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18.02 Multivariable Calculus, Fall 2007
Transcript — Lecture 30

Tich phan duong trong khéng gian, rot (hay curl), sy khép vathé
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html
Because we have, unfortunately, one more exam coming up next week, next
Tuesday, so there are no practice exams. Actually they have been on the Web for a
bit. Practice exam 4A, you are going to go over in recitation, part of it tomorrow,
part of it on Monday. And practice exam 4B, we will go over in class on Tuesday,
sorry, on Friday. Yes? When is our final in this class? Well, the final is, I believe, on
Tuesday morning during finals week. Tuesday, December whatever, 18 maybe, in
the morning. If you have a conflict for a final that should be automatically arranged
through the Registrar. But please check with the Registrar or with the Math Office
that you are on the list of a conflict final.
Bd&i vi chiing ta cd, tiéc 1a, ¢ thém moét bai kiém tra vao tudn t&i, Th ba, vi vy khdng cé
cac bai thi thir. Thuc su chiing da dugc dua 1én trang web mot it. Bai thi thir 4A, ban sé
lam chi tiét trong budi tra 18i cdu hdi miéng, mdt phan cliia né vao ngay mai, moét phan cua
n6 vao ngay th( hai. Va bai thi thr 4B, ching ta sé& xét ki trong budi hoc ngay th ba, xin
16i, th&r Sau. Xin mai? Khi ndo thi cudi ki &? Vang, ki thi cudi ki, chic 13, vao séang th( ba
trong tudn cudi. Th{ ba, Thang Mudi Hai vao ngay may dd, hinh nhu la 18, vao budi sang.
Né&u ban trung lich vao ki thi cudi ki hdy théng bao véi gido vu. Hay kiém tra véi gido vu
hodc véi BO mén toan dé diéu chinh lai.

Because I cannot arrange that. Only you and the Registrar and the Math Office. The
other thing is the last lecture before the break ended a bit abruptly because I ran out
of time, so just to summarize what the main point was, I mean probably you figured
this out if you looked at the notes. It is not that important, but anyway. I just

wanted to remind you, just to clarify what happened at the end, we got the diffusion
equation from two bits of information. I mean the unknown, in this partial differential
equation, is a function that we call u that corresponds to the concentration of some
substance. And we used a vector field that represents the flow of whatever the
substance is whose diffusion we are studying.

Bdi vi tdi khéng thé sdp xé&p viéc db. Chi ban va gido vu va B6 mén toan. Diéu khac |a bubi
hoc trudc ngay khi sép két thic bai giang da c6 mot su gian doan chit it bdi vi khdng kip
gid, vi vay dé tdm tat nhirng diém chinh, that ra ban sé thdy nhitng th nay trong note.
Nhung du sao di nita, né khdng quan trong. Toi chi muén nhac ban, chi d& l1am rd nhiing
van dé cudi budi hoc trudc, ching ta da nhan dudc phuong trinh khuéch tan tir hai ngudn
tin. Y t6i noi 1a bién, trong PTVP dao ham riéng nay, 1& mot ham ma chiing ta goi & u tuong
&'ng v4i ndng dod clia chat nao do. Va ching ta dd st dung mot trudng vector biéu dién su
chay cua bat cir vat chat nao dang khuéch tan.

And so we got two bits of information, one that came from physics that said the flow
goes from high concentration to smaller concentration. And that told us that the flow
is proportional to a negative gradient of a concentration. And the second piece of
information that we got was from the divergence theorem, and that was the one I
spent time trying to explain. And that one told us that the divergence of F is actually
negative partial u over partial t. When you combine these two relations together that
is how you get the diffusion equation. Sorry, I should say this is not the statement of
a divergence theorem.

Va vi vay ching ta nhan dudc hai nguon théng tin, mot dén tir vat |i ndi rang dong chay di
tlr nci ndbng d6 cao dén naoi ndng dd thdp han. Va diéu dé cho ching ta biét rang dong
chay ti |é thuan vdéi trir gradient ctia ndéng do . Va thong tin th{ hai chidng ta nhan dugc tir
dinh li divergence, va t6i d3 si dung nhiéu thdi gian dé giai thich né. Va né cho ching ta
biét rang divergence cua F bang trir dao ham riéng cua u theo t. Khi ban két hgp hai hé
thdrc nay vdi nhau ban nhan dugc phuong trinh khuéch tén. Xin 16i, day khong ddng la noi
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dung cua dinh li divergence.

This is something that would derive from it with quite a few steps involved. And so
what we got out of that is a diffusion equation because we end up getting that partial
u over partial t is minus div F, which is therefore positive k times divergence of grad
u, which is what we denoted by del square u, the Laplacian. So, that is how we got
the diffusion equation. Anyway, I will let you have a look at the notes that were
handed out in case you really want to see more. I just wanted to give the missing
part of the last lecture. Let me just switch gears completely and switch to today's
topic, which is line integrals and work in 3D.

DAy 13 cdi gi d6 cb thé rit ra tir nd qua mdt vai budc. Va nhu vay nhitng gi ching ta d3
rut ra dugc tir dé la phuong trinh khuéch tan bdi vi cusi cing chidng ta nhan dugdc dao
ham riéng cla u theo t béng trir div F, nd chinh I1a c6ng k nhén divergence cua gradu,
ching ta da ki hiéu n6 la delta binh u, Laplace. Vi vay, dé la cach ching ta nhan dudc
phuong trinh khuéch tén. DU sao di nita, t6i s& d& cho ban xem céc note d& dugc phat
trong trudng hdp ban muén hiéu thém. Tdi chi muén b8 sung phan con thiéu cua bai
giang lan trudc. Hay dé toi dap s6 va chuyén hoan toan sang chu dé cua ngay hém nay,
do la tich phan dudng va céng trong trudng hgp ba chiéu.

That is going to look a lot like what we did in the plane, except, of course, there is a
z coordinate. You will see it doesn't change things much when it comes to computing
a line integral. It changes things quite a bit, however, when it comes to testing
whether a field is a gradient field. That is why we have to be more careful. Let's start
right away with line integrals in space. Let's say that we have a vector field F with
components P, Q and R. We should think of it maybe as representing a force.

Cach xét nhitng dai lugng nay ciling giéng nhu trong mat phdng, ngoai trir, tt nhién, cé toa
dd z. Ban s& thdy khéng cd nhiéu su thay d6i khi dén phan tinh tich phan d udng. Tuy nhién,
s& cd mdt chit thay d6i, khi d&n phan kiém tra mot trudng cé phai la trudng gradient hay
khéng. D6 1a ly do tai sao ching ta phai cdn than hon. H3y bat dau ngay vdi tich phan
dudng trong khéng gian. Giad st rdng ching ta cé mdt trudng vectd F véi cac thanh phén P,
Q va R. Chung ta c6 thé xem nhu né biéu dién mét luc.



And let's say that we have a curve C in space. Then the work done by the field will
be the line integral along C of F dot dr. That is a familiar formula. And what we do
with that formula is also familiar, except now, of course, we have a z coordinate. We
are going to think of vector dr as a space vector with components dx, dy and dz.
When we do the dot product of F with dr that will tell us that we have to integrate
Pdx Qdy Rdz. But it is still a line integral so it is still going to turn into a single
integral when you plug in the correct values.

