Vi
vay, dinh ly giai tich co ban, khdng phai cho tich phadn duéng, noi réng néu ban I8y tich
phan mét dao ham thi ban dugc mot ham.



And here, it's the same thing in multivariable calculus. It tells you, if you take the

line integral of the gradient of a function, what you get back is the function. OK, so -

- -- the fundamental theorem of calculus for line integrals -- -- says if you integrate

a vector field that's the gradient of a function along a curve, let's say that you have a
curve that goes from some starting point, PO,

Va diéu d6 cling ding trong giai tich nhiéu bién. N6 ndi véi ban rang, néu ban |8y tich phan
dudng cla gradient ciia moét ham nao do, thi két qua sé chinh la ham d6. Vang, vi vay -- -
Dinh ly giai tich cc ban cuta tich phan dudng - - gia st néu ban |dy tich phan mét trudng
vector la gradient cia mét ham doc theo mét dudng cong, gia s rang ban cé mét dudng
cong khdi dau tai diém PO nao do,

to some ending point, P1. All you will get is the value of f at P1 minus the value of f
at PO. OK, so, that's a pretty nifty formula that only works if the field that you are
integrating is a gradient. You know it's a gradient, and you know the function, little f.
I mean, we can't put just any vector field in here. We have to put the gradient of f.
So, actually on Tuesday we'll see how to decide whether a vector field is a gradient
or not,

dén diém két thic, P1. K&t qua s& |a gia tri cla f tai P1 trir gia tri cta f tai PO. Vang, vi
vay, do la mot cong thic kha tién Igi sé dung khi trudng ma ban 13y tich phan la moét
gradient. Ban biét n6 1& mét gradient, va ban biét ham, f nhd. Y t6i 1a, chliing ta khéng thé
dat bat ki vector trudng nao vao day. Chang ta phai dat gradient cua f. Vang, vao ngay
th& ba, ching ta s& hoc cach dé xac dinh xem mdt trudng vector cé phai 1a mot gradient
hay khéng,

and if it is a gradient, how to find the potential function. So, we'll cover that. But, for
now we need to try to figure out a bit more about this, what it says, what it means
physically, how to think of it geometrically, and so on. So, maybe I should say, if
you're trying to write this in coordinates, because that's also a useful way to think
about it, if I give you the line integral along C,

va néu nd |a mot gradient, lam sao dé tim ham thé. Vi vay, chlng ta sé& dé cip dén diéu
dé. Tuy nhién, bdy gid chlng ta can phai c6 gang chi ra thém mét chat vé diéu nay, y
nghia ctia ngd, y nghia vat li ca n6, y nghia hinh hoc ctia n6, va v.v.... Vi vay, co |é toi nén
ndi, néu ban dang c6 gang viét cai nay trong hé toa dd, vi do cling la mot cach hitu ich dé
xét nd, néu tdi cho ban mot tich phan dudng doc theo C,



so, the gradient field, the components are f sub x and f sub y. So, it means I'm
actually integrating f sub x dx plus f sub y dy. Or, if you prefer, that's the same thing
as actually integrating df. So, I'm integrating the differential of a function, f. Well

then, that's the change in F. And, of course, if you write it in this form, then probably
it's quite obvious to you that this should be true.

vi vay, trudng gradient, cac thanh phan cta né la f x va f y. Vang, cé nghia la toi thuc su
dang 13y tich phan f x dx cong f y dy. Hoac, néu ban thich, né giéng nhu dang lay tich phan
df. Vi vay, t6i sé& I8y tich phan cla vi phan cta ham f. Vang thé thi, d6 la su thay déi cua f.
Va, tat nhién, néu ban viét né dudi dang nay, thi cé 1& ddi vdi ban diéu nay hién nhién
dung.

I mean, in this form, actually it's the same statement as in single variable calculus.
OK, and actually that's how we prove the theorem. So, let's prove this theorem. How
do we prove it? Well, let's say I give you a curve and I ask you to compute this
integral. How will you do that? Well, the way you compute the integral actually is by
choosing a parameter, and expressing everything in terms of that parameter.

Y t6i 13, & dang nay, thuc su do 1a phat biéu tudng tu nhu giai tich ham mot bién. Vang, va
thuc sy dé la cach ching ta chirng minh dinh ly. Vang, hdy chirfng minh dinh Ii nay. Ching
ta ching minh né nhu thé nao? Vang, gia st téi cho ban mot dudng cong va t6i yéu can
ban tinh tich phan nay. Ching ta sé€ lam diéu dé nhu thé nao? Vang, thuc su cach ban tinh
tich phan 1a chon mét tham s&, va biéu dién moi th( theo tham sd dé.

So, we'll set, well, so we know it's f sub x dx plus f sub y dy. And, we'll want to
parameterize C in the form x equals x of t. y equals y of t. So, if we do that, then dx
becomes x prime of t dt. dy becomes y prime of t dt. So, we know x is x of t. That
tells us dx is x prime of t dt. y is y of t gives us dy is y prime of t dt. So, now what
we are integrating actually becomes the integral of f sub x times dx dt plus f sub y
times dy dt times dt.

