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So, first of all, there is a handout here with some notes on what I'm going to explain
today, giving you a bit more details. So, the goals for today is we're going to see two
things. One is how to prove the divergence theorem, and the second one is actually
what it says physically. So, we're going to see how it relates to partial differential
equations that come up naturally in physics such as the diffusion equation, the heat
equation, convection equation, and so on.

Vi vay, trudc hét, c6 mot handout vdi mot s6 chi thich vé nhitng gi toi sé& giai thich hom
nay, cho ban thém mot chut chi tiét. Vi vay, muc tiéu cta ngay hém nay la chidng ta s€é hoc
hai th(r. M6t la cach ching minh dinh ly divergence, va hai la y nghia véat li cia né. Vang,
ching ta sé thay no lién quan dén cac PTVP dao ham riéng xuat hién mot cach tu nhién
trong vat li nhu thé& nao chang han nhu phuang trinh khuéch tan, phuong trinh nhiét,
phuang trinh dGi luu va v.v.......

So that's what these notes are about. If you don't have them yet, then you can just
pick them up at the end of class. And the other thing is, well, my office hour
tomorrow afternoon is canceled because I won't be around. But, I'm available this
afternoon after this class if you want. Otherwise I'll be reachable by e-mail, and all
that. OK, so remember we left things with this statement of the divergence theorem.
So, the divergence theorem gives us a way to compute the flux of a vector field for a
closed surface. OK, it says if I have a closed surface, s, bounding some region, D,

and I have a vector field defined in space, so that I can try to compute the flux of my
vector field through my surface.

Vi vy, dé la ndi dung cua cac ghi chi. Néu ban chua cb chlng, thi ban cé thé 18y chiing
vao cubi budi hoc. Va diéu con lai 1a, vang, gid 1am viéc cla tdi vao chiéu mai bj hiy bo vi
tdi ban chut viéc. Nhung, tdi sé cd mat vao chiéu hdm nay sau budi hoc néu ban muén . Néu
khéng tdi cling cé thé tra 18i qua e-mail, va chi cé bay nhiéu thdng bdo théi. OK, vang hay
nhé la ching ta dang dén phan noi dung cua dinh li divergence. Vang, dinh ly divergence
cho chung ta cach tinh thong lugng cia mot trudng vector qua mot bé mat kin. OK, né ndi
néu toi cd mot bé mat kin, s, bao quanh vung D nao dé, va toi cé trudng vectd xac dinh
trong khdng gian, thi tdi cd thé tinh thong lugng cua trudng vector qua bé mat.

Double integral of F.dS or F.ndS if you want, and to set this up, of course, I need to
use the geometry of the surface depending on what the surface is. We've seen
various formulas for how to set up the double integral. But, we've also seen that if
it's a closed surface, and if a vector field is defined everywhere inside, then we can
actually reduce that to a calculation of the triple integral of the divergence of F
inside, OK?

Tich phén kép cua F.dS hodc F.ndS néu ban mudn, va dé tinh cdi nay, tat nhién, téi can
phai can cr vao dang hinh hoc ctia bé mat. Ching ta da hoc nhitng cach khac nhau dé tinh
tich ph&n kép. Tuy nhién, ching ta cling thdy réng néu dé6 1a mét bé mat kin, va néu
trudng vector dugc xac dinh & khdp moi noi bén trong, thi thuc su ching ta cé thé dua né
vé tinh tich phan ba I8p cua divergence F bén trong, diing khéng?

So, concretely, if I use coordinates, let's say that the coordinates of my vector field
are, sorry, the components are P, Q, and R dot ndS, then that will become the triple
integral of, well, so, divergence is P sub x plus Q sub y plus R sub z. OK, so by the
way, how to remember this formula for divergence, and other formulas for other
things as well. Let me just tell you quickly about the del notation. So, this guy
usually pronounced as del, rather than as pointy triangle going downwards or
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something like that, it's a symbolic notation for an operator. So, you're probably
going to complain about putting these guys into a vector.