Va gia sur réng chidng ta cé mét dudng cong C trong khdng gian. Thé thi, cdng dugc thuc
hién bdi trudng s& bang tich phan cua F dot dr doc theo C. D6 Ia mbt cdng thdc quen
thubc. Va nhiing gi ching ta sé lam vdi cong thic d6 cling quen thudc, ngoai trir bay
gid, tat nhién, ching ta cé thanh phan z. Ching ta sé xem dr nhu mot vector khong
gian v@i cac thanh phan dx, dy va dz. Khi chidng ta tinh tich vé hudng cla F vdi dr thi
diéu dé sé cho ching ta biét rdng chidng ta phai I8y tich phan Pdx Qdy Rdz. Nhung né
van [a mét tich phan dudng vi vay né van sé chuyén thanh tich phan maot bién khi ban
thé cac gia tri chinh xac.

So the method will be exactly the same as in the plane, namely we will find some
way to parameterize our curve, x plus X, y z in terms of a single variable, and then
we will integrate with respect to that variable. The way that we evaluate is by
parameterizing C and express X, vy, z, dx, dy, dz in terms of the parameter. Let's do
an example just to convince you that you actually know how to do this, or at least
you should know how to do this.

Vi vdy phuong phép sé& giéng nhu trong mat phdng, cu thé |a chlng ta sé& tim cach nao dé
dé tham s6 hda dudng cong, x cdng x, y z theo mot bién duy nhéat, va sau d6 ching ta sé&
I8y tich phan theo bién dd. Cach chiing ta tinh 1a tham s& hda C va biéu dién ¥, vy, z, dx,
dy, dz theo tham s&. Hay xét mot vi du d€ bao dam réng ban thuc su biét cach lam diéu
nay, hodc it nhat ban nén biét lam diéu nay.

Let's say that I give you the vector field with components yz, xz and xy. And let's say
that we have a curve given by x equals t~3, y equals t~2, z equals t for t going from
zero to one. The way we will set up the line integral for the work done will be -- Well,
sorry. Before we actually set up the line integral, we need to know how we will
express everything in terms of t and dt. x, y and z, in terms of t, are given here. We
just need to do also dx, dy and dz. By differentiating you get dx is 3t”~2 dt. That is
the derivative of t~3, dy will be 2t dt and dz will just be dt.

Gia s réng tbi cho ban trudng vector véi cac thanh phan yz, xz va xy. Va gia s rang
ching ta c6 dudng cong dudc cho bdi phuang trinh tham sé x bangt ~ 3, y bangt »~ 2, z
bang t vdi t di tir khong dén mot. Cach ching ta tinh tich phan d udng déi véi cong dugc
thuc hién s€ la - Vang, xin |0i. Trudc khi ching ta tinh tich phan dudng, ching ta can phai
biét cach bi€u dién moi thir theo t va dt. x, y va z, theo t, dudc cho & ddy. Chlng ta chi
can lam tugng tu v3i dx, dy va dz. Bdng cach 18y vi phan ban nhan dudc dx bang 3t ~ 2
dt. b6 la dao ham cia t ~ 3, dy sé la 2t dt va dz sé chi la dt.

And we will evaluate the line integral for work. That will be the integral of yz dx xz dy
xy dz, which will become -- yz is t~3 times dx is 3t”~2 dt plus xz is t~4 times dy is 2t
dt plus xy is t~5 dt. That just becomes the integral from, well, I guess t goes from
zero to one, actually. And we are integrating three plus two plus one. That is 6t~5 dt
which, T am sure you know, integrates to t~6, so we will just get one. It is the same
method as usual. And if you are being given a geometric description of a curve then,
of course, you will have to decide for yourself what the best parameter will be.

Va ching ta sé tinh tich phan dudng cho cong. N6 sé la tich phan cla yz dx xz dy xy dz, n6
s& trd thanh - yz bang t ~ 3 nhan dx bang 3t ~ 2 dt cdng vGi xz bang t ~ 4 nhan dy bang
2t dt cdng xy bang t ~ 5 dt. N6 sé& trd thanh tich phén tu, vang, toi doan t di tu khong dén
mot. Va ching ta sé I8y tich phan ba cong hai cdng mot. D6 la 6t ~ 5 dt, téi chdc chan ban
da biét, tich phan ctda né bang t ~ 6, vi vay két qua sé& chi la mét. N6 giéng nhu phuang
phap binh thudng. Va néu ban dugc cho mot moé ta hinh hoc cia dudng cong thé thi, tat
nhién, ban sé phai tu quyét dinh tham sd tét nhat.

It might be some time parameter t like here. It might be one of the coordinates.



Here we could have used z as our parameter because, in fact, this curve is x equals
x3 and y equals z2. And we could also have used maybe some angle. Well, not here,
but if we had been moving on a circle or something like that. Any questions so far?
No. OK. Well, because we can do a bit more practice, let's do another one where we
do the same vector field F but our curve C will be going from the origin to the point
(1, 0, 0) along the x-axis. Let's call that C1. Then to (1, 1, 0). Let's call that C2 by
moving parallel to the y-axis. And then up to (1, 1, 1) parallel to the z-axis, let's call
that C3.

NS co thé 1a mot tham s6 thdi gian t nhu & day. N6 cd thé 1a mot trong nhitng toa do. O
day ching ta c6 thé da dung z nhu tham sé bdi vi, qua thuc, dudng cong nay la x bang x3
va y bdng z2. Va chlng ta ciing cé thé dung gdc nao dé. Vang, khéng phai & day, nhung
néu chlng ta chuyén ddng trén dudng tron hodc th( gi dé tuong tu thé&. Dén bay gid cb cau
hoi gi khéng? Khdng. OK. Vang, béi vi chlng ta cé thé 1am thuc t& nhiéu hon mét chat,
ching ta hay xét vi du khac & dé ching ta cling cé trudng vector tuong tu F nhung dudng
cong C cua ching ta sé di tir g6c toa dd dén diém (1, 0, 0) doc theo truc x. Hay goi dé la
C1. Sau d6 dén (1, 1, 0). Hay goi d6 la C2 bang céach di chuyén song song vdi truc y. Va
sau dé Ién dén (1, 1, 1) song song vdi truc z, ching ta h dy goi dé la C3.

I am sure that some of you at least are suspecting what I am getting at here, but
let's not spoil it for those who don't see it yet. OK. If we want to compute the line
integral along this guy then we have to break it into a sum of three terms. Well,
maybe I should call that C', not C, because that is not the same C anymore. I want

to do the sum of the line integrals along C1, C2 and C3. And, well, if I look at C1 and
C2 they take place inside the x, y plane.

T6i chéc chan rdng mot s6 ban sé& nghi ngd vé nhitng gi tdi nhan dugc & day, nhung ching
ta dirng hé 16 cho nhitng ngudi chua biét nd. OK. Néu ching ta mudn tinh tich phan dudng
doc theo thdng nay thi ching ta phai tdch nd ra thanh téng cla ba s6 hang. Vang, c6 |& toi
nén goi dé la C', ch& khéng phai C, bdi vi cai dé khdng gidng C nita. Téi mudn tinh téng
cua cac tich phan dudng doc theo C1, C2 va C3. Va, vang, néu toi xét C1 va C2 chidng xay
ra bén trong mat phang x, y.