Vang, ching ta sé dat, vang, vi vay chung ta biét n6 la f x dx cong véi f y dy. Va,
ching ta muén tham s8 hda C dudi dang x bang x t. y bdng y t. Vi vay, néu ching ta
lam diéu dd, thi dx trd thanh x phdy t dt. dy trd thanh y ph8y t dt. Vi vdy, chdng ta
biét x bang x t. Diéu d6 cho ching ta biét |a dx bdng x phdy t dt. y bang y t cho ching
ta dy bang y phdy t dt. Vi vdy, bdy gid biéu thlic ching ta I8y tich phan trd thanh f x
nhan dx dt cong f y nhan dy dt nhan dt.

OK, but now, here I recognize a familiar guy. I've seen this one before in the chain
rule. OK, this guy, by the chain rule, is the rate of change of fif I take x and y to be
functions of t. And, I plug those into f. So, in fact, what I'm integrating is df dt when
I think of f as a function of t by just plugging x and y as functions of t. And so maybe
actually I should now say I have sometimes t goes from some initial time, let's say, t
zero to t one.

Véng, nhung by gid, ¢ day tdi nhdn ra mdt thdng quen thudc. T6i dd nhin thdy thang
nay tlr trudc trong quy tac day chuyén. Vang, thang nay, la téc do bién thién cla f néu
toi 18y x va y la ham cula t. Va, t6i thé nhitng thdng nay vao f. Vi vay, trén thuc té, toi 1dy
tich phan df dt khi toi xem f la ham cuUa t bang cach thé x va y nhu ham cua t. Va nhu
vay co |18 thuc su bay gid toi s& ndi thinh thodng téi ¢ t di tir thdi diém ban dau n ao do,
ch&ng han nhu, t khdng dén t mot.

And now, by the usual fundamental theorem of calculus, I know that this will be just
the change in the value of f between t zero and t one. OK, so integral from t zero to
one of (df /dt) dt, well, that becomes f between t zero and t one. f of what? We just
have to be a little bit careful here. Well, it's not quite f of t. It's f seen as a function
of t by putting x of t and y of t into it.

Va béy gid, bang dinh ly cd ban cua giai tich, tdi biét réng day chi la su thay d6i gia tri cla
f gilra t khong va t mét. Vang, do dé tich phan tir t khong dén mot (df / dt) dt, vang, né
tré thanh f gilta t khdng va t mét. f cha cai gi? Ching ta chi cadn cdn than mot chat 6 day.
Véang, no khdng phaila f t. f dudng nhu la ham cua t bang céch dat x t va y t vao trong nd.



So, let me read that carefully. What I'm integrating to is f of x of t and y of t. Does
that sound fair? Yeah, and so, when I plug in t1, I get the point where I am at time t1.
That's the endpoint of my curve. When I plug t0, I will get the starting point of my
curve, p0. And, that's the end of the proof. It wasn't that hard, see? OK, so let's
see an example. Well, let's look at that example again.
Vang, hay dé t6i ndi diéu dé can than. Toi sé Idy tich phan f cla x t va y t. Diéu dé cb vé
céng bang khéng? Vang, va vi vy, khi toi thé t1, téi dugc diém ma tdi dang 4 tai thdi
diém t1. P4 1a diém cudi cua dudng cong cla toi. Khi tdi thé t0 vao, toi dudc diém bat dau
cua dudng cong, p0. Va, dé la phan cudi cia chirng minh. N6 khéng khé, thay khong?
Vang, vi vay hay xét mot vi du. Vang, mét [an nita hay xét vi du.

So, we have this curve. We have this vector field. Could it be that, by accident, that
vector field was a gradient field? So, remember, our vector field was y, x. Can we
think of a function whose derivative with respect to x is y, and derivative with
respect to y is x? Yeah, x times y sounds like a good candidate where f( x, y) is xy.
OK, so that means that the line integrals that we computed along these things can
be just evaluated from just finding out the values of f at the endpoint?

Vang, ching ta c6 dudng cong nay. Chung ta cé trudng vector nay. Nhan tién, né cé thé
la, trudng vector la trudng gradient phai khdong? Vi vay, hdy nhéd rang, trudng véc to cua
ching ta 1a y, x. Ching ta cé thé& nghi dén mét ham ma dao ham cua né ddi véi x la y,
va dao ham d6i vGi y bang x khéng? Vang, x nhan y cé vé la mot (ng cur vién tét trong
dé f (x, y) béng xy. Vang, vi vay diéu doé cb nghia la cac tich phan dudng ma chdng ta da
tinh doc theo nhitng thr nay cé thé dugc tinh tur viéc tim gid tri cla f tai diém mat?

