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Recall that yesterday we saw, no, two days ago we learned about the curl of a vector
field in space. And we said the curl of F is defined by taking a cross product between
the symbol dell and the vector F. Concretely, the way we would compute this would
be by putting the components of F into this determinant and expanding and then
getting a vector with components Ry minus Qz, Pz minus Rx and Qx minus Py.

Nhé lai rdng hém qua chiing ta d3 hoc, khdng, hai ngay trudc ching ta da hoc vé curl

cua mét trudng vectd trong khoéng gian. Va chidng ta da noéi curl ctia F dugc dinh nghia

Ia tich vector giirta del va vector F. Cu thé, ching ta sé tinh cai nay bdng cach dat cac
thanh phan cla F vao trong dinh thlc va khai trién va sau dé nhéan dugc mot vector véi
cac thanh phan la Ry trir Qz, Pz trir Rx va Qx trur Py.

I think I also tried to explain very quickly what the significance of a curl is. Just to
tell you again very quickly, basically curl measures, if you mention that your vector
field measures the velocity in some fluid then the curl measures how much rotation
is taking place in that fluid. Measures the rotation part of a velocity field. More
precisely the direction corresponds to the axis of rotation and the magnitude
corresponds to twice the angular velocity.

T6i cling d3 giai thich so luge vé y nghia cta curl. N6i mét cadch ngdn gon, vé cd ban
curl do, néu nhu trudng vector do van téc trong chat luu nao dé thi curl do su quay
Xay ra trong chat luu d6 nhiéu bao nhiéu. Do phan quay cua trudng van téc. Chinh

xac hon la hudng tuong Ung vai truc quay va do 16n tuong 'ng bang hai lan van téc
goc.

Just to give you a few quick examples. If I take a constant vector field, so everything
translates at the same speed, then obviously when you take the partial derivatives
you will just get a bunch of zeros so the curl will be zero. If you take a vector field
that stretches things, let's say, for example, we are going to stretch things along the
x-axis, that would be a vector field that goes parallel to the x direction but maybe,
say, X times i.

Hay xét mot vi du nho. Né&u tdi chon mot trudng vector hang s6, nghia la moi th(r dich
chuyén v@i tdc dd nhu nhau, thi rd rang khi ban 18y dao ham riéng ban sé& chi nhdn dugc
mot chudi cac s6 khong vi vay curl s& b&ng khong. N&u ban chon mét trudng vector kéo
gian cac th ra, vi du, chidng ta sé kéo cac th(r doc theo truc x, dé sé la mot trudng
vector song song vdi hudng x nhung co |&, gia s, x nhan i.

So that when you are in front of a plane of a blackboard you are moving forward,
when you are behind you are moving backwards, things are getting expanded in the
x direction. If you compute the curl, you can check each of these. Again, they are
going to be zero. There is no curl. This is not what curl measures. I mean, actually,
what measures expansion, stretching is actually divergence. If you take the
divergence of this field, you would get one plus zero plus zero, it looks like it will be
one, so in case you don't remember, I mean divergence precisely measures this
stretching effect in your field. And, on the other hand, if you take something that
corresponds to, say, rotation about the z-axis at unit angular velocity -

Vi vy khi ban dang & phia trudc méat phdng bang den ban di chuyén vé phia trudc, khi
ban & phia sau ban s& di chuyén vé phia sau, cac th(r tré nén bi gidn nd theo hudng x. Néu
ban tinh curl, ban c6 thé kiém tra tirng cai nay. M6t lan nifa, ching s& bang khdng. Khéng
c6 curl. Bay khéng phai 1a nhitng gi curl do. Y t6i 13, trén thuc t&, dai lugng dic trung cho
su gian nd, kéo cang thuc su |la divergencree. Néu ban tinh divergence cla truéng nay,
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ban s& nhan dugc mot cong khdng cong khdng, két qua bang mét, do dé trong trudng hop
ban khong nhg, téi sé ndi chinh xac la divergence do hiéu ('ng kéo cang nay trong trudng
cla ban. Va, mat khac, néu ban chon mdt loai trudng tuong Ung véi, chdng han nhu, sy
guay quanh truc z véi van téc goéc dan vi -

That means they are going to moving in circles around the z-axis. One way to write
down this field, let's see, the z component is zero because everything is moving
horizontally. And in the x and y directions, if you look at it from above, well, it is just
going to be our good old friend the vector field that rotates everything [at unit
speed?]. And we have seen the formula for this one many times. The first

component is minus y, the second one is x. Now, if you compute the curl of this guy,
you will get zero, zero, two, two k. And so k is the axis of rotation, two is twice the
angular velocity. And now, of course, you can imagine much more complicated
motions where you will have -

Diéu d6 cb nghia la ching sé di chuyén trén cac dudng tron quanh truc z. M6t cach dé viét
ra trudng nay, xem nao, thanh phan z bdng khdng bdi vi tat cad moi thi chuyén ddng theo
phudng ngang. Va theo cac hudng x va y, néu ban nhin nd tir phia trén, vang, né chinh la
ngudi ban cli clia ching ta trudng vector quay moi thr [vdéi téc dé dan vi?]. Va chidng ta da
thdy cOng thiric clia né nhiéu lan. Thanh phan thr nhat la trir y, th hai la x. Bay gig, néu
ban tinh curl cla thang nay, két qua s& bang khéng, khdng, hai, hai k. Va nhu vay k la
truc quay, hai la hai 1an van tdc gdc. Va by gid, tat nhién, ban cé thé tudng tudng ra cac
chuyén déng phic tap hon nhiéu trong dé ban sé& cé -

For example, if you look at the Charles River very carefully then you will see that
water is flowing, generally speaking, towards the ocean. But, at the same time, there
are actually a few eddies in there and with water swirling. Those are the places
where there is actually curl in the flow. Yes. I don't know how to turn out the lights a
bit, but I'm sure there is a way. Does this do it? Is it working? OK. You're welcome.
Vi du, néu ban nhin ki séng Charles thi ban sé& th8y réng nudc sé& chay, ndi chung, vé phia
dai duagng. Nhung, dong thgGi, c6 moét vai xody nudc trong dé va nudc dang xoady. Do la
nhifng nadi thuc su' cé curl trong dong chdy. Vang. T6i khdng biét cich tat dén, nhung tdi
chéc chdn c6 mot cach. Cai nay cé lam nd khdng? N6 dang hoat déng phai khdng? OK.
Khdng co chi.



Hopefully it is easier to see now. That was about curl. Now, why do we care about
curl besides this motivation of understanding motions? One place where it comes up
is when we try to understand whether a vector field is conservative. Remember we
have seen that a vector field is conservative if and only if its curl is zero. That is the
situation in which we are allowed to try to look for a potential function and then use
the fundamental theorem.

Hy vong réng né s& dé thdy vao llic nay. D6 1a vé curl. By gid, tai sao ching ta quan
tdm vé curl trong khi khao sat chuyén déng? Mot noi ma nd xuét hién 1a khi ching ta
tim hi€u xem mot trudng vector cé bao toan hay khéng. Hay nhd réng ching ta d& thay
rang mot trudng vector la bao toan néu va chi néu curl cha ndé bang khéng. Do la
trudng hogp ma 6 dé chdng ta duge phép tim ham thé va sau dé dung dinh li cg ban.