In fact, you know that z will be zero and dz will also be zero on both of these. And if
you just look at the formula for line integral in the role of yz dx plus xz dy plus xy dz,
well, it looks like if you plug z equals zero and dz equals zero you will just get zero.
These are actually very fast. Let me write it. This is going to be zero, this is going to



be zero, this is going to zero, and we will get zero. Now, if we do C3, well, there we
might have to do some calculation, but it won't be all that bad.

Trong thuc té&, ban biét rang z s& badng khdng va dz ciing s& bang khdng cho ca hai céi
nay. Va néu ban xét céng thiic cho tich phan dudng trong vai tro cda yz dx cong xz dy
cdng xy dz, vang, c6 vé nhu néu ban thé& z bang khdng va dz bang khdng két qua sé& bang
khéng. Tinh nhitng cdi nay rét nhanh. Hay d€ toi viét nd. Cai nay sé& bang khéng, cai nay
s& bang khong, cai nay sé& bang khong, va két qua sé& bang khong. Bay gid, néu ching ta
tinh d8i véi C3, vang, 6 d6 cb thé ching ta phai thuc hién mdt sé tinh todn, nh ung khéng
phai tat ca déu té.

C3, well, x and y are both equal to one. And, of course, because they are constant
that means dx is zero and dy is zero. On the other hand, z varies from zero to one. If
I look at the line integral on C3 -- The first two terms, yz, dx and xz dy go away
because the dx and dy are zero, so I am just left with xy dz. But because x and y are
one it is just the integral of dz from zero to one, and that will just end up being one.
If add these numbers together, zero plus zero plus one, I get one again.

C3, vang, ca x va y déu bang mdt. Va, tat nhién, vi ching 1a h&ng sd diéu ddé cé nghia la
dx bang khdng va dy bang khdng. Mat khac, z thay déi tir khéng dén mét. Néu téi xét tich
phan dudng trén C3 - Hai s6 hang dau tién, yz, dx va xz dy bi€n mat vi dx va dy béng
khong, vi vay tbi chi con lai xy dz. Nhung bdi vi x va y déu bdng mdt né chi la tich phéan
clia dz tir khéng dén mot, va két qua sé bang mot. NEu cdng nhitng s6 nay vdi nhau,
khong cong khdng cdng mot, két qua lai bang moét.

And, of course, it is not a coincidence because this vector field is a gradient field. I am
sure some of you have already figured out what it is the gradient of. Otherwise, we will
figure it out together. And so that is why we get the same answer for these two paths
going both from the origin to (1, 1, 1). Maybe I should point out, to make
it clear, that if you plug t equals zero in up there you will get (0, 0, 0).
Va, tat nhién, d6 khong phai la su tring hgp vi truGng vector nay la trudng gradient. Toi
chéc chdn rdng mét sd ban da tim ra dugc gradient cta nd. Néu khdng, ching ta sé& clng
nhau tim ra nd. Va vi vay dé la ly do tai sao ching ta nhan dugdc cing mot két qua cho hai
dudng di tr g6c toa dd dén (1, 1, 1). Co I& tdi nén chi ra, d& cho rd rang, rdng néu ban thé
t bdng khéng vao trén dé ban s& nhan dugc (0, 0, 0).

If you plug t equals one, you will get (1, 1, 1). In fact -- F that we have here

happens to be conservative. And, if you plug the two curves together -- Well, T am

not really sure if I know how to plot this correctly. It is not exactly how it looks.
Whatever. The first curve C goes from the origin to this point, and so does C ', just in
a slightly more roundabout way. They both go from the origin to (1, 1, 1). It is not a
surprise that you will get the same answer for both line integrals.

Né&u ban thé& t bang mét, ban s& nhan dugc (1, 1, 1). Trong thuc t&€ - F ma ching ta c6 &
day ngau nhién bao toan. Va, néu ban thé hai dudng cong ddng thdi - Vang, tdi khong thuc
su’ chac chén toi cé biét cach vé db thi cai nay chinh xac hay khdong. Khéng chinh xac dang
cla nd. B4t cr cai gi. Pudng cong dau tién C di tir géc toa dé dén diém nay, va C' ciing
vay, chi la dudng haoi quanh co. Ca hai déu di tir géc toa d6 dén (1, 1, 1). Khdéng cb gi ngac
nhién khi hai tich phan dudng d6 cé cung mot két qua.

And how do we see that? Well, actually here it is not very hard to find a function
whose gradient is this vector field. Namely, the gradient of x, y, z looks like it should
be exactly what we want. If you take partial of this with respect to x, you will get yz,
then with respect to y, xz, and with respect to z, xy. And so, in fact, what was the
easier way to compute these line integrals was to use the fundamental theorem of
calculus.

Va 1am thé& nao dé ching ta thdy diéu d6? Vang, thuc su 6 day khdng khé dé tim ham cé
gradient |13 trudng vector nay. Cu thé, gradient cla x, y, z hinh nhu né sé& giéng hét véi
nhirng gi chliing ta mudn. Néu ban lay dao ham riéng cua cai nay theo x, ban sé nhan dugc
yz, sau do6 theo y, xz, va theo z, xy. Va nhu vy, trén thuc t&, cach dé han dé tinh cac tich
phan dudng nay la dung dinh |i cg ban caa giai tich.



Once we have this remark, we don't need to compute these line integrals anymore.
We can just use the fundamental theorem. If we know this fundamental theorem -- -
- for line integrals, that tells us that the line integral of a gradient field is equal to the
value of the potential at the final point minus the value of the potential at the

starting point. And that, of course, only applies if you have a potential.

Sau khi c6 nhan xét nay, ching ta khong can tinh nhitng tich phan dudng nay nira. Ching
ta chi can s dung dinh ly cc ban. Néu chung ta biét dinh |i cd ban nay - -- d6i vdi cac tich
phan dudng, diéu dé s& cho chiing ta biét rang tich phan d udng ctia mot trudng gradient
bang thé tai diém cudi trir thé tai diém dau. Va diéu do, tat nhién, chi 4p dung dugc néu
ban cé mot thé.

So, in particular, only if you have a conservative field, a gradient field. Here, in our
example, we have to look at, let's call little f of x, y, z that potential xyz, then we
take f(1, 1, 1) - f(0, 0, 0). And that indeed is one minus zero which is one.
Everything is consistent. All this stuff so far works exactly as in the plane. Any
questions? No. OK. Let's try to see where things do get a little bit different.

Vi vay, ddc biét, chi néu ban cé trudng bao toan, mét trudng gradient. O day, trong

vi du clia chdng ta, chidng ta hay xét, ching ta hay goi f nho cta x, y, z la thé xyz

dd, sau d6 ching ta 18y f (1, 1, 1) - f (0, 0, 0). Va nd bang mot trir khdng bang mét.
Moi th& phu hgp. T&t ca moi th& cho dén Itic nay gidng nhu trong mat phang. Cau

hoi? No. OK. Hay xét xem tich phan dudng trong khong gian c6 gi khac biét.