So, here's version two of my plot where I've added the contour plot of a function, x,
y on top of the vector field. Actually, they have a vector field is still pointing
perpendicular to the level curves that we have seen, just to remind you. And, so
now, when we move, now when we move, the origin is on the level curve, f equals
zero. And, when we start going along C1, we stay on f equals zero.

Vang, day la phién ban hai ctia db6 thi cta to6i & do toi da thém vao do thi contour cla
ham, x,y trén dinh cla trudng vector. Trén thuc t&, chiing c6 mot trudng vector van con
vudng goc vdi cdc dudng déng mirc ma chlng ta da thay, chi d€ nhdc nhd ban. Va, vi vay
bay gid, khi ching ta di chuyén, bay gid khi ching ta di chuyén, géc toa dé & trén cac
dudng ddng murc, f bang khdng. Va, khi chiing ta b&t dau di doc theo C1, ching ta & tai f
bang khong.

So, there's no work. The potential doesn't change. Then on C2, the potential
increases from zero to one half. The work is one half. And then, on C3, we go back



down from one half to zero. The work is negative one half. See, that was much
easier than computing. So, for example, the integral along C2 is actually just, so, C2
goes from one zero to one over root two, one over root two. So, that's one half
minus zero, and that's one half, OK, because C2 was going here.

Vi vay, diéu dé khéng ding. Thé khdng thay ddi. Thé thi trén C2, thé tang tir khdng

dén mot phan hai. Céng bang moét phén hai. Va sau do, trén C3, chidng ta quay trd
xuéng tir mot phan hai dén khéng. Cong bang trir mot phan hai. Xem nao, cai d6 dé

haon nhiéu so vdéi tinh toan. Vi vay, vi du, tich phan doc theo C2 chi la, vi vay, C2 di

tlr mot khong dén mot trén can hai, mot trén can hai. Vi vay, dé la mot phan hai trir
khong, va dé la mot phan hai, vang, bdi vi C2 sé & day.

And, at this point, f is zero. At that point, f is one half. And, similarly for the others,
and of course when you sum, you get zero because the total change in f when you
go from here, to here, to here, to here, eventually you are back at the same place.
So, f hasn't changed. OK, so that's a neat trick. And it's important conceptually
because a lot of the forces are gradients of potentials, namely, gravitational force,
electric force.

Va, tai diém nay, f bang khdng. Tai diém dd, f bdng moét phan hai. Va, tudng tu cho
nhitng thang con lai, va tat nhién khi ban I&y t6ng, ban dudc két qua bang khéng bdi vi
su thay d&i toan phan cua f khi ban di tir day, dén day, dén day, dén day, cubi cung ban
quay lai cing mét vi tri.Vi vay, f d& khdng thay d&i. Vang, dd la mot thu thuét tinh té. Va
né quan trong vé& mat khai niém bdi vi nhiéu luc 1a gradient cla thé&, cu thé nhu, luc hap
dan, luc dién.

The problem is not every vector field is a gradient. A lot of vector fields are not
gradients. For example, magnetic fields certainly are not gradients. So -- -- a big
warning: everything today only applies if F is a gradient field. OK, it's not true
otherwise. OK, still, let's see, what are the consequences of the fundamental
theorem? So, just to put one more time this disclaimer, if F is a gradient field -- --
then what do we have?

Van dé la khong phai moi trudng vector la gradient. Rat nhiéu trudng vector khong phai
la gradient. Vi du, trudng tU tat nhién khong phai la cac gradient. Vi vay, - - moét canh
bdo quan trong: tat ca moi th&r ngay hém nay chi ap dung néu F |la mét gradient. Vang,
ngudc lai né khdng ding. Vang, van con, xem nao, hé qua cua dinh ly cd ban 1a gi? Vi
vay, chi can dat han mot lan su tlr chGi nay, néu F la mot trudng gradient - - thi chdng
ta dugc gi?

Well, there's various nice features of work done by gradient fields that are not too far
off the vector fields. So, one of them is this property of path independence. OK, so
the claim is if I have a line integral to compute, that it doesn't matter which path I
take as long as it goes from point a to point b. It just depends on the point where I
start and the point where I end. And, that's certainly false in general, but for a
gradient field that works.

Vang, c6 nhiéu tinh chat dep vé cong dugc thuc hién bgi cac trudng gradient khong khac
nhiéu v@i cac trudng vector. Vi vay, mot trong s6 ching la tinh chat khéng phu thubc vao
dudng di. Vang, vi vdy xac nhéan |a néu tdi tinh tich phan dudng, thi dudng ma téi chon dé
I8y tich phan khéng quan trong mién 1a né di tir diém a dén diém b. N6 chi phu thudc vao
diém bat dau va diém két thac. Va, diéu dé khdng dung trong trudng hop tdng quat,
nhung doi véi mot trudng gradient diéu dé dung.