But another place where this comes up, if you remember what we did in the plane,
curl also came up when we tried to convert nine integrals into double integrals. That
was Greene's theorem. Well, it turns out we can do the same thing in space and that
is called Stokes' theorem. What does Stokes' theorem say? It says that the work
done by a vector field along a closed curve can be replaced by a double integral of
curl F. Let me write it using the dell notation. That is curl F. Dot ndS on a suitably
chosen surface. That is a very strange kind of statement.

Nhung ta con gap né 8 mot ngi khac, néu ban nhé nhitng gi chidng ta da lam trong mat
phéng, curl cling xuét hién khi ching ta chuyén tich phdn dudng thanh tich phan kép. D6
la dinh ly Greene. Vang, hda ra la ching ta c6 thé& lam diéu tuong tu trong khong gian va
dd dudc goi la dinh |i Stokes. N&i dung cta dinh |i Stokes Ia gi? Né néi rang céng dugc
thuc hién bi mot trudng vects doc theo dudng cong kin bang tich phan kép clda curl F.
Hay dé tdi viét né bang cach st dung ky hiéu del. P4 a curl F. Dot ndS trén mot bé mat
dudc luva chon phu hgp. D6 la moét loai dinh Ii rat la.

But actually it is not much more strange than things we have seen before. I should
clarify what this means. C has to be a closed curve in space. And S can be any
surface bounded by C. For example, what Stokes' theorem tells me is that let us say
that I have to compute some line integral on maybe, say, the unit circle in the x, y
plane. Of course I can set a line integral directly and compute it by setting x equals
cosine T, y equals sine T, z equals zero.

Nhung vé co ban né thuc su khong la hon nhiéu so véi nhitng th chdng ta da thay tu
trudc. TOi nén lam rd y nghia ctia ndé. C phai la mot dudng cong khép kin trong khong
gian. Va S c6 thé |1a b4t ki b& mat ndo dudc bao bdi C. Vi du, nhitng gi Pinh Iy Stokes
cho ching ta biét la gia sir rang tich phén dudng nao do trén, gia sur, dudng tron don vi
trong mat phdng x, y. T4t nhién téi cé thé tinh tich phdn dudng mét cach truc tiép
bang cach ddt x bang cb sin T, y bang sin T, z bdng khéng.

But maybe sometimes I don't want to do that because my vector field is really
complicated. And instead I will want to reduce things to a surface integral. Now, I
know that you guys are not necessarily fond of computing flux of vector fields for
surfaces so maybe you don't really see the point. But sometimes it is useful.
Sometimes it is also useful backwards because, actually, you have a surface integral
that you would like to turn into a line integral.

Nhung cé thé ddi khi téi khéng mudn lam viéc dé bai vi trudng vector cua tdi that su phirc
tap. Va thay vi vy tdi mudn dua cac th(r vé tich phdn mat. Bay gid, tdi biét réng céc ban
khéng thich tinh thong lugng cua trudng vector cho cac bé mat vi vay cé Ié€ ban khong
thuc su hiéu quan diém. Nhung ddi khi né hitu ich. Péi khi né cling hitu ich ngudgc trd lai
bai vi,nhiéu khi ban c6 mét tich phdn mat ma ban muén chuyén né thanh tich phan dudng.

What Stokes' theorem says is that I can choose my favorite surface whose boundary
is this circle. I could choose, for example, a half sphere if I want or I can choose,

let's call that s1, I don't know, a pointy thing, s2. Probably the most logical one,
actually, would be just to choose a disk in the x, y plane. That would probably be the
easiest one to set up for calculating flux. Anyway, what Stokes' theorem tells me is I



can choose any of these surfaces, whichever one I want, and I can compute the flux
of curl F through this surface. Curl F is a new vector field when you have this formula
that gives you a vector field you compute its flux through your favorite surface, and
you should get the same thing as if you had done the line integral for F.

Dinh ly Stokes ndi réng tdi cé thé chon bé mat yéu thich cua tdi ma bién cla né la dudng
tron nay. Toi c6 thé chon, vi du, mot nlra qua cau néu tdi mudn hay tdi cé thé chon, hdy
goi dé la s1, t6i khdng biét, mot bé mat nhon, s2. Co I€ la cai hgp ly nhét, thuc su, sé la
chon hinh tron trong mét phang x, y. Nhu vay sé tinh thdng lugng dé dang nhét. DU sao di
nifa, nhi*ng gi Pinh ly Stokes cho ching ta biét Ia tdi cé thé chon bt ki cai nao trong
nhitng bé mat nay, bat c cai ndo tdi mudn, va tdi cé thé tinh théng lugngcua curl F qua
bé mat nay. Curl F la mot trudng vector mdi khi ban cé cong th &c nay cho ban mét trudng
vector ma ban tinh thong lugng clia né qua bé mat yéu thich cua ban, va ban sé nhan
dugc diéu tuong tu nhu thé ban da tinh tich phdn dudng cho F.

That is the statement. Now, there is a catch here. What is the catch? Well, the catch

is we have to figure out what conventions to use because remember when we have a
surface there are two possible orientations. We have to decide which way we will
counter flux positively, which way we will counter flux negatively. And, if we change
our choice, then of course the flux will become the opposite. Well, similarly to define
the work, I need to choose which way I am going to run my curve. If I change which
way I go around the curve then my work will become the opposite. What happens is

I have to orient the curve C and the surface S in compatible ways. We have to figure
out what the rule is for how the orientation of S and that of C relate to each other.

D6 13 nodi dung. Bay gid, cd mot cai by & day. La gi? Vang, bay 1a ching ta phai chi ra quy
udc ma ching ta st dung |a gi bdi vi nhd réng ching ta cé mot bé mat cé thé cé hai sy
dinh hudng kha di. Chang ta phai quyét dinh ching ta sé tinh thong lugng duong theo
dudng nao, &m theo dudng nao. Va, néu ching ta thay déi luva chon cua ching ta, thi tat
nhién dau cta théng lugng sé trd thanh ngugc lai. Vang, giong nhu khi dinh nghia cong, toi
can phai chon tdi sé di theo dudng cong theo dudng nao. Néu téi thay ddi dudng di doc
theo dudng cong thi cdng sé cé dau ngudgc lai. Con & day téi phai dinh hudng dudng cong C
va bé mat S theo nhitng cach tuong thich. Tic |Ia, chdng ta phai chi ra quy luat dinh hudng
clia S va cta C lién hé véi nhau nhu thé nao.

What about orientation? Well, we need the orientations of C and S to be compatible
and they have to explain to you what the rule is. Let me show you a picture. The rule
is if I walk along C with S to my left then the normal vector is pointing up for me. Let



me write that. If I walk along C, I should say in the positive direction, in the direction
that I have chosen to orient C. With S to my left then n is pointing up for me. Here is
the example. If I am walking on this curve, it looks like the surface is to my left. And
so the normal vector is going towards what is up for me. Any questions about that? I
see some people using their right hands. That is also right-handable which I am

going to say in just a few moments.

Thé con su dinh hudng thi sao? Vang, ching ta can su dinh hudng cia Cva S la

tuong thich va chi rd quy tdc. Hay dé tdi chi cho ban mét hinh v&. Quy tic Ia néu toi

di b0 doc theo C vGi S & bén trai tbi thi vector phap tuyén hudng Ién dGi vdéi toi. Hay

dé t6i viét ra diéu d6. Néu toi di doc theo C, theo hudng duadng, tlc 1a hudng ma toi

da chon dé dinh hudng C. VGi S & bén trai thi n hudng 1&n déi véi toi. Pay la vi du.