And the first such place is when we try to test whether a vector field is a gradient
field. Remember when we had a vector field in the plane, to know whether it was a
gradient of a function of two variables we just had to check one condition, N sub x
equals M sub y. Now we actually have three different conditions to check, and that
means, of course, more work. OK. So what is our test for gradient fields? We want to
know whether a given vector field with components P, Q and R can be written as f
sub x, f sub y and f sub z for a same function F. And for that to possibly happen,
well, we need certainly some relations between P, Q and R. And, as before, this
comes from the fact that the mixed second derivatives are the same, no matter in
which order you take them.

Va diém tao nén su khac bién trudc hét Ia khi ching ta thi kiém tra mot trudng vector
cé phai la trudng gradient hay khéng. Hay nhé réng khi chlng ta c6 mét trudng vecto
trong mat phdng, dé€ biét né cb phai la gradient ciia ham hai bién hay khéng ching ta
chi phai kiém tra mot diéu kién, N x b&ng M y. By gi& ching ta thuc su cé ba diéu kién
khac nhau dé kiém tra, va diéu dé c6 nghia I3, tat nhién, t6n thém cong sirc. OK. Vi vay,
phép kiém tra trudng gradient cla ching ta la gi? Ching ta mudn biét mét trudng vector
cho trudc véi cac thanh phan P, Q va R cé thé dudc viét |a f x, fy va f z d6i v8i clng

ham F hay khdng. Va dé cho diéu dé cé thé xay ra, vang, tat nhién ching ta cdn mot s8
hé thirc gitta P, Q va R. Va, nhu trudc, diéu nay xudt phat tir viéc cac dao ham béc hai
hdn hap giéng nhau, ban I8y chiing theo th& tu n do khéng quan trong.



If that is the case then I can compute f sub xy, which is the same as f sub yx in two
different ways. F sub xy should be P sub y. F sub yx, well, since f sub y is Q, that
should be Q sub x. That is a part of a criterion that we already had when we had only
two variables. But now, of course, we need to do the same thing when we look at x
and z or y and z. That gives us two more conditions. P sub z is f sub xz, which is the
same as f sub zx, so it should be the same as R sub x.

Né&u diéu d6 dung thi tdi cd thé tinh f xy, nd bang vdi f yx theo hai cach khac nhau. F xy
s& bang P y. F yx, vang, vify bang Q, né s& bang Q x. D6 la mbt phan cua diéu kién khi
chling ta xét ham hai bién. Nhung béy gig, tat nhién, ching ta can lam diéu tucng tu khi
chlng ta xét x va z hodc y va z. Diéu dé cho ching ta thém hai diéu kién. P z bang f xz,
né giéng nhu f zx, vi vay no sé€ gibng nhu R x.

Finally, Q sub z, which is f sub yz, equals f sub zy equals R sub y. We have three
conditions, so our criterion -- Vector field F equals <P, Q, R>. And here, to be
completely truthful, I have to say defined in a simply connected region. Otherwise,
we might have the same kind of strange things happening as before. Let's not worry
too much about it. For accuracy we need our vector field to be defined in a simply
connected region. And example is just if it is defined everywhere. If you don't have
any evil eliminators then you can just go ahead and there is no problem. Itis a
gradient field.

Cudi cung, Q z, béng f yz, bdng f zy bang R y. Chlng ta cé ba diéu kién, vang tiéu chuén
cla ching ta - Trudng vector F bang <P, Q, R>. Va & day, dé hoan toan trung thuc, téi
phai néi dudc xac dinh trong ving don lién. Néu khéng, ching ta cé thé cé nhiéu diéu la
xay ra tuong tu nhu Ian trudc. Bung lo 1dng nhiéu vé nd. DE chinh xac ching ta can
trudng vector cla chdng ta xac dinh trong vlung dan lién. Va vi du la néu né dugc xac
dinh & khdp moi nagi. Néu ban khdng c6 bat ky thiét bi khir nao thi ban cé thé di trudc va
khong cé van dé gi. N6 la mot trudng gradient.

We need three conditions. Let's do it in order. P sub y equals Q sub x. And we have P
sub z equals R sub x and Q sub z equals R sub y. How do you remember these three
conditions? Well, it is pretty easy. You pick any two components, say the x and the z
component, and you take the partial of the x component with respect to z, the partial
of the z component with respect to x and you must make them equal. And the same
with every pair of variables.

Chung ta cén ba diéu kién. Chlng ta hdy lam né theo th( tu. P y bang Q x. Va chung ta c¢é
Pz bdng R x va Q z b&ng R y. Lam thé& ndo dé ban nhd ba diéu kién nay? Vang, né kha dé.
Ban chon béat ky hai thanh phan, gia s thanh phan x va z, va ban 18y dao ham riéng cia f
x theo z, dao ham riéng cua f z theo x va ban cho ching béng nhau. Va tucng tu véi moi
cap bién.

In fact, if you had a function of many more variables the criterion would still look
exactly like that. For every pair of components the mixed partials must be the same.
But we are not going to go beyond three variables so you don't need to know that.
This you need to know so let me box it. That is pretty straightforward. Let's do an
example just to see how it goes. By the way, we can also think of it in terms of
differentials.

Trong thuc t&, néu ban cé mot ham nhiéu bién hon nira tiéu chudn sé van giéng nhu
thé&. M&i cdp thanh phan cla cic dao ham riéng hdn hgp phai b&ng nhau. Nhung ching
ta sé khong vugt qua ba bién vi vay ban khong can biét diéu d6. Ban can biét diéu nay
vi vay hdy dé toi dong khung né. Didu dé kha dé. Hay 1am mot vi du dé xem né nhu thé
nao. Nhan day, ching ta ciing cé thé nghi vé né theo cac vi phéan.

Before I do the example, let me just say in a different language. If we have a
differential given to us of a form Pdx Qdy Rdz is going to be an exact differential,
which means it is equal to df for some function F exactly and of the same conditions.
That is the same thing. Just in the language of differentials. The example that I
promised. Of course, I could do again the same one over there and check that it
satisfies the condition, but then it wouldn't be much fun. So let's do a better one.



Actually, let's do it in a way that looks like an exam problem. Let's say for which a
and b is a xy dx plus -

Trudc khi toi 1am vi du, hdy dé toi dién dat theo cach khac. N&u ching ta cé vi phan
dudc cho dudi dang Pdx Qdy Rdz la mét vi phan toan phén, cé nghia la né bang df déi
vGi ham F nao dé va trong cung diéu kién. D6 la diéu tucng tu. Chi la theo ngbn ngit
vi phén. Vi du ma t6i d& h(ra. T4t nhién, t6i cé thé lam lai cdi tuong tu trén dé va kiém
tra né c6 thda mén diéu kién hay khéng, nhung thé& thi s& khéng vui 1dm. Vi vay, hay
dé tdi lam cach khac t6t hon. Trén thuc té&, hdy lam bai d6 theo cach gidng nhu lam
bai thi. Gia sir rdng d6i vGi ndé a va b la a xy dx cong -

Oh, it is not going to fit here. But it will fit here. a xy dx ( x~2 z~3) dy (byz~2 -

4z~ 3) dz, an exact differential. Or, if you don't like exact differentials, for which a
and b is the corresponding vector field with i, j and k instead, a gradient field. Let's
just apply the criterion. And, of course, you can guess that what will follow is figuring
out how to find the potential when there is one.