So if I have a point, PO, a point, P1, and I have two different paths that go there,
say, C1 and C2, so they go from the same point to the same point but in different
ways, then in this situation, the line integral along C1 is equal to the line integral
along C2. Well, actually, let me insist that this is only for gradient fields by putting
gradient F in here, just so you don't get tempted to ever use this for a field that's not
a gradient field -- -- if C1 and C2 have the same start and end point.

Vi vay, néu tdi cé mot diém, PO, mot diém, P1, va tdi ¢ hai dudng khac nhau dé di dén
dé, giad s, C1 va C2, do d6 ching di tir cing mot diém dén cing mét diém nhung theo



nhiing dudng khac nhau, thé thi trong trudng hgp nay , tich phan dudng doc theo C1 bang
tich phén dudng doc theo C2. Vang, thuc su, hdy dé toi nhdn manh réng day chi la cac
trudng gradient bang cach dat gradient f & day, chi la d& ban khéng bi nhdm lan dung cai
nay cho trudng khdng phai la trudng gradient - - néu C1 va C2 cb clng diém bat dau va
diém két thuc.

OK, how do you prove that? Well, it's very easy. We just use the fundamental

theorem. It tells us, if you compute the line integral along C1, it's just F at this point
minus F at this point. If you do it for C2, well, the same. So, they are the same. And
for that you don't actually even need to know what little f is. You know in advance

that it's going to be the same. So, if I give you a vector field and I tell you it's the
gradient of mysterious function but I don't tell you what the function is and you don't
want to find out,

Vang, ban chitng minh diéu dé nhu thé& nao? Vang, né rat dé. Ching ta chi can s dung dinh
li cd ban. N6 cho ching ta biét, néu ban tinh tich phan dudng doc theo C1, né chi la F tai
diém nay tri F tai diém nay. N&u ban Iam né cho C2, vang, tuong tu. Vi vy, ching giéng
nhau. Va déi véi viéc dé ban khoéng can biét f nhé |a gi. Ban biét trudc ndé sé gidbng nhau. Vi
vy, néu tdi cho ban mot trudng vector va tdi cho ban biét db 1a gradient cua ham bi &n nao
do6 nhung t6i khong noéi cho ban ham dé la gi va ban khong muén tim,

you can still use path independence, but only if you know it's a gradient. OK, I guess
this one is dead. So, that will stay here forever because nobody is tall enough to
erase it. When you come back next year and you still see that formula, you'll see.
Yes, but there's no useful information here. That's a good point. OK, so what's
another consequence? So, if you have a gradient field, it's what's called
conservative.

ban van cé thé sir dung su khdng phu thudc dudng di, nhung chi néu ban biét né 13
mot gradient. Vang, toi dodn cai nay da chét. Vi vy, né van con & day mai mai bdi
vi khéng ai du cao dé xéa nd. Khi ban quay lai vao ndm tdi va ban van thdy cong
thlrc d6. Vang, nhung khéng cé thdng tin nao hitu ich & day. D6 1a mot diém tét.
Vang, vi vay hé qua khac la gi? Vi vay, néu ban cé mot trudng gradient, né cé tinh
chat bao toan.

OK, so what a conservative field? Well, the word conservative comes from the idea in
physics; if the conservation of energy. It tells you that you cannot get energy for
free out of your force field. So, what it means is that in particular, if you take a
closed trajectory, so a trajectory that goes from some point back to the same point,
so, if C is a closed curve, then the work done along C -- -- is zero.

Vang, do do trudng bao toan la gi? Vang, tir bao toan dén tur y tudng trong vat li, néu bao
toan ndng lugng. N6 cho ban biét réng ban khdéng thé nhén ndng lugng tu do tir trudng luc
cua ban. Vi vay, nd cé nghia la dac biét, néu ban chon mot quy dao khép kin, do dé quy
dao di tir cing diém nao dé trd lai cing mot diém, do dd, néu C 1a dudng cong kin, thi
cdng dugc thuc hién doc theo C - -bdng khdng.



OK, that's the definition of what it means to be conservative. If I take any closed
curve, the work will always be zero. On the contrary, not conservative means
somewhere there is a curve along which the work is not zero. If you find a curve
where the work is zero, that's not enough to say it's conservative. You have show
that no matter what curve I give you, if it's a closed curve, it will always be zero.
Vang, dé la dinh nghia ctia khai niém bao toan. N€u t6i chon bat ky dudng cong khép
kin ndo, cong sé& ludn ludn bang khdng. Ngudc lai, khdng bao toan c6 nghia la cé noi
nao dé cé6 mot dudng cong ma doc theo né céng khac khong. Néu ban tim thdy mot
dudng cong & d6 cdng bang khdng, nhu vay khéng du dé ndéi nd bao toan. Ban thay
réang tdi cho ban dudng cong nao khdng quan trong, néu nd la dudng cong kin, nd sé
ludn luén bang khong.