Vi vay, cu thé, néu toi sir dung cac toa dd, gia sir rang cac toa dd cua tr udng vector
cua toi 13, xin 18i, cdc thanh phan 13 P, Q, va R dot ndS, thi nd sé& trd thanh tich phan
ba I6p cla, vang, nhu vay, divergence l1a P x cong Q y cOng R z. OK, do d6, qua day,
lam thé& nao dé€ nhd cdng thic divergence, va cac cdng thirc khac nita. Hay dé€ toi noi
nhanh vé ki hiéu del. Vang, théng nay thudng dudgc doc |a del, ch& khéng phai |a tam
giac nhon hudng xudéng hodc cai gi khac, doé la mét ky hiéu tugng trung cla toan tu.
Véng, c6 1& ban s& than phién vé viéc dat nhitng thang n ay vao trong mot vector.

But, let's think of partial with respect to x, with respect to y, and with respect to z as
the components of some formal vector. Of course, it's not a real vector. These are
not like anything. These are just symbols. But, so see for example, the gradient of
function, well, if you multiply this vector by scalar, which is a function, then you will
get partial, partial x of f, partial, partial y of f, partial, partial z, f, well, that's the
gradient.

Nhung, ching ta hdy xét dao ham riéng theo x, theo y, va theo z nhu cac thanh phan caa
mot vector hinh thic nao dé. Tat nhién, né khong phai la mot vector thuc. Chidng khéng
gidéng bat ki cai gi. Pay chi la cac ki hiéu. Nhung, vang xét vi du, gradient ctia ham, vang,
néu ban nhéan vector nay vdi dai lugng vé hudng, 1a mot ham, thi ban sé nhan dugc dao
ham riéng, dao ham riéng cua f theo x, dao ham riéng cua f theo y, theo z, vang, dé la
gradient.

That seems to work. So now, the interesting thing about divergence is I can think of
divergence as del dot a vector field. See, if I do the dot product between this guy
and my vector field P, Q, R, well, it looks like I will indeed get partial, partial x of P
plus partial Q partial y plus partial R partial z. That's the divergence. OK, and of
course, similarly, when we have two variables only, x and y, we could have thought



of the same notation, just with a two component vector, partial, partial x, partial,
partial y. So, now, this is like of slightly limited usefulness so far. It's going to
become very handy pretty soon because we are going to see curl. And, the formula
for curl in the plane was kind of complicated. But, if you thought about it in terms of
this, it was actually the determinant of del and f. And now, in space, we are actually
going to do del cross f. But, I'm getting ahead of things.

Diéu d6 cé vé dung. Vi vay bay gid, diéu thd vi vé divergence la tdi c6 thé xem
divergence nhu del nhan vé6 hudng véi mot trudng vector. Xem nao, néu téi thuc hién
tich vd6 hudng gilta thdng nay va trudng vector cua téi P, Q, R, vang, c6 vé nhu tdi sé
nhan dugc dao ham riéng cla P theo x cOng dao ham riéng cta Q theo y cong dao ham
riéng cla R theo z. Do la divergence. OK, va di nhién, tuong tu, khi ching ta chi cé hai
bién, x va y, chling ta cé thé nghi dén quy udc tuadng tu, chi véi mot vector hai thanh
phan, dao ham riéng theo x, dao ham riéng theo y. Vang, lic nay, ki hiéu nay c6 vé nhu
kém hitu dung. Nhung khi chdng ta hoc dén curl thi né rat hitu dung. Va, cong thic cho
curl trong mat phdng hai phic tap. Nhung, néu ban nghi vé né theo cdi nay, nd thuc su
la dinh thdc cha del va f. Va bay gid, trong khong gian, ching ta sé tinh del chéo f.
Nhung, toi sé tién vé phia trudc cac thu.