Oh, né sé khong khép & day. Nhung no sé phu hgp & day. a xy dx (x ~ 2z ~ 3) dy (byz ~
2 -4z ~ 3) dz, mét vi phan toan phéan. Hodc, néu ban khong thich vi phan toan phan, doi
v@i nd a va b tuong (ng v@i trudng vector vdi i, j va k thay vi vay, mot trudng gradient.
Chung ta hady ap dung tiéu chudn. Va, tat nhién, ban cé thé dodn ra diéu tiép teho la tim
thé khi co6 mot cai.

Let's do it one by one. We want to compare P sub y with Q sub x, we want to
compare P sub z with R sub x and we want to compare Q sub z with R sub y where
we call P, Q and R these guys. Let's see. What is P sub y? That seems to be ax. What
is Q sub x? 2x. Q is this one. Actually, let me write them down. Because otherwise I
am going to get confused myself. This guy here, that is P, this guy here, that is Q
and that guy here, that is R. This one tells us that a should be equal to two of the
first product that you hold. OK.

Hay lam diéu dé tirng cai mot. Chudng ta can so sanh P y vGi Q x, ching ta can so
sanh P z vdi R x va chlng ta can so sanh Q z v48i R y ¢ day ching ta goi P, Q, R |a
nhirng thang nay. Xem nao. P y la gi? N6 dudng nhu la ax. Q x la gi? 2x. Q la cai nay.
Thyc sy, hdy dé tdi viét diéu d6 ra. B&i vi néu khong toi dé bi nhdm. Thang nay &
day, d6 1a P, théng nay & day, dé |a Q va thdng d6 & day, dé Ia R. Cai nay cho ching
ta biét rang a sé& bang hai. OK.



Let's look at P sub z. That is just zero. R sub x? Well, R doesn't have any x either so
that is zero. This one is not a problem. Q sub z? Well, that seems to be 3z2. R sub y
seems to be bz2, so b should be equal to three. We need to have a equals two and, this
is an and, not or, b equals three for this to be exact. For those values of a and b, we
can look for a potential using the method that we are going to see right now. For
any other values of a and b we cannot. If we have to compute a line integral, we
have to do it by finding a parameter and setting up everything. Any questions at this
point? Yes?
Chung ta hdy xét P z. N6 ding bdng khéng. R x? Vang, R khdng c6 bat ky x nao nén dao
ham theo x bang khong. Cai nay khdéng kho. Q z? Vang, nd cé vé la 3z2. Ry c6 vé la bz2,
vi vay b s& bdng ba. Chling ta can phai cé a bang hai va, day la mot va khong hodc, b
bang ba cho céai nay la chinh xac. P&i véi nhitng gia tri ndy cua a va b, ching ta cé thé tim
thé dung phuong phap ma ching ta sé thay ngay bay giG. Ddi v4i bat cr gia tri khac cua a
va b, ching ta khdng thé. Néu ching ta phai tinh tich phan dudng, ching ta phai lam né
bang cach tim mét tham s6 va thiét 1ap moi th&. Cau hoi? Xin mgi?

I see. Well, if I got the same answer, oh, did say bz~2 or 3bz~2? Well, 3bz"2, for
example, I would need b to be zero because the only time that 3bz2 equals bz2 as
not just at one point but everywhere, I need them to be the same function of x, y, z.
Well, if a coefficient of z2 is the same that would be give b equals 3b, that would
give me b equals zero. If you got bz2 on both sides then it would mean for any value
of b it works, and you wouldn't have to worry about what the value of b is. Any other
questions? No. OK. Now, how do we find the potential?

Tdi hiéu rdi. Vang, néu tdi nhdn dugc cing mét két qua, oh, giad sir bz ~ 2 hodc 3bz ~ 2?
Véng, 3bz ~ 2, vi du, tdi s& cadn b bdng khéng vi chi khi 3bz2 bdng bz2 khéng chi tai mét
diém ma & moi nai, tdi can ching la cing mdt ham cla x, y, z. Vang, néu hé s6 cla z2
giéng nhu khi cho b bdng 3b, thi b s& bang khéng. NEu ban nhan dugc bz2 & ca hai v& thi
¢ nghia la ddi vdi bat ki gid tri nao cua b né cling dang, va ban s& khéng phai lo 1dng vé
gia tri cha b. Bat ky cau hoi nao khac? No. OK. Bay gid, chldng ta tim thé nhu thé nao?

Well, there are two methods as before. One of them, I don't remember if it was the
first one or the second one last time, but it really doesn't matter. One of them was just
to say that the value of F at the point, let me call that x1, y1, z1, is equal to the line
integral of my field along a well-chosen curve plus, of course, a constant, which
is going to be the integration constant. And the kind of curve that I will take to do
this calculation will just be my favorite curve going from the origin to the point x1,
yl, z1.
Vang, cé hai phudng phap nhu trudc. Mot trong s6 chung, to6i khéng nhé né la cai dau
hai cai th(r hai tuong Ung vdi [an trudc, nhung thuc su khéng quan trong. Mot trong s6
ching néi réng gia tri cua F tai diém, hay dé€ t6i goi x1, y1, z1, bang tich phan dudng
clia trudng cla toi doc theo dudng cong dudgc chon thich hgp cdng, tat nhién, mot hang
s8, n6 sé la héng s6 tich phan. Va loai dudng cong ma tdi s& chon dé thuc hién tinh toan
nay sé |a dudng cong yéu thich cua toi di tir gbc toa dd dén diém x1, y1, z1.

And so, typically the most common choice would be to go just first along the x-axis,
then parallel to the y-axis and then parallel to the z-axis all the way to my point x1,
y1l, z1. I would just calculate three easy line integrals. Add them together and that
would give me the value of my function. That method works exactly the same way as
it did in two variables. Now, I seem to recall that you guys mostly preferred the
other method. I am going to tell you about the other method as well, but I just want
to point out this one actually doesn't become more complicated. The other one has
actually more steps.

Va nhu vay, théng thudng Iua chon phd bién nhit sé 13 dau tién di doc theo truc x, sau
dd song song vai truc y va sau dé song song vdi truc z dén diém x1, y1, z1. Tdi s& chi
tinh ba tich phan dudng dé&. Cong chiing véi nhau va diéu dé sé cho toi gid tri ham cua
toi. Nguyén tac clia phudng phap dé giéng tuong tu nhu trong ham hai bién. Bay gid, toi
nhé lai rang da sd cac ban thich phudgng phap con lai. Toi cling sé cho ban biét vé
phuang phap con lai, nhung té6i mudbnchi ra cai nay thuc su khong tré nén phirc tap hon.



Cai kia c6 nhiéu budec.

I mean, of course, here there are also a bit more steps because you have three parts
to your path instead of two. You have three line integrals to compute instead of two,
but conceptually it remains exactly the same idea. I should say it works the same
way as in 2D. Not much changes. Let's look at the other method using anti-
derivatives. Remember we want to find a function little f whose partials are exactly
the things we have been given. We want to solve, well, let me plug in the values of a
and b that will work. We said a should be two, so f sub x should be 2xy, f sub y
should be x2 plus z3, and f sub z should be 3yz*2 minus 4z/3.