So, what that means concretely is if you have a force field that conservative, then

you cannot build somehow some perpetual motion out of it. You can't build

something that will just keep going just powered by that force because that force is
actually not providing any energy. After you've gone one loop around, nothings
happened from the point of view of the energy provided by that force. There's no

work coming from the force,

Vi vay, y nghia cu thé clia né 1a néu ban cé moét trudng luc bao toan, thi ban khdng thé tao
ra chuyé&n ddng vinh dién nao dé bdi né. Ban khong thé tao ra dudgc cai gi lién tuc chuyén
dong dugc cung cdp nang lugng bdi luc dé vi luc dé thuc su khdong cung cdp béat ki nang
lugng nao. Sau khi ban di hét mét vong, khong cé gi xay ra tUr quan diém ndng lugng dudc
cung cép bai luc d6. Khong cé cong do luc sinh ra,

while if you have a force field that's not conservative than you can try to actually
maybe find a loop where the work would be positive. And then, you know, that thing
will just keep running. So actually, if you just look at magnetic fields and
transformers or power adapters, and things like that, you precisely extract energy
from the magnetic field. Of course, I mean, you actually have to take some power
supply to maintain the magnetic fields.

trong khi néu ban c6 mét trudng luc khéng bao toan thi ban cé thé thir tim mét vong
ma & dé cdng duong. Va sau dd, ban da biét, cai dé tiép tuc chuyén déng. Vi vay, trén
thuc t€, n€u ban chi xét cac trudng tir va may bién ap hoac b0 sac, va cac thr tudng
tu thé, ban lay dudgc nang lugng tur trudng tir. Tat nhién, y téi la, ban thuc su can phai
I&y ngudn nao d6 dé duy tri cac trudng tur.

But, so a magnetic field, you could actually try to get energy from it almost for free.
A gravitational field or an electric field, you can't. OK, so and now why does that
hold? Well, if I have a gradient field, then if I try to compute this line integral, I know
it will be the value of the function at the end point minus the value at the starting
point. But, they are the same. So, the value is the same.

Nhung, do d6 mét trudng tir, ban ¢ thé thuc su ¢6 gdng nhan nang lugng tir dé gan

nhu tu do. V@i trudng trong luc hodc moét trudng dién, ban khéng thé. Vang, do d6 va
bay gid tai sao diéu dé dang? Vang, néu téi cé mot tr udng gradient, thi néu toi tinh tich
phan dudng nay, né sé& bdng gid tri tai diém cudi trir gia tri tai diém dau. Tuy nhién,
ching giéng nhau. Vi vay, gia tri la nhu nhau.

So, if I have a gradient field, and I do the line integral, then I will get f at the
endpoint minus f at the starting point. But, they're the same point, so that's zero.

OK, so just to reinforce my warning that not every field is a gradient field, let's look
again at our favorite vector field from yesterday. So, our favorite vector field
yesterday was negative y and x. It's a vector field that just rotates around the origin
counterclockwise.

Vi vay, néu toi cé mot trudng gradient, va toi tinh tich phan dudng,thi toi sé dugc f tai
di€ém cudi tru f tai di€ém dau. Tuy nhién, ching trung nhau, vi vy n6 bang khéng. Vang,
nhu vy chi d€ cing c8 canh bao cla téi rang khdng phai moi trudng la trudng gradient,
hay xét lai tai trudng vector yéu thich cla ching ta tir hdm qua. Vi vay, trudng vector yéu



thich ctia ching ta hém qua la trir y va x. Bé la mot trudng vector quay quanh goéc toa do
ngudgc chiéu kim déng ho.

Well, we said, say you take just the unit circle -- -- for example, counterclockwise.
Well, remember we said yesterday that the line integral of F dr, maybe I should say
F dot T ds now, because the vector field is tangent to the circle. So, on the unit
circle, F is tangent to the curve. And so, F dot T is length F times, well, length T. But,
T is a unit vector. So, it's length F. And, the length of F on the unit circle was just
one.

Vang, ching ta da noi, gia s ban chon dudng tron don vi - - vi du, ngugc chiéu kim
ddng hd. Vang, hdy nhd hdm qua ching ta da ndi réng tich phan dudng cla F dr, cb I&
bay giG t6i nén ndi F nhan vo hudng T ds bay giG, bdi vi cac trudng vector la ti€p tuyén
v@i dudng tron. Vi vay, trén dudng tron don vi, F ti€p xlc véi dudng cong. Va vi vay, F
nhan v6 hudng véi T badng chiéu dai F nhan, véng, chiéu dai T. Tuy nhién,T 1a m6t vecto
don vi. Vi vdy, né bang chiéu dai F. Va chiéu dai cta F trén dudng tron don vi chinh 1a
mot.