So, let's not do anything with that. Curl will be for next week. Just getting you used
to the notation, especially since you might be using it in physics already. So, it might
be worth doing. OK, so the other thing I wanted to say is, what does this theorem
say physically? How should I think of this statement? So, I think I said that very
quickly at the end of last time, but not very carefully.

Vi vay, chiing ta sé khong lam bat c(r diéu gi vdi nd. Curl sé dugc xét vao tuan tgi. Chi
dé ban quen vdi ki hiéu, dac biét bai vi cé thé ban dang dung né trong vét li. Vi vy, nd
dang lam. OK, vi vay diéu con lai tdi mudon néi la, y nghia vat |i cta dinh |i nay la gi? Toi
nén nghi nhu thé& nao vé phat biéu nay? Vang, tdi nghi rang tdi da néi ludt qua van dé

do vao lan trudc, nhung chua ki.

So, what's the physical interpretation of a divergence field? So, I want to claim that
the divergence of a vector field corresponds to what I'm going to call the source rate,
which is somehow the amount of flux generated per unit volume. So, to understand
what that means, let's think of what's called an incompressible fluid. OK, so an
incompressible fluid is something like water, for example, where a fixed mass of it
always occupies the same amount of volume. So, guesses are compressible. Liquids
are incompressible, basically. So, if you have an incompressible fluid flow -

Véy, y nghia vét li cla trudng divergence 1a gi? Vang, tdi muén ndi rang divergence cla
mot trudng vectd tuong ng va@i tdc d6 ngudn, no la lugng thong lugng duge tao ra trén
mét dan vi thé tich. Vi vy, dé€ hiéu y nghia cla diéu d, ching ta hdy xét mot chét léng
khéng nén dudc. OK, do dd, mot chat 1ong khdng nén dudc 1a thir gi dé gidng nhu nudc, dé
thay 13, mdi khdi lugng xac dinh s& chi€m mot thé tich xac dinh. Vang, chat khi cé thé nén
dugc. Chat Idng khong nén dudc, vé cd ban la vay. Vi vay, néu ban cd mdt dong chat luu
khong nén dugc -

-- well, so, again, what that means is really, given mass occupies always a fixed
volume. Then, well, let's say that we have such a fluid with velocity given by our
vector field. OK, so we're thinking of F as the velocity and maybe something
containing water, a pipe, or something. So, what does the divergence theorem say?

It says that if I take a region in space, let's call it D, sorry, D is the inside, and S is
the surface around it, well, so if I sum the divergence in D, well, I'm going to get the
flux going out through this surface, S. I should have mentioned it earlier. The
convention in the divergence theorem is that we orient the surface with a normal
vector pointing always outwards.

- vang, vi vay, mot lan nifa, y nghia ctia né la, mot khdi lugng cho trudc lubn lubn chiém
thé tich xac dinh. Thé thi, vang, gia si réng chlng ta c6 mot chat 1dng nh u thé véi van téc
dugc cho bdi trudng vector. OK, vi vy ching ta xem F nhu van t6c va cé thé mot cai gi dé
chtra nudc, dudng 6ng, hay cai gi do. Vang, ndi dung cua dinh i divergence la gi? N6 ndi
r&ng néu tdi chon Mot ving trong khdng gian, ching ta hdy goi né |1a D, xin 16i, D & bén



trong, va S la b& mat xung quanh nd, vang, néu tdi I8y tdng divergence trong D, vang, toi
s€ nhan dudc théng lugng ra khéi bé mat nay, S. Téi da dé cap né tur trudc. Quy udc trong
dinh ly divergence la ching ta dinh hudng bé mat véi vector phap tuyén luén h udng ra
ngoai.