Y t6i 13, t&t nhién, & day cling cé thém cac budc bdi vi ban c6 ba phan clda dudng 13y tich
phan thay vi hai. Ban c6 ba tich phéan du‘dng dé€ tinh thay vi hai, nhung vé mat khai niém
né van 1a cing mot y terng Nguyén tac cua no glong nhu trong khong gian hai chiéu.
Khéng cé nhiéu thay d6i. Hay xét phuong phép con lai dung nguyén ham. Hay nhd rang
ching ta mudén tim mét ham f nhé ma dao ham riéng cta né chinh la nhitng thr ma ching
ta d& dudc cho. Chdng ta mudn giai, vang, hdy dé tdi thé cac gia tri cia a va b. Ching ta
d& ndi a sé bang hai, do d6 f x s& bang 2xy, f y s& bang x2 cdng vdi z3, va f z sé bang
3yz~ 2 trir 4z ~ 3.

We are going to look at them one at a time and get partial information on the
function. And then we will compare with the others to get more information until we
are completely done. The first thing we will do, we know that f sub x is 2xy. That
should tell us something about f. Well, let's just integrate that with respect to x. Let
me write integral dx next to that. That tells us that f should be, well, if we integrate
that with respect to x, 2x integrates to x~2, so we should get x2y.

Chung ta sé xét ching mot cai mot 1an va nhan dudc thong tin vé dao ham riéng trén
ham. Va sau d6 ching ta sé& so sanh véi nhitng cdi con lai d€ nhan thém thdng tin cho dén
khi ching ta thuc hién hoan chinh. Diéu dau tién chlng ta sé& lam, ching ta biét rang f x
bang 2xy. N6 cho chlng ta biét diéu gi d6 vé f. Vang, hdy dé t6i |1ay tich phan cai do theo
x. H3y dé tdi viét tich phan dx k& bén cdi d4. Diéu do6 cho ching ta biét réng f s& 13, vang,
néu ching ta 18y tich phan né theo x, 2x tich phan la x ~ 2, vi vay chung ta sé nhan dudc
X2y.

Plus, of course, an integration constant. Now, what do we mean by integration
constant. It means that for given values of y and z we will get a term that does not
depend on x. It still depends on y and z. In fact, what we get is a function of y and z.
Céng, tat nhién, mot hang s tich phén Bay gid, y nghia clia hang sé6 tich phén la gi. Co
nghia la d6i vgi g|a tri nhat dinh clia y va z, chdng ta sé nhan dugc mét s6 hang khong phu
thudc x. N6 van con phu thudc vao y va z. Trong thuc t&, nhitng gi chiing ta nhan dugc 1a
ham cla y va z.



See, if you took the derivative of this with respect to x you will get 2xy and this guy
will go away because there is no x in it. That is the first step. Now we need to get
some information on g. How do we do that? Well, we look at the other partials. F sub
y, we want that to be x~2 z~3. But we have another way to find it, which is starting
from this and differentiating.

Thay khéng, néu ban I8y dao ham cai nay theo x ban s& nhan dugc 2xy va thang nay sé
bi€n mat badi vi khéng c6 x trong né. Dé la budc dau tién. Bay gid ching ta can phai nhan
thém mot s6 thong tin vé g. Ching ta lam diéu do nhu thé nao? Vang, ching ta xét cac
dao ham riéng khac. F y, ching ta mudn cdi dé la x ~ 2 z ~ 3. Nhung chling ta cé mét
cach khac dé tim no, dé 1a bat dau tlr cai ndy va vi phéan.

Let me try to use color for this. Now, if I take the partial of this with respecttoy, I
am going to get a different formula for f sub y. That will be x~2 plus g sub y. Well, if
I compare these two expressions that tells me that g sub y should be z3. Now, if I
have this I can integrate with respect to y. That will tell me that g is actually yz~3
plus an integration constant. That constant, again, does not depend on vy, but it can
still depend on z because we still have not said anything about partial with respect to
Z.
Hay dé t6i thir dung mau cho cdi nay. Bay gid, néu tbi &y dao ham riéng cla cdi nay theo
y, t6i sé nhan dugc cong thirc khac cho fy. P6 sé la x ~ 2 cOng g y. Vang, néu tdi so sanh
hai biéu thirc ndy ndé s& cho ching ta biét réng g y sé bang z3. Bay gid, néu tdi cd cai nay
tbi co thé I8y tich phan theo y. Piéu d6 sé& cho t6i biét rdng g thuc su bdng yz ~ 3 cdng
mét hang s6 tich phan. Hang s& d6, mét 1an nita, khéng phu thudc vao y, nhung né cé thé
van con phu thudc vao z bdi vi van chua néi bat c diéu gi vé dao ham riéng theo z.

In fact, that constant I will write as a function h of z. If I have this function of z and I
take its partial with respect to y, I will still get z~3 no matter what h was. Now, how
do I find h? Well, obviously, I have to look at f sub z. F sub z. We know from the
given vector field that we want it to be 3yz~2 minus 4z~ 3. In case you are

wondering where that came from, that was R. But that is also obtained by
differentiating with respect to z what we had so far. Sorry. What did we have so far?
Trong thuc t&, hang s6 d6 tdi sé viét nhu ham clha h z. Néu téi cé ham nay cla z va tdi 18y
dao ham riéng cua no theo y, ti van sé nhan dugc z ~ 3 b4t ké h 1a bao nhiéu. Bay gid,
lam cach nao dé tim h? Vang, rd rang, tdi phai xét f z. F z. Ching ta biét tir trudng vector
dudc cho rdng ching ta mudn nd sé la 3yz ~ 2 trir 4z ~ 3. Trong trudng hgp ban thdc mac
né dén tir dau, do6 la R. Nhung diéu d6 cling thu dudc bang cach Idy vi phan theo z cua
nhirng gi ma ching ta c6 cho dén bay giG. Xin 10i. D&n IUc nay chung ta da lam gi?

Well, we had f equals x”~2y plus g. And we said g is actually yz~3 plus h of z. That is
what we have so far. If we take the derivative of that with respect to z, we will get
zero plus 3yz~2 plus h prime of z, or dh dz as you want. Now, if we compare these
two, we will get the derivative of h. It will tell us that h prime is negative for z3. That
means that h is negative z~4 plus a constant. And this it is at last an actual

constant.

Véng, ching ta cé f bdng x ~ 2y céng véi g. Va ching ta d& ndi g thuc su béng yz ~ 3
cong vai h z. Bé la nhitng gi chdng ta c6 cho dén Idc nay. Néu chung ta Iay dao ham caa
cdi do theo z, chling ta s& nhan dugc khéng cong 3yz ~ 2 c¢dng h phdy z, hodc dh dz nhu
ban mudén. Bay giG, néu chung ta so sanh hai cai nay, ching ta sé nhan dugc dao ham cua
h. N6 sé& cho chiing ta biét réang h phdy bang trir d6i vdi z3. Diéu dé cé nghia la h bang trir
z N 4 cdng v3i mot héng sb. Va day la lic cudi cung cua mdt hdng s thuc su'.