Néu to6i di doc theo dudng cong nay, c6 vé nhu bé mat & bén trai cta téi. Va do do

vector phap tuyén sé hudng Ién dGi vai toi. Cau hoi? T6i thay mot s6 ngudi st dung

tay phai. Cling cé quy tdc danh cho bén phai va t6i sé néi trong chéc lat.

That is another way to remember this. Before I tell you about the right-handable
version, let me just try something. Actually, I am not happy with this orientation of C
and I want to orient my curve C going clockwise on the picture. So the other
orientation. Then, if I walk on it this way, the surface would be to my right. You can
remember, if it helps you, that if a surface is to your right then the normal vector will
go down.

D6 Ia mot cach khac d€ nhd cai nay. Trudc khi tdi néi cho ban biét vé phién ban tay phai,
hay dé toi thir mot cdi gi d6. Thuc su, t6i khdng hai long véi dinh hudng nay cla C va toi
mudn dinh hudng dudng cong C cua toi di cung chiéu kim dong ho trén hinh. Binh hudng
khéc ciing vdy. Thé thi, néu tdi di bd trén nd theo dudng nay, bé mat s& nadm bén phai.
Ban cé thé nhd, néu né gilp ban, rdng néu bé mat & bén phai thi vector phap tuyén sé
hudng xudng.

The other way to think about this rule is enough because if you are walking
clockwise, well, you can change that to counterclockwise just by walking upside
down. This guy is walking clockwise on C. And while for him, if you look carefully at
the picture, the surface is actually to his left when you flip upside down. Yeah, it is
kind of confusing. But, anyway, maybe it's easier if you actually rotate in the picture.
And now it is getting actually really confusing because his walking upside up with,
actually, the surface is to his left. I mean where he is at here is actually at the front
and this is the back, but that is kind of hard to see.

Céch con lai d& xét quy téc nay la du bdi vi néu ban di bd cung chiéu kim ddng hd, vang,
ban cé thé thay ddi né ngudgc chiéu kim ddng hd chi bang cach di 16n ngudc. Thang nay Ia
di cung chiéu kim dong ho trén C. Va trong khi d6i véi anh ay, néu ban nhin ki trén hinh,
bé mat thuc su' 1a & bén trai cha anh 8y khi ban Iat ngugc. Yeah, né hoi khé hiéu. Nhung,
du sao di nifa, c6 1& nd sé& dé han néu ban xoay trong hinh. Va bay gid nd trd nén thuc su
khé hi€u bdi vi su di 16n ngugc cua anh 8y vdi, trén thuc t&, bé mat & bén trai cha anh &y.
Y t6i 13 ndi anh &y diing tai day 1a phia trudc va day 1a phia sau, nhung diéu dé hai khé
thay.

Anyway, whichever method will work best for you. Perhaps it is easiest to first do it
with the other orientation, this one, and this side, if you want the opposite one, then
you will just flip everything. Now, what is the other way of remembering this with

the right-hand rule? First of all, take your right hand, not your left. Even if your right
hand is actually using a pen or something like that in your right hand do this.

Du sao di nita, phudng phap nao sé lam viéc tét nhat cho ban. C6 |I€ dau tién thuc hién né
v@i cach dinh hudng kia la don gian nhat, cai nay, va phia bén nay, néu ban mudén cai dai
dién, thi ban sé& 14t moi thr. B4y gid, cach khac dé€ nhé diéu nay véi quy tic ban tay phai la
gi? Trudc hét, 1dy tay phai cua ban, khong phai tay trai. Ngay ca khi tay phai cia ban dang
dung viét chi hay th( gi d6 tuong tu thé hay lam diéu nay.

And let's take your fingers in order. First your thumb. Let's make your thumb go
along the object that has only one dimension in there. That is the curve. Well, let's
look at the top picture up there. I want my thumb to go along the curve so that is



kind of towards the right. Then I want to make my index finger point towards the
surface. Towards the surface I mean towards the interior of the surface from the
curve. And when I am on the curve I am on the boundary of the surface, so there is
a direction along the surface that is the curve and the other one is pointing into the
surface. That one would be pointing kind of to the back slightly up maybe, so like
that. And now your middle finger is going to point in the direction of the normal
vector.

Va hady dung cac ngdn tay cla ban theo th(r tu. Dau tién la ngdén cai. Hay lam cho ngén
cai cua ban di doc theo d6i tugng chi cd moét chiéu. B4 chinh la cac dudng cong. Vang,
chung ta hdy xét hinh dau tién trén dé. T6i mudn ngdén cai cua ban di doc theo dudng
cong vi vay n6 hudng vé bén phai. Sau do, téi can lam cho ngén tay tré cla téi huéng vé
bé mat. Hudng vé bé mat cé nghia la hudng vé phia bén trong clia bé mat tir dudng cong.
Va khi t6éi dang & trén dudng cong téi G bién clia bé mat, do dé cé mot hudng doc theo bé
mat dé la dudng cong va hudng kia hudng vao trong bé mat. Huéng dé sé hudng vé phia
sau hgi lén, vang gidng nhu thé. Va bay gid, ngdn gilta cua ban chi hudng vector phap
tuyén.

That is up, at least if you have the same kind of right hand as I do. The other way of
doing it is using the right-hand rule along C positively. The index finger towards the
interior of S. Sorry, I shouldn't say interior. I should say tangent to S towards the
interior of S. What I mean by that is really the part of S that is not its boundary, so
the rest of the surface. Then the middle finger points parallel to n.

N6 hudng 1é€n, yéu cau la ban st dung quy tdc ban tay phai nhu tdi [dam. Cach khac & day
la lam no6 bang cach s dung quy téc ban tay phai doc theo C duong. Ngon tay tré hudng
v& bén trong cla S. Xin 16i, t6i khdng nén ndi bén trong. Tdi nén ndi ti€p xlc clia S hudng
v& bén trong S. Y tdi 1a phan clia S khong & trén bién cla nd, phan con lai cla bé mat
cling vay. Thé thi ngdén gilra chi hudng song song vdi n.

Let's practice. Let's say that I gave you this curve bounding this surface. Which way
do you think the normal vector will be going? Up. Yes. Everyone is voting up.
Imaging that I am walking around C. That is to my left. Normal vector points up.
Imagine that you put your thumb along C, your index towards S and then your
middle finger points up. Very good. N points up. Another one. It is interesting to
watch you guys. I think mostly it is going up. The correct answer is it goes up and
into the cone. How do we see that? Well, one way to think about it is imagine that



you are walking on C, on the rim of this cone. You have two options. Imagine that
you are walking kind of inside or imagine that you are walking kind of outside.

Hay thuc hanh. Gia sr rang téi cho ban dudng cong bao quanh b& mét nay. Ban nghi
vector phap tuyén sé di theo hudng nao? Lén. Bung. Moi ngudi déu biéu quyét. Hay
tudng tugng t6i dang di doc theo C. D6 la bén trai cua toi. Vector phap tuyén hudng Ién.
Hay tudng tugng rang ban dat ngdn cai doc theo C, ngdn trd cliia ban hudng vé S va sau
do6 ngdn gilra cua ban hudng Ién. Rat tot. N hudng |én. Cai khac. That thu vi vi cau tra
IGi ciia cac ban. Da s6 chon hudng Ién. Cau tra IGi dung la no di Ién va vao trong nén.
Lam sao ching ta biét? Vang, mot cach dé xét né la tudng tugng rang ban di doc theo C,
trén vién cla ndén nay. Ban c6 hai lua chon. H3y tudng tugng rang ban dang di bén trong
hodc tudng tugng réng ban dang di bén ngoai.