So, that's the integral of 1 ds. So, it's just the length of the circle that's 2 pi. And 2 pi
is definitely not zero. So, this vector field is not conservative. And so, how we know
actually it's not the gradient of anything because if it were a gradient, then it would
be conservative and it's not. So, it's an example of a vector field that is not
conservative. It's not path independent either by the way because,

Vi vay, d6 la tich phén cta 1 ds. Vi vay, nd chi la chiéu dai cia dudng tron bang

2 pi. Va 2 pi chéc chdn khdng bang khéng. Vi vay, trudng vector nay khéng bao

toan. Va nhu vay, bay gid ching ta biét thuc su n6é khong p hai la gradient cua

bat cir thir gi bai vi néu né la moét gradient, thi ndé sé bao toan va né da khong

nhu vay. Vi vay, dé la mot vi du vé mot trudng vects khéng bao toan. N6 khong

co tinh chat tich phan khong phu thudc dudng di hoac nhan day bdi vi,

see, if I go from here to here along the upper half circle or along the lower half
circle, in one case I will get pi. In the other case I will get negative pi. I don't get the
same answer, and so on, and so on. It just fails to have all of these properties. So,
maybe I will write that down. It's not conservative, not path independent. It's not a
gradient. It doesn't have any of these properties.

Thay khong, néu téi di tir day dén day doc theo nlra dudng tron trén hodc doc theo nilra
dudng tron dudi, trong mot trudng hgp téi sé nhan dudc pi. Trong trudng hdp khac téi sé
nhan dudc trir pi. T6i khéng nhan dugc cung mot két qua, va v.v..... N6 chi khéng c6 nhirng
tinh chat nay. Vi vay, co & t6i sé viét diéu dé ra. N6 khong bao toan, khong cé tinh chat
khéng phu thudc dudng di. N6 khong phai la mét gradient. N6 khéng cé nhitng tinh chat
nay.



OK, any questions? Yes? How do you determine whether something is a gradient or
not? Well, that's what we will see on Tuesday. Yes? Is it possible that it's
conservative and not path independent, or vice versa? The answer is no; these two
properties are equivalent, and we are going to see that right now. At least that's the
plan. OK, yes? Let's see, so you said if it's not path independent, then we cannot
draw level curves that are perpendicular to i at every point.

Vang, ¢ bat ky cau hdi ndo khéng? Sao? Lam thé& nao dé xac dinh xem ham nao dé cé la
gradient hay khdng a? Vang, chlng ta s& hoc vé diéu dé vao ngay th ba. Sao? C6 thé né
bao toan va khéng phu thudc vao dudng Idy tich phan, hodc ngudc lai? Cau tra Igi la
khong; hai tinh chat nay tuong dudng, va ching ta sé thdy diéu dé ngay. It nhat dé la ké
hoach. Budc roi, sao? Chung ta hdy xét, vang ban da néi néu né khoéng cé tinh chat khéng
phu thudc dudng di, thi ching ta khdng thé vé cac dudng déng mdc vudng géc vdi i tai
moi diém.

I wouldn't necessarily go that far. You might be able to draw curves that are
perpendicular to it. But they won't be the level curves of a function for which this is
the gradient. I mean, you might still have, you know, if you take, say, take his
gradient field and scale it that in strange ways, you know, multiply by two in some
places, by one in other places, by five and some other places,

Toi khéng nhét thiét phai di xa. Ban cd thé v& cac dudng cong vudng géc vdi nd. Nhung
chiing sé khong 13 cac dudng dong mic clia ham ma d6i véi né day |a gradient. Y toi 13, ,
ban van cé thé cd, ban da biét, néu ban |8y, giad sU, trudng gradient va I8y ti 1& né theo
cach hai la, ban da biét, nhan vdi hai & mot s6 ndi, nhan mot & nhitng nai khac, nhadn nam
va s6 nao dé & ndi khac,

you will get something that won't be conservative anymore. And it will still be
perpendicular to the curves. So, it's more subtle than that, but certainly if it's not
conservative then it's not a gradient, and you cannot do what we said. And how to
decide whether it is or not, they'll be Tuesday's topic. So, for now, I just want to
figure out again actually, let's now state all these properties -- Actually, let me first
do one minute of physics. B

ban s& nhan dugc mot cai gi dé sé khéng bao toan nira. Va né van sé vudng goc vdi cac
dudng cong. Vi vay, né tinh t€ han thé&, nhung chéc chdn néu né khéng bao toan thi né
khong 1a mot gradient, va ban khdng thé 1am nhitng gi ching ta da ndi. Va cach dé ching
ta biét n6 c6 phai la gradient hay khéng sé dugdc nghién ciru vao th(r Ba. Vi vay, bay gid,
mot lan nifa t6i mudn chi ra, bay gid ching ta hdy phat biéu tat ca nhitng tinh chat nay -
Thuc su, trudc hét chang ta hay hoc mot chat vé vat |i.

So, let me just tell you again what's the physics in here. So, it's a force field is the
gradient of a potential -- -- so, I'll still keep my plus signs. So, maybe I should say
this is minus physics. [LAUGHTER] So, the work of F is the change in value of
potential from one endpoint to the other endpoint. [PAUSE ] And -- -- so, you know,
you might know about gravitational fields, or electrical -- -- fields versus
gravitational -- -- or electrical potential.