Because it does not depend on z and there is nothing else for it to depend on. Now
we plug this into what we had before, and that will give us our function f. We get
that f=x"2y yz~3 - z~4 plus constant. If you just wanted to find one potential, you
can just forget the constant. This guy was a potential. If you want all the potentials
they differ by this constant. OK. Just to recap the method what did we do? We
started with -

Bd&i vi nd khéng phu thudc vao z va khdng cé gi khac d& né phu thudc vao. Bay gi& ching



ta thé cai nay vao nhiing gi chdng ta da co tir trudc, va diéu do sé cho chidng ta ham f.
Chung ta nhén dugc f=x "~ 2y yz ~ 3 -z~ 4 cdng vbi hdng s6. NEu ban chi mudn tim
mot thé&, ban chi can quén hang s8. Thang nay la th&€. Néu ban mudn tét ca céc thé& ching
khdc nhau mot héng s&. OK. Chi cdn tém tat phucng phép ching ta da lam la gi? Chdng ta
da bat dau véi -

And, of course, you can do it in whichever order you prefer, but you have to still
follow the systematic method. You start with f sub x and you integrate that with
respect to x. That gives you f up to a function of y and z only. Now you compare f
sub y as given to you by the vector field with the formula you get from this
expression for f. And, of course, this one will involve g sub y. Out of this, you will get
the value of g sub y. When you have g sub y that gives you g up to a function of z
only.

Va, tat nhién, ban cé thé 1am theo bat c(f th( tu ndo ban thich, nhung ban van phai theo
phuang phap c6 hé théng. Ban bat dau vdi f x va ban 18y tich phén no theo x. K&t qua la
ham f chi phu thudc vao y va z. Bay gid ban so sanh f y dugc cho ban qua trudng vector
v@i cdng thic ban nhan dudc tir biéu thi'c nay cda f. Va, tat nhién, cai nay sé lién quan
dén g y. Do cdi nay, ban sé nhan dudc gia tri cia g y. Khi ban da c6 g y no6 lai sé cho ban
g chi la ham theo z.

And so now you have f up to a function of z only. And what you will do is look at the
derivative with respect to z, the one you want coming from the vector field and the
one you have coming from this formula for f, match them and that will tell you h
prime. You will get h and then you will get f. Any questions? Who still prefers this
method? OK, still most of you. Who is thinking that maybe the other method was not
so bad after all? OK. That is still a minority. You can choose whichever one you
prefer. I would encourage you to get some practice by trying both on least a couple
of examples just to make sure that you know how to do them both and then stick to
whichever one you prefer.

Va vi vay bay gig ban cé f chi la ham theo z. Va nhiing gi ban sé lam la xét dao ham theo
Z, cdi ma ban mudén dén tir trudng vector va cai ma ban cé dudc tir cong thirc nay cuda f,
khdp ching va diéu dé sé& cho ban h phdy. Ban s& nhan dudc h va sau dé ban s& nhan
dudc f. Cau hdi? Ai van thich phuong phap nay? OK, van con da s6 cac ban. Ai thich
phudng phép kia sau qua trinh tinh todn ndy gi&? OK. Chi cé mét thi€u s8. Ban c6 thé
chon cédi nao ban thich. Téi khuyén ban nén dung cac phuong phap nay dé lam cac vi du
dé chdc chan réng ban biét dudc ca hai phuong phap va sau dé chon phudng phap nao ma
ban thich.



Any questions on that? No. I guess I already asked. Still no questions? OK. The next
logical thing is going to be curl. And the theorem that is going to replace Green's
theorem for work in this setting is going to be called Stokes' theorem. Let me start
by telling you about curl in 3D. Here is the statement. The curl is just going to
measure how much your vector field fails to be conservative. And, if you want to
think about it in terms of motions, that also will measure the rotation part of the
motion.

Cau hoi? Khong. Toi dodn toi d& tra 15i roi. VAn khdng cé cau héi? OK. Tiép theo mach
logic s€ la curl. Va dinh i sé thay thé dinh li Green cho cong trong thiét 1&p n ay sé la
dinh Ii Stokes. Hay dé t6i bat ddu bang cach ndi cho ban vé curl trong khéng gian ba
chiéu. Dudi day la n6i dung. Curl sé do trudng vector ctia ban khdng bao toan bao
nhiéu. Va, néu ban mudn nghi vé né theo chuyén ddng, né cling do phan quay cla
chuyén déng.

Well, let me first give a definition. Let's say that my vector field has components P, Q
and R. Then we define the curl of F to be R sub y minus Q sub z times i plus P sub z
minus R sub x times j plus Q sub x minus P sub y times k. And of course nobody can
remember this formula, so what is the structure of this formula? Well, you see, each
of these guys is one of the things that have to be zero for our field to be
conservative.

Véng, dau tién la dinh nghia. Gia s rdng trudng vector cla tdi c6 cac thanh

phan P, Q va R. Thé thi, chidng ta dinh nghia curl cia Fsé la Ry trtr Q z nhan

i cong P z trr R x nhan j cong Q x trir P y nhan k. Va tat nhién khong ai co

thé nhd cdng thirc nay, vy ciu tric ctia cdng thc nay la gi? Vang, ban théy,

mdi théng nay 13 mot trong nhitng tht phai bang khdng dé tr udng cua ching

ta bao toan.

If F is defined in a simply connected region then we have that F is conservative and
is equivalent to if and only if curl F is zero. Now, an important difference between
curl here and curl in the plane is that now the curl of a vector field is again a vector
field. These expressions are functions of x, y, z and together you form a vector out
of them. The curl of a vector field in space is actually a vector field, not a scalar
function. I have delayed the inevitable.

Néu F dudc xac dinh trong vung daon lién thi ching ta c6 F bao toan va tuong duong
néu va chi néu curl F bdng khdng. Bay gid, mot su khac biét quan trong gilra curl &
day va curl trong mat phang la bay gid curl cia mét trudng vector lai 1a mét trudng
vector. Nhitng bi€u thc nay 1a ham cuda x, y, z va cung nhau ban hinh thanh mét
vector tr chdng. Curl ciia moét trudng vectd trong khéng gian thuc su la mot trudng
vector, khéng phai la mot ham vo hudng. T6i da tri hoan mot viéc nén lam.

I have to really tell you how to remember this evil formula. The secret is that, in

fact, you can think of this as del cross f. Maybe you have seen that in physics. This is
really where this del notation becomes extremely useful, because that is basically the
only way to remember the formula for curl. Remember we introduced the dell
operator. That was this symbolic vector operator in which the components are the
partial derivative operators.

Thuc su téi phai cho ban biét cach nhé cong thirc doc ac n ay. Bi mat & day la, trong

thuc té, ban c6 thé xem cai ndy nhu la del cross f. Co |18 ban d& th8y diéu do trong vat

ly. Day la nai ki hiéu del tré nén cuc ki hitu dung, bdi vi vé ca ban dé la cach duy nhat

dé nhd cdng thirc cua curl. H3y nhd réng ching ta da dua vao toan tl del. P4 la todn t&r
vector tugng trung nay trong dé cac thanh phan la cac toan tir dao ham riéng.