If you are walking outside then S is to your right, but it does not sound good. Let's
say instead that you are walking on the inside of a cone following the boundary.
Well, then the surface is to your left. And so the normal vector will be up for you
which means it will be pointing slightly up and into the cone. Another way to think
about it, through the right-hand rule, from this way index going kind of down
because the surface goes down and a bit to the back.

Néu ban dang di bén ngoai thi S § bén phai cia ban, nhung nd c6 vé khong tét. Thay vi
vay gia s rang ban di bé&n trong nén doc theo bién. Vang, thi b& mat & bén trai cua ban.
Va nhu vay vector phap tuyén sé hudng Ién d6i vdéi ban nghia la né hoi hudng 1én va vao
trong nén. Mot cach khac d& nghi vé nd, bang quy tdc ban tay phai, theo cach nay ngén
tré sé hudng xudng bdi vi bé mat hudng xuéng va mot chut ra sau.

And then the normal vector points up and in. Yet another way, if you deform
continuously your surface then the conventions will not change. See, this is kind of
topology in a way. You can deform things and nothing will change. So what if we
somehow flatten our cone, push it a bit up so that it becomes completely flat? Then,
if you had a flat disk with the curve going counterclockwise, the normal vector would
go up.

Va thé thi vector phap tuyé&n hudng 1én va vao trong. Tuy nhién van con mot cach khac,
néu ban lién tuc lam bién dang bé mét cua ban thi cac quy udc s& khéng thay ddi. Thay
khéng, day la topo. Ban c6 thé 1am bién dang céc th va khdng cé gi thay déi. Vi vay, gia
nhu ching ta lam phang hinh nén cua ching ta, ddy né 1én mot chat d€ nd tréd nén hoan
toan bang phdng? Thi, néu ban d& c6 mdt dia phang véi dudng cong di ngugc chiéu kim
dong ho, vector phap tuyén sé hudng Ién.

Now take your disk with its normal vector sticking up. If you want to paint the face a
different color so that you can remember that was beside with a normal vector and
then push it back down to the cone, you will see that the painted face, the one with
the normal vector on that side is the one that is inside and up. Does that make
sense? Anyway, I think you have just to play with these examples for long enough
and get it.

Bay giGd hday chon mot dia véi vector phap tuyén dam |én. Néu ban muén t6 mot bé mat
mau khac d€ ban cé thé nhd néd ndm bén canh vdi vector phap tuyén va sau dé ddy né
xudng ndn lai, ban s& thdy rdng bé mat dugc t6, cai vdi vector phap tuyén & phia dé 1a
cdi & bén trong va bén trén. Cac ban hiéu y tudng dé khéng? Du sao di nita, toi nghi réng
ban phai lam nhiéu vi du dé cé thé hiéu dugc né.

OK. The last one. Let's say that I have a cylinder. So now this guy has actually two
boundary curves, C and C prime. And let's say I want to orient my cylinder so that
the normal vector sticks out. How should I choose the orientation of my curves? Let's
start with, say, the bottom one. Would the bottom one be going clockwise or
counterclockwise. Most people seem to say counterclockwise, and I agree with that.
Let me write that down and claim C prime should go counterclockwise. One way to
think about it, actually, it's quite easy, you mentioned that you're walking on the
outside of the cylinder along C prime.



OK. Vi du cudi cung. Gia s réng téi c6 mét hinh tru. Vi vdy, bay gid thang nay thuc su
c6 hai dudng cong bién, C va C phdy. Va gia s rdng té6i mudn dinh hudng hinh tru cla
t6i d€ vector phap tuyén dadm ra ngoai. Tdi s& chon cach dinh hudng dudng cong cua toi
nhu thé& ndo? Gia s rang ching ta hdy bat dau vdi, vang, cdi & dudi. Cai & dudi sé di
cung chiéu kim dong h6 hay ngugc chiéu kim déng ho. Dudng nhu da s6 moi ngudi noi
ngugc chiéu kim déng ho, va téi déng y véi diéu dd. Hay dé toi viét diéu doé ra va khing
dinh C phay sé& di ngugc chidu kim ddng hd. Mot cach dé nghi vé né, thuc su, né kha dé,
ban di & phia ngoai ctia hinh tru doc theo C phéy.

If you want to walk along C prime so that the cylinder is to your left, that means you
have to actually go counterclockwise around it. The other way is use your right hand.
Say when you're at the front of C prime, your thumb points to the right, your index
points up because that's where the surface is, and then your middle finger will point
out. What about C? Well, C I claim we should be doing clockwise. I mean think about
just walking again on the surface of the cylinder along C. If you walk clockwise, you
will see that the surface is to your left or use the right-hand rule. Now, if a problem
gives you neither the orientation of a curve nor that of the surface then it's up to you
to make them up.

Né&u ban mudn di doc theo C ph&y thi hinh tru & bén trai ban, diéu dé cé nghia la ban phai
thuc su di ngudc chiéu kim dong ho quanh né. Cach khac la st dung tay phai cua ban. Gia
sU khi ban & trudc C phdy, ngdén céi clia ban hudng sang phai, ngén trd cua ban hudng Ién
bdi vi d6 Ia vi tri cua bé mat, va sau d6 ngon gilta cia ban sé hudng ra ngoai. Thé con C
thi sao? Vang, C toi cho rang ching ta sé lam cung chiéu kim déng hd. Y t6i la hdy nghi vé
viéc mot lan nifa lai di trén bé mat cta hinh tru doc theo C. Néu ban di cung chiéu kim
déng ho, ban sé& thdy rang bé mat trai & bén tradi cia ban hodc sir dung quy tac ban tay
phai. Bay gid, néu bai toan khong cho ban su dinh hudng cua dudng cong ciling khong cho
su dinh hudng clia bé mat thi tuy ban chon cach dinh hudng.

But you have to make them up in a consistent way. You cannot choose them both at
random. All right. Now we're all set to try to use Stokes' theorem. Well, let me do an
example first. The first example that I will do is actually a comparison. Stokes'

versus Green. I want to show you how Green's theorem for work that we saw in the
plane, but also involved work and curl and so on, is actually a special case of this.

Let's say that we will look at the special case where our curve C is actually a curve in
the x, y plane.

Nhung ban phai thiét 1ap ching theo cdch nhat quan. Ban khdong thé 1am mot cach ngau
nhién. Dudc rdi. Bay gid tat ca ching ta sé& thr dung dinh ly Stokes. Vang, hay dé téi
lam mot vi du trudc. Vi du dau tién ma toi sé lam la so sanh. Stokes vdi Green. T6i mudn
chi cho ban th8y Dinh ly Green dung dé€ tinh céng ma chlng ta da thdy trong mat phang,
ma con lién quan dén céng va curl va v.v...., that su la mot trudng hgp dac biét cua cai
nay. Gia s rdng ching ta xét trudng hgp dac biét 6 d6 dudng cong C cla ching ta thuc
su 1a dudng cong trong mat phang x, y.

And let's make it go counterclockwise in the x, y plane because that's what we did

for Green's theorem. Now let's choose a surface bounded by this curve. Well, as I



said, I could make up any surface that comes to my mind. But, if I want to relate to
this stuff, I should probably stay in the x, y plane. So I am just going to take my
surface to be the piece of the x, y plane that is inside my curve. So let's say S is
going to be a portion of x, y plane bounded by a curve C, and the curve C goes
counterclockwise.