OK, so now, we know what flux means. Remember, we've been describing, flux
means how much fluid is passing through this surface. So, that's the amount of fluid
that's leaving the region, D, per unit time. And, of course, when I'm saying that, it
means I'm counting everything that's going out of D minus everything that's coming
into D. That's what the flux measures. So, now, if there is stuff coming into D or
going out of D, well, it must come from somewhere. So, one possibility would be that
your fluid is actually being compressed or expanded. But, I've said, no, I'm looking
at something like water that you cannot squish into smaller volume. So, in that case,
the only explanation is that there is something it here that actually is sucking up
water or producing more water.

OK, vay bay gid, ching ta biét théng lugng la gi. H3y nhd rdng, ching ta da mo ta,
thong lugng c6 nghia la chat I1dng di qua bé mat nay nhiéu bao nhiéu. Do d6, doé la

lugng chat léng dang rdi khoi ving, D, trén don vi thdi gian. Hay nodi cach khac, nd cé
nghia la téi dang tinh moi th( ra khéi D trir moi th vao trong D. D6 la nhitng gi thong
lugng do. Vi vay, bay giG, néu cb th gi d6 di vao D hodc ra khdi D, vang, n6 phai dén

tlr mot ndi nao do. Vi vay, mot kha nang sé la chat luu cda ban bi nén hoac gian ndg.
Nhung, t6i d& nodi, khéng, t6i dang xét th( gi dé giéng nhu nudc & d6 ban khdng thé

lam cho thé tich nho hon. Vi vy, trong trudng hgp do, giai thich duy nhéat 1a c6 céi gi

do6 & day hat nudc hodc tao ra thém nudc.

And so, integrating the divergence gives you the total amount of sources minus the
amount of syncs that are inside this region. So, the divergence itself measures
basically the amount of sources or syncs per unit volume in a given place. And now,
if you think about it that way, well, it's basically the divergence theorem is just
stating something completely obvious about all the matter that is leaving this region
must come from somewhere.

Va vi vay, |8y tich phéan divergence cho ban téng | vgng ngudn trir lugng hdm bén trong
vlung nay. Vi vay, vé cd ban chinh divergence do lugng ngudn hodc lugng hém trén mot
dan vi thé tich 8 mot noi nhéat dinh. Va bay gid, néu ban nghi vé né theo cach dé, vang, vé
cd ban dinh ly divergence dang phat biéu cac th& hoan toan hién nhién vé tat ca cac vat
chat dang rgGi khadi vung nay phai dén tir nci nao do.

So, that's basically how we think about it. Now, of course, if you're doing 8.02, then you
might actually have seen the divergence theorem already being used for things that are
more like force fields, say, electric fields and so on. Well, I'll try to say a few things
about that during the last week of classes. But, then this kind of interpretation



doesn't quite work. OK, any questions, generally speaking, before we move on to the
proof and other applications? Yes?

Vi vay, Vé cd ban do la cach chidng ta nghi vé né. NEu hién tai ban dang hoc 8,02, thi thuc
su ban d& th&y dinh Ii divergence d& dudc ap dung cho cac thir chdng han nhu cac trudng
luc, cac trudng dién va v.v... Vang, ching ta sé xét vé cac ing dung dé trong tuan cudi clia
khéa hoc. Tuy nhién, thé thi loai dién gidi nay khéng hoan toan ding. OK, b4t ki cau hoi,
noi chung, trudc khi ching ta chuyén sang cac chfng minh va cac ing dung khac? Xin m&i?

Oh, not the gradient. So, yeah, not the gradient. So, yeah, the divergence of F
measures the amount of sources or syncs in there. Well, what makes it happen? If
you want, in a way, it's this theorem. Or, in another way, if you think about it, try to
look at your favorite vector fields and compute their divergence. And, if you take a
vector field where maybe everything is rotating, a flow that's just rotating about
some axis, then you'll find that its divergence is zero. If you, sorry? No, divergence is
not equal to the gradient. Sorry, there's a dot here that maybe is not very big, but
it's very important.