Vi vy, hay dé& tdi ndi véi ban mot 1an nira vat ly cla nhitng gi & day. Vang, dd la mot
trudng luc 13 gradient ctia mot thé - - vi vay, toi van sé ti&p tuc gilr ddu cong cla toi. Vi
vay, t6i c thé noi day la trir vat Ii. [Cudi] Vi vay, cdng cla F 1a su thay ddi gia tri cua thé
tlr diém cudi dén diém cudi khac. [PAUSE] Va - - vi vy, ban biét, ban cé thé biét vé céac
trudng h&p dan, hodc dién - - cac trudng vdi hdp dan - - hodc thé tinh dién.

And, in case you haven't done any 8.02 yet, electrical potential is also commonly
known as voltage. It's the one that makes it hurt when you stick your fingers into
the socket. [LAUGHTER] Don't try it. OK, and so now, conservativeness means no
energy can be extracted for free -- -- from the field. You can't just have, you know, a
particle moving in that field and going on in definitely, faster and faster, or if there's
actually friction,

then keep moving. So, total energy is conserved. And, I guess, that's why we call
that conservative. OK, so let's end with the recap of various equivalent properties.



Va, trong trudng hgp ban chua thuc hién trong 8.02, thé nang tinh dién cling ti 1é
v3i dién ap. D6 la cdi lam ban dau khi ban cham ngén tay ctia ban vao 6 cdm. ]
Cugi [PUng thtr nd. Vang, va vi vay bay gid, bao toan cé nghia la khong cé nang
lugng dudc 18y tu do - - tUr trudng. Ban chi ¢, ban da biét, mot hat chuyén déng
trong trudng doé va ti€p tuc mot cach xac dinh, nhanh hon va nhanh han, hoac néu
thuc su c6 ma sat, thi ti€p tuc chuyén ddng. Vi vy, ndng lugng toan phan dudgc
bao toan. Va, téi doan, dé la ly do tai sao chung ta goi dé la bao toan. Vang, vi vay
ching ta hdy két thic véi viéc 1ap lai méi cac tinh chét tuong duong khéc nhau.
OK, so the first property that I will have for a vector field is that it's conservative.
So, to say that a vector field with conservative means that the line integral is zero
along any closed curve. Maybe to clarify, sorry, along all closed curves, OK, every
closed curve;
Vang, vi vay tinh chat dau tién ciia mot trudng vector la né bao toan. Vi vay, néi mot
trudng vector bao toan cé nghia la tich phan dudng bang khéng doc theo dudng cong kin.
RS hon nira 13, xin 16i, doc theo tat cd cac dudng cong kin, vang, moi dudng cong kin;

give me any closed curve, I get zero. So, now I claim this is the same thing as a
second property, which is that the line integral of F is path independent. OK, so that
means if I have two paths with the same endpoint, then I will get always the same
answer. Why is that equivalent? Well, let's say that I am path independent. If I am
path independent, then if I take a closed curve, well, it has the same endpoints as
just the curve that doesn't move at all.

cho tdi b&t ky dudng cong kin nao, tdi dugc khéng. Vi vay, bay gid tdi cho réng cai nay
giong nhu tinh chat th hai, dé la tich phan dudng cua F khéng phu thudc vao dudng lay
tich phan. Vang, nhu vay diéu dé cé nghia la néu tdi c6 hai dudng vai cing diém dau va
cudi, thi téi s& nhan dugc két qua giéng nhau. Tai sao nd tuang dusng? Vang, gia st rang
tich phan khong phu thudc vao dudng di, thé thi néu toi chon mét dudng cong kin, vang,
né cdé clung cac diém mut vi dudng cong khdng di chuyén gi ca.

So, path independence tells me instead of going all around, I could just stay where I
am. And then, the work would just be zero. So, if I path independent, tonight
conservative. Conversely, let's say that I'm just conservative and I want to check
path independence. Well, so I have two points, and then I had to paths between
that. I want to show that the work is the same. Well, how I do that?

Vi vay, tinh chat khong phu thudc dudng 1dy tich phan cho ching ta biét thay vi di
xung quanh, téi chi ding yén mot chd. Va thé thi, cdng s& bang khdng. Vi vay, néu
tich phan khéng phu thudc dudng di, nd co tinh chat bao toan. Ngugc lai, gia st rdng
t6i da co tinh chat bao toan va tdi mudn kiém tra tinh chét tich phan khdng phu thudc
dudng di. Vang, vang t6i c6 hai diém, va sau do6 cé cac dudng gilta ching. Tdi muén
chdng minh rdng cng la nhu nhau. Vang, téi lam diéu dé nhu thé nao?