Va chuing ta hdy lam cho né di ngudc chiéu kim déng hd trong mat phang x, y bdi vi
do 1a nhitng gi chidng ta da lam cho dinh ly Green. Bay giG hdy chon mot bé mat
dudgc bao bdi dudng cong nay. Vang, nhu tdi da ndi, tdi cd thé xét bat ki dudng cong
nao xuat hién trong dau téi. Nhung, néu t6i mudn thiét 1&p mbi quan hé giira nhitng
th& nay, cb |1& téi nén & trong mat phéng x, y. Vi vay, tdi s& chon bé mat cua tdi 14
mét phan cua mat phdng x, y bén trong dudng cong cua tdi. Vi vay, gia s S sé la
mét phan cua mat phang x, y dugc bao bdi dudng cong C, va dudng cong C di ngudc
chiéu kim déng ho.

Well, then I should look at [the table?]. For work along C of my favorite vector field F
dot dr. So that will be the line integral of Pdx plus Qdy. Like I said, if I call the
components of my field P, Q and R, it will be Pdx plus Qdy plus Rdz, but I don't have
any Z here. Dz is zero on C. If I evaluate for line integral, I don't have any term
involving dz. Z is zero. Now, let's see what Strokes says. Stokes says instead I can
compute for flux through S of curve F.

Vang, thé thi toi sé xét .... PGi vdi cong doc theo C cua trudng vector yéu thich cua téi F dot
dr. Vi vay, do sé la tich phan dudng cta Pdx cong Qdy. Giéng nhu tdi da ndi, néu tdi goi cac
thanh phan cua trudng cua téi la P, Q, R, thi cong sé la Pdx cong Qdy cong véi Rdz, nhung
toi khéng cdé bat ky z nao § day. dz bang khdng trén C. N&u toi tinh tich phan dudng, toi
khéng c6 bat ky s6 hang nao lién quan dén dz. z bang khong. Bay gid, hdy xem dinh li
Stokes ndi gi. Stokes ndi rang thay vi vay tdi cd thé tinh théng ludgng qua S cua curl F.

But now what's the normal vector to my surface? Well, it's going to be either k or
negative k. I just have to figure out which one it is. Well, if you followed what we've
done there, you know that the normal vector compatible with this choice for the
curve C is the one that points up. My normal vector is just going to be k hat, so I am
going to replace my normal vector by k hat. That means, actually, I will be
integrating curl dot k. That means I am integrating the z component of curl. Let's
look at curl F dot k.

Nhung bay gid vector phap tuyén cua bé mat cla téi la gi? Vang, né sé hoac la k hoac
trir k. T6i phai chi ra nd la cai nao. Vang, néu ban theo nhiing gi chiing ta da lam & do,
ban biét réng vector phap tuyén tuong (ng vdi su lva chon nay cho dudng cong C |a céi
hudng |én. Vector phap tuyén cula toi sé la k mi, vi vay téi sé thay thé vector phap
tuyén béng k mi. Diéu dé cé nghia 13, thuc su, t6i sé& 18y tich phén curl dot k. Diéu dé
c6 nghia la toi sé 1ay tich phan thanh phéan z cua curl. Hay xét curl F dot k.

That's the z component of curl F. And what's the z component of curl? Well, I
conveniently still have the values up there. It's Q sub x minus P sub y. My double
integral becomes double integral of Q sub x minus P sub y. What about dS? Well, I
am in a piece of the x, y plane, so dS is just dxdy or your favorite combination that
does the same thing. Now, see, if you look at this equality, integral of Pdx plus Qdy
along a closed curve equals double integral of Qx minus Py dxdy.

D6 13 thanh phan z cua curl F. Va thanh phan z cla curl 1a gi? Vang, t6i van con cé cac
gia tri trén do. bd la Q x trir P y. Tich phan kép cua toéi tré thanh tich phan kép cta Q x
trir P y. Thé& con dS thi sao? Vang, tdi dang 8 mdt manh cla méat phang x, y, do dé dS chi
la dxdy hodc su két hgp yéu thich cia ban lam diéu tuong tu. Bay gig, thdy khong, néu
ban nhin vao déng thic nay, tich phén cta Pdx cdng Qdy doc theo mdt dudng cong khép
kin bang tich phan kép clia Qx trir Py dxdy.

That is exactly the statement of Green's theorem. I mean except at that time we
called things m and n, but really that shouldn't matter. This tells you that, in fact,
Green's theorem is just a special case of Stokes' in the x, y plane. Now, another
small remark I want to make right away before I forget, you might think that these



rules that we've made up about compatibility of orientations are completely

arbitrary.

D6 chinh 1a ndi dung cta dinh ly clia Green. Y tdi la ngoai trir vao IGc nay chdng ta goi cac
th& 1a m va n, nhung thuc su diéu dé khdng quan trong. Diéu nay cho ban biét rang, trén
thuc t€, dinh ly Green chi Ia mét trudng hgp ddc biét cia dinh li Stokes trong mat phang x,
y. Bay gi¥, mot nhan xét khac tdi mudn lam ngay trudc khi tdi quén, ban cé thé nghi réng
nhitng quy tdc ma ching ta da tao ra vé tinh tudng thich cua su dinh hudng 1a hoan toan
tuy vy.

Well, they are literally in the same way as our convention for which we guy curl is
arbitrary. We chose to make the curl be this thing and not the opposite which would
have been pretty much just as sensible. And, ultimately, that comes from our choice
of making the cross-product be what it is but of the opposite. Ultimately, it all comes
from our preference for right-handed coordinate systems.

Vang, theo nghia den ching theo cach tuong tu nhu quy udc cla ching ta ma curl la tuy y
d6i v38i nd. Chung ta chon dé& lam cho curl 1a cdi nay ch( khdng phai ngudgc lai ch yéu do
kinh nghiém. Va, cu8i cung, diéu dé la do Iua chon cla ching ta dé lam cho tich vector 1a
nhu vay ch khdong phai ngudc lai. Cudi cung, tat cd déu do quy udc clia ching ta vé cac
hé toa do tuan theo quy téc ban tay phai.

If we had been on the planet with left-handed coordinate systems then actually our
conventions would be all the other way around, but they are this way. Any other
questions? A surface that you use in Stokes' theorem is usually not going to be
closed because its boundary needs to be the curve C. So if you had a closed surface
you wouldn't know where to put your curve. I mean of course you could make a tiny
hole in it and get a tiny curve. Actually, what that would say, and we are going to
see more about that so not very important right now, but what we would see is that
for a close surface we would end up getting zero for the flux.

Né&u chlng ta ¢ mot hanh tinh v8i cac hé toa dd tuén theo quy tdc b an tay trdi thi thuc su
quy udc cla chung ta sé hoan toan khac, nhung ching theo cach nay. Cau héi khac? Mot
bé mat ma ban st dung dinh ly Stokes th udng khong khép kin vi bién cla noé can la dudng
cong C. Vi vay, néu ban c6 mot bé mat khép kin ban sé khong biét dat dudng cong cla
ban & dau. Y toi 1a t&t nhién ban cd thé tao ra mét 16 nhd trong nd va nhan dugc mot
dudng cong nho. Thuc su, diéu nay cé nghia la, va ching ta sé thay thém vé diéu dé vi
vay khéng quan trong ngay bay giG, nhung nhiing gi ching ta sé thay la d6i véi bé mat
kin thong lugng sé& bang khong.