Oh, khong phai gradient. Vang, dung roi, khong phai gradient. Vi vay, dung, divergen cua
F do lugng ngudn hodc hdm & dd. Vang, diéu gi lam nd xay ra? Néu ban mudn, theo mot
cach, do la dinh ly nay. Hoac, theo cach khéac, néu ban nghi vé nd, hdy thir xét trudng
vector yéu thich cta ban va tinh divergence cta ching. Va, néu ban chon mét trudng
vector ¢ d6 moi th& dang quay, mot dong chay doé chi quay quanh mot truc nao do, thi ban
sé thdy réng divergence cua né béng khdng. Néu ban, xin 16i? Khéng, divergence khdng
bang gradient. Xin 15i, c6 mdt ddu chdm khong 16n 13m & day, nhung né rat quan trong.

OK, so you take the divergence of a vector field. Well, you take the gradient of a
function. So, if the gradient of a function is a vector, the divergence of a vector field
is a function. So, somehow these guys go back and forth between. So, I should have
said, with new notations comes new responsibility. I mean, now that we have this
nice, nifty notation that will let us do gradient divergence and later curl in a unified
way, if you choose this notation you have to be really, really careful what you put
after it because otherwise it's easy to get completely confused.

OK, vi vay ban lay divergence clia mot trudng vector. Vang, ban 13y gradient cia mot
ham. Véng, néu gradient cia mét ham la mot vectd, divergence clia mot trudng vector
& moét ham. Vi vdy, bdng cach ndo d6 nhirng thdng nay di qua lai gilta. Vang, t6i can
phai ndi, ky hiéu mdi mang dén nhiém vu mdi. Y t6i 1, bay gid ching ta cé ki hiéu
thuén tién, dep nay sé cho phép ching ta tinh gradient divergence va sau do la curl
theo mot cach th6ng nhét, néu ban chon ky hiéu nay ban phai thuc su, thuc su' can
than nhitng gi ban dit sau né bdi vi néu khdng rat dé bi nhadm Ian.

OK, so divergence and gradients are completely different things. The only thing they
have in common is that both are what's called a first order differential operator. That
means it involves the first partial derivatives of whatever you put into it. But, one of
them goes from functions to vectors. That's gradient. The other one goes from
vectors to functions. That's divergence. And, curl later will go from vectors to
vectors.

OK, do dd divergence va gradient la nhitng th& hoan toan khac nhau. Diém duy nhat ma
ching giéng nhau la ca hai déu dudc goi la toan tlr vi phan bac nhat. biéu dé cé nghia ca
hai déu lién quan dén dao ham riéng bac nhat. Tuy nhién, mo6t trong s6 ching di tir ham
dén cac vector. D6 la gradient. Cai kia di tUr vector dén ham. Do la divergence. V3, curl sau
nay sé di tir vector dén vector.

But, that will be later. Let's see, more questions? No? OK, so let's see, so how are we
going to actually prove this theorem? Well, if you remember how we prove Green's
theorem a while ago, the answer is we're going to do it exactly the same way. So, if
you don't remember, then I'm going to explain. OK, so the first thing we need to do
is actually a simplification. So, instead of proving the divergence theorem, namely,
the equality up there, I'm going to actually prove something easier. I'm going to
prove that the flux of a vector field that has only a z component is actually equal to



the triple integral of, well, the divergence of this is just R sub z dV.

Nhung, d6 la sau nay. Xem nao, cé cau héi khong? Khong c6? OK, vi vay xem nao, vay
ching ta sé chirng minh dinh li nay nhu thé nao? Vang, néu ban nhdg cach ching ta ching
minh dinh li Green cach day khdng lau, cau tra I8i la ching ta sé lam né y nhu cach do. Vi
vay, néu ban khong nhd, thi téi sé giai thich. OK, vi vay diéu dau tién ching ta can lam la
dan gian héa. Vi vy, thay vi ch’ng minh dinh ly divergence, cu thé 13, su tudng duong
trén do, toi s& chirng minh cdi gi dé dé hon. T6i s& chirng minh cho théng lugng cla
trudng vector chi cé6 mét thanh phén z bang tich phan ba I18p cla, vang, divergence cla
cai nay chilaR z dv.