C1l and C2, well, I observe that if I do C1 minus C2, I get a closed path. If I go first
from here to here, and then back along that one, I get a closed path. So, if I am
conservative, I should get zero. But, if I get zero on C1 minus C2, it means that the
work on C1 and the work on C2 are the same. See, so it's the same. It's just a
different way to think about the situation. More things that are equivalent, I have
two more things to say.

C1 va C2, vang, tdi thdy rang néu toi thuc hién C1 trir C2, téi dugc mot dudng khép kin.
Néu trudc hét téi di tir day dén day, va sau dé trd lai doc theo cai dé, toi dugc mot dudng
cong kin. Vi vay, néu cé tinh chat bao toan, két qua sé bdng khéng. Nhung, néu tdi dugc
két qua bang khéng trén C1 trir C2, cé nghia la cong trén C1 va C2 bdng nhau. Thay
khdng, né giéng nhau. Chi 1a nhitng cadch khac nhau d€ xét mot van dé. Co thém cac th
tudng duong, tdi cé thém hai diéu dé noi.

The third one, it's equivalent to F being a gradient field. OK, so this is equivalent to
the third property. F is a gradient field. Why? Well, if we know that it's a gradient
field, that we've seen that we get these properties out of the fundamental theorem.
The question is, if I have a conservative, or path independent vector field, why is it
the gradient of something? OK, so this way is a fundamental theorem.

Thir ba, né tuong duong vdi F la mot trudng gradient. Vang, vi vay cai nay tudng duacng
vdi tinh chat th& ba. F la mot trudng gradient. Tai sao? Vang, néu chidng ta biét rdng né la
mot trudng gradient, do la nhitng gi ching ta da thay khi ching ta nhan dugc nhitng tinh
chat nay tur dinh li cg ban. Van dé dat ra la, néu t6i co tinh chat bao toan, hoac trudng
vector khéng phu thudc vao dudng ldy tich phéan, tai sao noé la gradient cua cai gi dé?
Vang, vi vay cach nay la dinh |i cg ban.

That way, well, so that actually, let me just say that will be how we find the
potential. So, how do we find potential? Well, let's say that I know the value of my
potential here. Actually, I get to choose what it is. Remember, in physics, the
potential is defined up to adding or subtracting a constant. What matters is only the
change in potential. So, let's say I know my potential here and I want to know my
potential here.

Cach do, vang, vi vay thuc su nd, chinh la cach ma chdng ta sé tim thé. Vang, ching ta
tim thé& nhu thé& nao? Vang, gid sur réng tdi biét gid tri cla thé & day. Trén thuc té, t6i dugc
phép Iua chon nd. H3y nh& rang, trong vét ly, th& dudc xac dinh khi cdng hodc trir mot
hang s8. Su thay d&i cia th€ méi quan trong. Vi vay, gia s rang téi da biét thé & day va
toi muodn biét thé & day.

What do I do? Well, I take my favorite particle and I move it from here to here. And,
I look at the work done. And that tells me how much potential has changed. So, that
tells me what the potential should be here. And, this does not depend on my choice
of path because I've assumed that I'm path independence. So, that's who we will do
on Tuesday. And, let me just state the fourth property that's the same.

Toi phai lam gi? Vang, tdi 18y hat yéu thich cla téi va tdi di chuyén né tir day dén day. Va,
toi xét cdng dudc thuc hién. Va nd cho tdi biét thé da thay d8i bao nhiéu. Vi vy, diéu dé
cho tdi biét thé & day bang bao nhiéu. Va, diéu nay khéng phu thudc vao su Iua chon
dudng cua téi bdi vi toi gia st rang tich phan khdéng p hu thudc dudng di. Vi vay, dé la van
dé ching ta s& xét vao th(r Ba. Va, tdi s& phat biéu tinh chit th tuv nd tugng tu.

So, all that stuff is the same as also four. If I look at M dx N dy is what's called an
exact differential. So, what that means, an exact differential, means that it can be
put in the form df for some function, f, and just reformulating this thing, right,
because I'm saying I can just put it in the form f sub x dx plus f sub y dy, which
means my vector field was a gradient field. So, these things are really the same.

Vi vay, tét ca cac th dé cling giéng nhu bén. Néu téi xét M dx N dy la vi phan toan
phan. Vang, ndé c6 nghia 1a, mdt vi phan toan phan, cé nghia la nd cé thé dugc dat dudi
dang df ciia ham f ndo d6, chi 1a su bién dbi cdng thirc clia cai nay, dung rodi, bdi vi téi
ndi rang toi chi cd thé ddt nd dudi dang f x dx cdng fy dy, c6 nghia Ia trudng vector cua



toi la mot trudng gradient. Vi vay, nhiing th& nay thuc su giéng nhau.

OK, so after the weekend, on Tuesday we will actually figure out how to decide
whether these things hold or not, and how to find the potential.

Véng, thé thi sau ngay cudi tuan, vao th{ ba ching ta sé chi ra nhitng thang nay co
tinh chat dé hay khéng, va cach tim thé.