And that is actually because divergence of curl is zero, but I am getting ahead of
myself. We are going to see that probably tomorrow in more detail. Stokes' theorem
only works if you can make sense of this. That means you need your vector field to



be continuous and differentiable everywhere on the surface S. Now, why is that
relevant? Well, say that your vector field was not defined at the origin and say that
you wanted to do, you know, the example that I had first with the unit circling the x,
y plane. Normally, the most sensible choice of surface to apply Stokes' theorem to
would be just the flat disk in the x, y plane. But that assumes that your vector field

is well-defined there. If your vector field is not defined at the origin but defined
everywhere else you cannot use this guy, but maybe you can still use, say, the half-
sphere, for example.

Va nguyén nhén la do divergence cua curl bdng khdng, nhung téi dang ndi trude. Ching ta
sé thady diéu do chi ti€t han vao ngay mai. Pinh ly Stokes chi ap dung dugc néu ban lam
cho cai nay c6 nghia. Diéu do c6 nghia la ban can trudng vector cta ban lién tuc va kha vi
3 khdp moi ndi trén bé mat S. By gid, tai sao diéu d6 cd lién quan? Vang, gia sl rang
trudng vector cliia ban khéng xac dinh tai géc toa dé va ban mudén lam, ban da biét, vi du
ma tbi da co 1an dau véi su quay véi van téc gbc bang mot trong mat phang x,y. Thong
thudng, su Iuva chon hop ly nhat cha bé mat dé ap dung dinh ly Stokes sé& chi Ia hinh tron
trong mat phang x, y. Nhung gia st rang trudng vector cua ban dugc xac dinh ¢ dé. Néu
trudng vectd clia ban khong dugc xac dinh tai goc toa do ma xac dinh moi ngi khac ban
khéng thé dung th&ng nay, nhung cé 1& ban van cé thé sir dung, chdng han, nlra hinh cau.

Or, you could use a piece of cylinder plus a flat top or whatever you want but not
pressing for the origin. So you could still use Stokes but you'd have to be careful
about which surface you choose. Now, if instead your vector field is not defined
anywhere on the z-axis then you're out of luck because there is no way to find a
surface bounded by this unit circle without crossing the z-axis somewhere. Then you
wouldn't be able to Stokes' theorem at all or at least not directly.

Hodc, ban cé thé sir dung mét phan cla hinh tru cdng mat trén phdng hay bt c gi ban
mudn nhung khéng bao gém gdc toa dd. Vi vay, ban van cé thé sir dung Stokes nh ung
ban phai can than vé nhitng bé mat ma ban chon. Bay gid, néu thay vi vy trudng vector
clia ban khdng xac dinh & bt c& noi dau trén truc z thi ban khéng may mén khdng ¢
cach nao tim bé mat dugc bao bgi dudng tron don vi nay ma khong di qua truc z. Thé thi,
ban khdng thé dung dinh li Stokes hodc ndi chinh xac la khéng thé dung truc tiép.

Maybe I should write it F defines a differentiable everywhere on this. But we don't
care about what happens outside of this. It's really only on the surface that we need
it to be OK. I mean, again, 99% of the vector fields that we see in this class are
defined everywhere so that's not an urgent concern, but still. OK. Should we move
on? Yes. I have a yes. Let me explain to you quickly why Stokes is true.

C4 18 t6i nén viét la F xac dinh mot vi phan & khdp moi nai trén cai nay. Nhung ching ta
khéng quan tdm vé nhitng gi xay ra bén ngoai cai nay. N6 thuc su chi nam trén bé mat
ma chuiing ta can no la OK. Y toi la, mot [an nifa, 99% céc trudng vector ma ching ta g&p
trong mon nay xac dinh & khdp moi nai vi vay dé khéng phai la mét méi quan tam cap
bach, nhung van con. OK. Chlng ta cé nén chuyén chu dé khéng? Vang. Toi c6 yes. Hay
dé tdi giai thich ly do tai sao dinh Ii Stokes ding.

How do we prove a theorem like that? Well, the strategy, I mean there are other
ways, but the least painful strategy at this point is to observe what we already know
is a special case of Stokes's theorem. Namely we know the case where the curve is
actually in the x, y plane and the surface is a flat piece of the x, y plane because
that's Green's theorem which we proved a while ago. We know it for C and S in the
X, Yy plane. Now, what if C and S were, say, in the y, z plane instead of the X, y
plane? Well, then it will not quite give the same picture because the normal vector
would be i hat instead of k hat and they would be having different notations and it
would be integrating with y and z.

Lam thé& nao dé€ chdng ta chirng minh mdt dinh ly nhu thé&? Vang, chién lugc, y téi la
c6 nhitng cach khac, nhung chién lugc it dau dén nhét vao thdi diém nay 1a quan sat
trudng hop déc biét cla dinh ly Stokes. Cu thé ching ta biét trudng hop & d6 dudng
cong thuc su ndm trong méat phang x, y va bé mat [a mét manh phang ctia méat phéng
X, y bai vi dé la dinh Ii Green ma chung ta da chirng minh llc trudc. Ching ta biét né



cho C va S trong mat phdng x, y. Bay gi§, gid nhu C va S , gia s, ndm trong mat
phang y, z ch& khéng phai mat phang x, y? Vang, thé thi n6 sé& khéng hoan toan cho
cung moét hinh &nh bdi vi vector phap tuyén sé la i mi ch& khéng phai k mii va chung
sé co nhitng quy udc khac va no sé la tich phén vdiy va z.

But you see that it would become, again, exactly the same formula. We'd know it for
any of the coordinate planes. In fact, I claim we know it for absolutely any plane.

And the reason for that is, sure, when we write it in coordinates, when we write that
this line integral is integral of Pdx plus Qdy plus Rdz or when we write that the curl is
given by this formula we use the x, y, z coordinate system. But there is something I
haven't quite told you about.

Nhung ban th8y rang né sé tré thanh, mét lan nira, cung céng thirc nhu vdy. Chdng ta
biét diéu d6 cho bat ky mat phang toa dd nao. Trong thuc té&, tdi khdng dinh ching ta
biét né cho bat ki mat phdng nao. Va ly do cla viéc d6 13, chdc chan, khi ching ta viét né
theo cac toa do, khi ching ta viét tich phan dudng bang tich phan cia Pdx cdng Qdy
cong va@i Rdz hoac khi ching ta viét curl dugc cho bdi cong thirc nay ching ta s dung hé
toa do x, y, z. Nhung c6 vai diéu ma téi hoan toan chua noi.

Which is if I switch to any other right-handed coordinate system, so I do some sort
of rotation of my space coordinates, then somehow the line integral, the flux
integral, the notion of curl makes sense in coordinates. And the reason is that they
all have geometric interpretations. For example, when I think of this as the work
done by a force, well, the force doesn't care whether it's being put in x, y
coordinates this way or that way. It still does the same work because it's the same
force.

D6 la néu tdi chuyén sang bat ky hé toa dd ban tay phai nao khac, vang téi thuc hién
mot phép quay toa dé khong gian nao dé, thé thi tich phan dudng, tich phan théng
lugng, khai niém vé curl c6 nghia theo cac toa dd. Va ly do 13 t&t ca ching cé nhitng dién
giai hinh hoc. Vi du, khi téi nghi xét cai nay nhu cong dugc thuc hién bdi luc, vang, luc
khéng quan tam dén no sé& dit cac toa do x, y theo cach nay hay theo cach dé. N6 van
con thuc hién cung moét céng viéc vi nd la cung mot luc.