OK, now, how do I go back to the general case? Well, I will just prove the same thing
for a vector field that has only an x component or only a y component. And then, I
will add these things together. So, if you think carefully about what happens when
you evaluate this, you will have some formula for ndS, and when you do the dot
product, you'll end up with the sum, P times something plus Q times something plus

R times something. And basically, we are just dealing with the last term, R times
something, and showing that it's equal to what it should be. And then, we the three
such terms together. We'll get the general case. OK, so then we get the general case
by summing one such identity for each component.

OK, bay gid, téi quay lai trudng hgp tong quat nhu thé nao? Vang, téi sé chirng minh
tuong tu cho mot trudng vector chi cé thanh phéan x hoac chi cé thanh phan y. Va sau dé,
t6i sé& cong nhitng th nay vai nhau. Vi vy, néu ban suy nghi cdn than vé nhitng gi s& xay
ra khi ban tinh cai nay, ban sé cé céng thirc nao dé cho ndS, va khi ban tinh tich vo
hudng, cudi ciing ban sé& dudc téng, P nhan cdi gi d6 cdng Q nhan céi gi d4 cdng R nhan
cai gi do. Va vé cd ban, ching ta chi xét s6 hang cudi cung, R nhan cai gi do, va chiing té
réng nd s& badng nhirng gi né nén bang. Va sau dd, ching ta cdng ba s6 hang nhu thé véi
nhau. Chlng ta s& nhan dugc trudng hgp téng quat. Vang, do d6 ching ta nhan dugc
trudng hop téng quat badng cach cdng mdt ddng nhét thirc nhu thé d6i véi moi thanh phén.

I should say three such identities, one for each component, whatever. Now, let's
make a second simplification because I'm still not feeling confident I can prove this
right away for any surface. I'm going to do it first or what's called a vertically simple
region. OK, so vertically simple means it will be something which I can setup an
integral over the z variable first easily. So, it's something that has a bottom face,
and a top face, and then some vertical sides.

A, khong, phai la cong tiing thanh phan cta ba dong nhat thic véi nhau. Bay gig, chung
ta hdy don gian hoéa Ian hai bdi vi tdi van con chua cé cdm gidc an tdm tdi cd thé chirng
minh diéu nay ngay |ap tdc cho bat cr bé mat nao. Tdi s& lam cho vung don thdng ding
trudc. OK, vang don thdng diing c6 nghia 1a nd sé& la cai gi d6 ma t6i cd thé tinh tich phéan
theo bién z trudc mot cach dé dang. Vi vay, nd la cai gi c6 mot mat day,va mot mat trén,
va mdt s6 mat bén thang ding.



OK, so let's say first what happens if the given region, D, is vertically simple. So,
vertically simple means it looks like this. It has top. It has a bottom. And, it has
some vertical sides. So, if you want, if I look at it from above, it projects to some
region in the xy plane. Let's call that R. And, it lives between the top face and the
bottom face. Let's say the top face is z equals z2 of (X, y). Let's say the bottom face

is z equals z1(x, y).

OK, vang hdy xem nhitng gi xay ra néu vling D cho trudc, 1a don thdng ddng. Vi vay, don
thdng dirng cé nghia 1a n6 cd dang thé nay. N6 c6 mat trén. N6 c6 mat ddy. Va, né c6 mét
s8 mat bén thang ddng. Vi vdy, néu ban muén, néu tdi nhin nd tir trén, nd chiéu dén ving
nao do6 trong mat phang xy. Hay goi d6 la R. Va, né ndm gilta mat trén va mat day. Gia si
réng mat trén la z bang z2 cuia (x, y). Gia s’ rang mat day la z bang z1 (x, y).