We have seen that if you apply this to a scalar function then that will give you the
gradient. And we have seen that if you do the dot product between dell and a vector
field, maybe I should give it components P, Q and R, you will get partial P over
partial x plus partial Q over partial y plus partial R over partial z, which is the
divergence. And so now what is new is that if I try to do dell cross F, well, what is
dell cross F? I have to set up a cross-product between this strange thing that is not



really a vector. I mean, I cannot really think of partial over partial x as a number.
And my vector field <P, Q, R>. See, that is really a completely perverted use of a
determinant notation.

Chung tbi da thdy rdng néu ban ap dung cai nay cho ham vd hudng thi né sé& cho ban
gradient. Va ching ta d& thdy rang néu ban thuc hién tich vo hudng gilra del va mét
trudng vector, co 1€ téi nén cho cac thanh phan ctia né la P, Q va R, ban sé nhan dugc
dao ham riéng cua P theo x cdng dao ham riéng cla Q theo y cong dao ham riéng cia R
theo z, la divergence. Va vi vay bay gid nhitng gi mdi la néu téi thr tinh dell cross F,
vang, dell cross F bang cai gi? T6i phai thiét |1ap tich vector giifa th( la nay khdng phai
l& mot vector. Y tdi 13, toi khdng thé xem dao ham riéng theo x nhu mot s8. Va trudng
vector cua toéi <P, Q, R>. Thay khéng, né la cach dung hoan toan sai cta khai niém
dinh thuec.

Initially, determinants were just supposed to be you had a three by three table of
numbers and you computed a number out of them. These guys are functions so they
count as numbers, but these are vectors and these are partial derivatives. It doesn't
really make much sense, except this notation. If you try to enter this into a

calculator or computer, it will just yell back at you saying are you crazy. [LAUGHTER]
Ban dau, cac dinh thirc dudc gia st la ban da c6 mot bang cac con s6 ba nhan ba va ban
tinh todn dé rit ra dudc mot s6 tir ching. Nhitng thang nay Ia cdc ham vi vay chdng tinh
nhu cac con sd, nhung day la nhitng vectd va day la nhitng dao ham riéng. N6 khong thuc
su c6 y nghia nhiéu, ngoai trir ky hiéu nay. Néu ban th(r dua cai nay vao may tinh hoac may
dién toan, nd sé bao loi.

We just use that as a notation to remember what is in there. Let's try and see how
that works. The component of i in this cross-product, remember that is this smaller
determinant, that smaller determinant is partial over partial y of R minus partial over
partial z of Q, the coefficient of i. And that seems to be what I had over there. If not
then I made a mistake. Minus the next determinant times z. Remember there is
always a minus sign in front of a j component when you do a cross-product. The
other one is partial over partial x R minus partial over partial z of P plus the



component of z which is going to be partial over partial x Q minus partial over partial
y P. And that is indeed going to be the curl of F.

Chung ta chi sir dung né nhu la mot cach ghi nhé nhitng gi c6 trong d6. Hay thir va xem
quy tac clia nd nhu th& nao. Thanh phén i trong tich vector nay, hdy nhd dé la dinh thic
nho han nay, dinh thdc nhé haon dé la dao ham riéng theo y cla R trir dao ham riéng theo
z clia Q, hé sb cua i. Va dé cé vé nhu la nhitng gi toi da cé & dang kia. Néu khong thi toi
d3 1am sai. Tru dinh thdc ké ti€p nhan j. Hay nhd réng ludn ludn cé mdt ddu trir trudc
thanh phan j khi ban tinh tich vector. Né bang dao ham riéng theo x cua R trir dao ham
riéng theo z clla P cong thanh phan j sé la dao ham riéng theo x cua Q trir dao ham riéng
theo y P. Va dé la curl F.

In practice, if you have to compute the curl of a vector field, you know, don't try to
remember this formula. Just set up this cross-product with whatever formulas you
have for the components of a field and then compute it. Don't bother to try to
remember the general formula, just remember this. What is the geometric
interpretation of curl, just to finish? In a way, I will say just curl measures the
rotation component in a velocity field.

Trong thuc té€, néu ban phai tinh toan curl cia mét trudng vector, ban da biét, dUng co
nhg cong thifc nay. Chi can thiét lap tich vector nay vdi bat cr cong thic nao ma ban cé
dGi v8i cac thanh phan cla trudng va sau dé tinh ching. Birng nhé céng thic téng quat,
chi nhé cdi nay. D& hoan thanh ching, chlng ta sé& giai thich y nghia hinh hoc cla curl 1a
gi? Theo cach nao dé, tbi sé& ndi réng curl do thanh phan quay cua trudng van téc.

An exercise that you can do, which is actually pretty easy to check, is say that we
have a fluid that is just rotating about the x-axis uniformly. Your fluid is just rotating
like that about the z-axis. If I take a rotation about the z-axis. That is given by a
velocity field with components at angular velocity omega. That will be negative
omega times y, then omega x and zero. And the curl of that you can compute, and
you will find two omega times k.

Ban co thé 1am bai tap, né dé kiém tra, 1a bai vi du nhu ching ta cd mot chat luu chi
quay déu quanh truc x. Chat luu cda ban chi quay nhu thé quanh truc z. Néu toi chon
quay quanh truc z. N6 dugc cho bdi mot trudng van téc vdi cac thanh phan cé van téc
géc omega. Pd sé 1a trir omega nhan y, roi omega x va khéng. Va curl ca né ban cé thé
tinh toan, va ban sé tim dudc la hai omega nhan k.

Concretely, this curl gives you the angular velocity of the rotation, well, with a factor
two but that doesn't matter, and the axis of rotation, the direction of the axis of
rotation. It tells you it is rotating about a vertical axis. And, in general, if you have a
complicated motion some of it might be, you know, there is a translation. And then
within that translation there is maybe expansion and rotation and sharing and
everything. And the curl will compute how much rotation is taking place.

Cu thé, curl nay mang dén cho ban vén t8c géc cua su quay, vang, vdi hé s6 hai nhung né
khong quan trong, va truc quay, hudng cla truc quay. N6 cho ban biét n6 dang quay quanh
truc thdng dlng. Va, néi chung, néu ban c6 moét chuyén ddng phiic tap mét trong s6 dé cd
thé€ 13, ban biét, c6 tinh ti€n. Va thé thi trong chuyé&n dénh tinh tién d6 cé thé cé sy md
rong va su quay va hodc ca hai va tat cd moi th(r. Va curl sé do su quay chiém bao nhiéu
phan trong dé.

It will tell you, say that you have a very small solid, I don't know like a ping pong

ball in your flow, and it is just going with the flow, it tells you how it is going to start
rotating. That is what curl measures. On Thursday we will see Stokes' theorem,

which will be the last ingredient before the next exam. And then on Friday we will
review stuff.

NG sé& cho ban biét, gia s réng ban cé mot vat ran rat nho, téi khdng biét la cai gi nhu
mot qua bdng ban trong dong chay cla ban, va né sé di v8i dong chay, né sé cho ban biét
qua bdng sé& bat dau quay nhu thé& nao. D6 la nhitng gi curl do. Ngay th& ndm ching ta
hoc dinh ly Stokes, né sé la chu dé cubi cung trudc khi thi. Va sau dé vao th(r sau ching ta
sé On tap.