And when I say that the curl measures the rotation in a motion, well, that depends
on which coordinates you use. And the same for interpretation of flux. In fact, if I
rotated my coordinates to fit with any other plane, I could still do the same things.
What I'm trying to say is, in fact, if C and S are in any plane then we can still claim
that it reduces to Green's theorem. It will be Green's theorem not in x, vy, z



coordinates but in some funny rotated coordinate systems. What I'm saying is that
work, flux and curl makes sense independently of coordinates.

Va khi toi ndéi réang curl do su quay trong chuyén déng, vang, diéu dé phu thudc vao toa
do ma ban st dung. Va tuong tu cho théng lugng. Thuc su, néu t6i quay cac toa dé cua
toi dé phu hop véi bat ky mat phdng nao, tdi van cé thé 1am nhitng digu tueng tu. Nhitng
gi t6i dang c6 géng dé ndi |a, trén thuc té€, néu C va S ndm trong bat ky mat phadng nao
thi chting ta van con kh&ng dinh r&ng né rat vé dinh |i Green. N6 sé& 1a dinh |i Green
khong phai trong cac toa do x, y, z ma trong mét sé hé toa d6 dugc quay nao dé. Tdc la
cong, thong lugng va curl khong phu thudc vao cac toa do.

Now, this has to stop somewhere. I can start claiming that I can somehow bend my
coordinates to a plane, any surface is flat. That doesn't really work. But what I can
say is if I have any surface I can cut it into tiny pieces. And these tiny pieces are
basically flat. So that's basically the idea of a proof. I am going to decompose my
surface into very small flat pieces. Given any S we are just going to decompose it
into tiny almost flat pieces.

Bay gi&, cai nay phai dirng & nci nao dd. Toi cd thé bat dau khang dinh rang téi cd
thé bé cong céc toa dd cua tdi thanh moét mat phdng, bat ky bé mat nao phing. Diéu
dé khéng thuc su ding. Nhung nhitng gi t6i c6 thé ndi la néu tdi cé bat cir bé mat
nao tdi cé thé cat né thanh tirng manh nhd. Va nhitng manh nho vé cd ban Ia phang.
Vi vay, vé cd ban dé la y tudng clia chirng minh. T6i sé phan tich bé mat clta toi
thanh nhitng manh phang rét nho. V&i bat ky S nao ching ta chi cdn phan tich nd
thanh nhirng manh nho géan nhu phang.

For example, if I have my surface like this, what I will do is I will just cut it into tiles.
I mean a good example of that is if you look at those geodesic things, for example,
it's made of all these hexagons and pentagons. Well, actually, they're not quite flat
in the usual rule, but you could make them flat and it would still look pretty much
like a sphere. Anyway, you're going to cut your surface into lots of tiny pieces. And
then you can use Stokes' theorem on each small piece. What it says on each small
flat piece -

Vi du, néu téi c6 mét mat nhu thé nay, toi sé cdt nd thanh cac vién.Téi mudn nodi la
mot vi du tét vé cai dé la néu ban xét nhiing th& do dac nay, vi du, né dudc lam béng
tat ca nhitng hinh luc giac va ngli gidc nay. Vang, thuc su, ching kh6ng hoan toan
phéng theo quy luat thong thudng, nhung ban cé thé 1am cho ching phang va né van
con kha gibng mot hinh cau. Du sao di nita, ban s& cat b& mat ctia ban thanh nhiéu
miéng nhd. Va sau dé ban cé thé s dung dinh ly Stokes 'trén tirng manh nhd. N6 ndi
gi trén mdi manh nhé phéng -

It says that the line integral along say, for example, this curve is equal to the flux of

a curl through this tiny piece of surface. And now I will add all of these terms
together. If I add all of the small contributions to flux I get the total flux. What if I
add all of the small line integrals? Well, I get lots of extra junk because I never

asked to compute the line integral along this. But this guy will come in twice when I
do this little plate and when I do that little plate with opposite orientations.

NG nodi réng tich phan dudng doc theo, vi du, dudng cong nay bang théng lugng cua curl
qua manh nhoé nay cua bé mat. Va bay giG t6i cOng tat cd cac s6 hang nay vGi nhau. Néu
toi cOng tat ca nhitng dong gép nhd vao thong lugng téi sé dudc théng lugng toan phan.
NEu tdi cong tat ca cac tich phan dudng nho thi sao? Vang, téi nhan dugc rat nhiéu thr
thira vi tdi khdng yéu cau tinh tich phan dudng doc theo cai nay. Nhung thdng nay sé& xuét
hién hai [an khi t6i tinh trén tdm nho nay va khi téi tinh trén tam nho doé vdi su dinh hudng
ngugc lai.

When I sum all of the little line integrals together, all of the inner things cancel out,
and the only ones that I go through only once are those that are at the outer most
edges. So, when I sum all of my works together, I will get the work done just along
the outer boundary C. Sum of work around each little piece is just actually the work
along C, the outer curve. And the sum of the flux for each piece is going to be the



flux through S.

Khi t0i cOng tat ca cac tich phan dudng nhd véi nhau, tat ca nhitng thr bén trong triét
tiéu, va chi nhitng cai ma téi di qua mot lan duy nhat la nhitng cai & tai canh ngoai cung.
Vi vay, khi t6i cOng tat ca cac cong vai nhau, téi sé dudc cong dugc thuc hién doc theo
bién bén ngoai C. Téng cla cdng quanh m6i~ménh nhod thuc su' la cong doc theo C, dudng
cong bén ngoai. Va téng thdng lugng cho moi manh sé la théng lugng qua S.

From Stokes' theorem for flat surfaces, I can get it for any surface. I am cheating a
little bit because you would actually have to check carefully that this approximation
where you flatten the little pieces that are almost flat is varied. But, trust me, it
actually works. Let's do an actual example. I mean I said example, but that was
more like getting us ready for the proof so probably that doesn't count as an actual
example. I should probably keep these statements for now so I am not going to
erase this side.

TU dinh ly Stokes cho cdc bé& mat phang, tdi c6 thé lam nd cho bat ky bé mat nao. Tdi gian
I&n mét chat vi ban thuc su s& phai kiém tra c&n than rang phép gan dung nay trong do
ban lam phang nhitng manh nhd gan nhu dd phang thay déi. Nhung, hay tin t6i, né thuc
su ding. Hay lam mot vi du thuc té. Y t6i 1a toi da ndi vi du, nhung didu dé thuc su dang
mang ching ta dén phan chifng minh vi vay co 1& cai do khéng tinh nh v mot vi du thuc.
Toi s& gilt nhitng phat bi€u nay cho hién tai vi vay tdi s& khdng xbéa bén nay.

Let's do an example. Let's try to find the work of vector field zi plus xj plus yk
around the unit circle in the x, y plane counterclockwise. The picture is conveniently
already there. Just as a quick review, let's see how we do that directly. If we do that
directly, I have to find the integral along C. So F dot dr becomes zdx plus xdy plus
ydz. But now we actually know that on this circle, well, z is zero.

Hay lam mot vi du. Hay thir tim céng cla trudng vector zi cong xj cdng yk quanh d udng
tron don vi trong mat phdng x, y ngudc chiéu kim déng ho. Hinh vé & d6. D& tom tat,
ching ta hdy xem chidng ta lam diéu dé truc ti€p nhu thé nao. Néu ching ta lam diéu dé
truc ti€p, t6i phai tim tich phan doc theo C. Vi vay F dot dr trd thanh zdx céng xdy cong
ydz. Nhung by gid ching ta thuc su biét rdng trén dudng tron nay, vang, zbang khoéng.

And we can parameterize x and vy, the unit circle in the x, y plane, so we can take x
equals cosine t, y equals sine t. That will just become the integral over C. Well, z
times dx, z is zero so we have nothing, plus x is cosine t times dy is -- Well, if y is
sine t then dy is cosine tdt plus ydz but z is zero. Now, the range of values for t,
well, we are going counterclockwise around the entire circle so that should go from
zero to 2pi.

Va chiing ta ¢ thé tham sé hoda x va y, dudng tron don vi trong méat phdng x, y, vi vay
chiing ta c6 thé& chon x bang ¢d sin t, y bang sin t. Cai d6 sé& trd thanh tich phan trén C.
Véng, z nhan dx, z bang khdng vi vay chiing ta khdng c6 gi, cdng x bang cosin t nhan dy
béng - Vang, néu y ba&ng sin t thi dy bdng ¢d sin tdt cdng ydz nhung z bang khdng. Bay
gi®, khoang gia tri cta t, vang, ching ta sé di ngudc chiéu kim déng hd quanh toan bd
dudng tron vi vay noé sé di tr khong dén 2pi.



We will get integral from zero to 2pi of cosine square tdt which, if you do the
calculation, turns out to be just pi. Now, let's instead try to use Stokes' theorem to
do the calculation. Now, of course the smart choice would be to just take the flat unit
disk. I am not going to do that. That would be too boring. Plus we have already kind
of checked it because we already trust Green's theorem. Instead, just to convince
you that, yes, I can choose really any surface I want, let's say that I'm going to
choose a piece of paraboloid z equals one minus x squared minus y squared.

Chung ta sé 13y tich phan tir khong dén 2pi clia co sin binh tdt nd, néu ban thuc hién
tinh todn, hda ra chi |1a pi. Bay gid, thay vi vy hay th(r dung dinh ly Stokes dé tinh. Bay
gid, tat nhién su luva chon thong minh sé |a chi chon dudng tron don vi. T6i sé khong
lam diéu dd. Piéu d6 qua nham chan. Cdng ching ta da kiém tra nd vi ching ta tin
tudng dinh Ii Green. Thay vao dd, chi dé thuyét phuc ban réng, cd, téi cé thé chon bat
ky b& mat nao tdi mudn, gia sl rdng tdi s& chon modt manh clia paraboloid z bang mot
trir x binh trir y binh.

Well, to get our conventions straight, we should take the normal vector pointing up
for compatibility with our choice. Well, we will have to compute the flux through S.
We don't really have to because we could have chosen the disk, it would be easier,
but if we want to do it this way we will compute the flux of curl F through our
paraboloid. How do we do that? Well, we need to find the curl and we need to find
ndS. Let's start with the curl. Curl F let's take the cross-product between dell and F
which is zxy. If we compute this, the i component will be one minus zero.

Vang, dé cé dudc cac quy udc, ching ta sé 18y vector phap tuyén hudng 1én dé€ tuong
thich v@i lua chon cla ching ta. Véng, ching ta sé& phai tinh thong lugng qua S. Ching ta
thuc su khéng can tinh vi chiing ta d& chon hinh tron, né sé& dé han, nhung néu chiing ta
mudn lam no theo cach nay ching ta sé tinh thong lugng cua curl F qua paraboloid cua
ching ta. Chung ta lam diéu dé nhu thé nao? Vang, chidng ta can phai tim curl va chidng
ta cdn tim ndS. Ching ta h3y b&t dau vdi curl. Curl F chdng ta h3y tinh tich vector giira
del va F chinh la zxy. Néu chung ta tinh cai nay, thanh phéan i sé la moét trir khéng.

It looks like it is one i. Minus the j component is zero minus one. Plus the k

component is one minus zero. In fact, the curl of the field is one, one, one. Now,

what about ndS? Well, this is a surface for which we know z is a function of x and y.
ndS we can write as, let's call this F of xy, then we can use the formula that says

ndS equals negative F sub X, negative F sub y, one dxdy, which here gives us 2x, 2y,
one dxdy.

C6 vé nhu nd la mot i. Trur thanh phan j bdng khéng trir mot. Cong thanh phan k bang mét
trir khong. Thuc su, curl ctia trudng la mot, mot, mot. Bay gid, con ndS thi sao? Vang, day
|a mot bé mat ma chdng ta biét z 1d mét ham cua x va y. ndS ching ta cé thé viét nhu, hdy
goi day la F cha xy, thé& thi ching ta cé thé& dung céng thli'c ndS bang trir F x, trir F y, dxdy,
8 day nd cho ching ta 2x, 2y, dxdy.

Now, when we want to compute the flux, we will have to do double integral over S of
one, one, one dot product with 2x, 2y, one dxdy. It will become the double integral
of 2x plus 2y plus one dxdy. And, of course, the region which we are integrating, the
range of values of x and y will be the shadow of our surface. That is just going to be,
if you look at this paraboloid from above, all you will see is the unit disk so it will be
a double integral of the unit disk. And the way we will do that, one way is to switch

to polar coordinates and do the calculation and then you will end up with pi.

Bay gid, khi ching ta mudn tinh théng Iugng, ching ta sé phai tinh tich phan kép cua mot,
mot, mot nhan vo hudng véi 2x, 2y, dxdy trén S. N6 sé trd thanh tich phan kép cua 2x
cong 2y cong dxdy. Va, tat nhién, ving ma ching ta sé 1dy tich phan, pham vi cla cac gia
tri cia x va y sé la hinh chi€u ctia bé mat cua chung ta. Do sé la, néu ban nhin paraboloid
nay tl trén, ban sé thady mot hinh tron dan vi vi vay no sé la tich phan kép cta hinh tron
dan vi. Va chdng ta tinh né bang cach chuyén sang cac toa db cuc v a dugc két qua bang
pi.

The other way is to try to do it by symmetry. Observe, when you integrate x above



this, x is as negative on the left as it is positive on the right. So the integral of x will
be zero. The integral of y will be zero also by symmetry. Then the integral of one
dxdy will just be the area of this unit disk which is pi. That was our first example.
And, of course, if you're actually free to choose your favorite surface, there is
absolutely no reason why you would actually choose this paraboloid in this example.
Mot cach khac la xét tinh d6i x(rng. Quan sat, khi ban 18y tich phan x trén cai nay, x am &
bén trdi va dugng & bén phai. Vi vay tich phan cta x s& bang khdng. Tich phén cla y ciing
baéng khdng do ddi xirng. Thé thi tich phén cua dxdy sé& la dién tich cta hinh tron don nay
bang pi. D4 la vi du dau tién cla ching ta. Va, tat nhién, néu ban tu do lua chon bé mat
yéu thich cua ban, khéng cé li do gi d€ ban chon paraboloid nay.

I mean it would be much easier to choose a flat disk. OK. Tomorrow I will tell you a
few more things about curl fits in with conservativeness and with the divergence
theorem, Stokes all together, and we will look at Practice Exam 4B so please bring
the exam with you.

Y tdi 1a chon hinh tron sé& dé tinh hon. OK. Ngay mai tdi s& cho ban biét thém mot vai diéu
vé curl tao ra mai lién hé gilra tinh chat bao toan va dinh |i phan ky, dinh |i Stokes vdi
nhau, va ching ta sé xem xét bai thi thr 4B vi vdy hay nhé mang né theo.