OK, and I don't need to know actual formulas. I'm just going to work with these and
prove things independently of what the formulas will be for these functions. OK, so
anyway, a vertically simple region is something that lives above a part of the xy
plane, and is between two graphs of two functions. So, let's see what we can do in
that case. So, the right-hand side of this equality, so that's the triple integral, let's
start computing it.

OK, va t6i khong can biét cong thurc thuc té€. Toi chi sé lam viéc v6i nhitng cai nay va
chirng minh cac th&r mot cach doc lap vai cac cong thirc cla nhitng h am nay. OK, do do,
du sao di nira, vung don thang ding la cai gi d6 ndm trén mot phan cia mat phang xy,
va gilra hai dd thi cta hai ham. Vi vy, hdy xem chiing ta c6 thé& lam gi trong trudng hgp
dd. Vi vay, v& phai cia ddng thic nay, vang dé la tich phén ba I8p, ching ta h3y bat dau
tinh no.

OK, so of course we will not be able to get a number out of it because we don't

know, actually, formulas for anything. But at least we can start simplifying because
the way this region looks like, I should say this is D, tells me that I can start setting
up the triple integral at least in the order where I integrate first over z. OK, so I can
actually do it as a triple integral with Rz dz dxdy or dydx, doesn't matter. So, what
are the bounds on z? See, this is actually good practice to remember how we set up
triple integrals. So, remember, when we did it first over z, we start by fixing a point,
x and y, and for that value of x and y, we look at a small vertical slice and see from
where to where we have to go.

OK, vi vy tat nhién ching ta s& khéng thé nhén dugc s tir né bdi vi ching ta khdng biét,
céng thirc cha bét c cai gi. Nhung it nhat ching ta cé thé bat dau don gian héa bdi vi
vung nay c6 dang thé& nay, tdi sé goi day la D, cho tdi biét réang tdi c6 thé tinh tich phan ba
I8p it nhat 1a theo z trudc. OK, vi vy tdi coi thé tinh nd nhu tich phén ba I8p véi Rz dz
dxdy hodc dydx, khong quan trong. Vang, can cuta z la gi? Thay khéng, day thuc su la bai
tdp t6t d& nhdé cach tinh tich phan ba 18p. Vi vdy, hdy nhd, khi ching ta lam né véi z
trudc, ching ta bat dau bdng cach c6 dinh mét diém, x va y, va d6i véi gia tri dé clia x va
y, ching ta xét mdt mat cat thadng di’ng nho va xem ching ta phai di tir ddu dén dau.

Well, we start at z equals whatever the value is at the bottom, so, z1 of x and v.
And, we go up to the top face, z2 of x and y. Now, for x and y, I'm not going to
actually set up bounds because I've already called R the quantity that I'm
integrating. So let me change this to, let's say, U or something like that. If you
already have an R, I mean, there's not much risk for confusion, but still.

Véng, ching ta bat dau tai z bédng bat c gia tri nao & phia dudi, vang, z1 ctia x va y.
V3, ching ta di dén mat trén, z2 cua x va y. Bay gid, d6i vdi x va y, toi sé khong thiét
I&p cac can bdi vi tdi da goi R 1a dai lugng ma téi sé& |8y tich phan. Vi vay, hdy dé toi
thay déi cai nay thanh, gia s, U hodc cdi gi d6 tuong tu thé. Néu ban d& c6 mot R, y
t6i 1a, khéng cé nhidu nguy cd nham I1an, nhung van con.

OK, so we're going to call U the shadow of my region instead. So, now I want to
integrate over all values of x and y that are in the shadow of my region. That means
it's a double integral over this region, U, which I haven't described to you. So, I can't
actually set up bounds for x and y. But, I'm going to just leave it like this. OK, now



you see, if you look at how you would start evaluating this, well, the inner integral
certainly is not scary because you're integrating the derivative of R with respect to z,
integrating that with respect to z. So, you should get R back. OK, so triple integral
over D of Rz dV becomes, well, we'll have a double integral over U of, so, the inner
integral becomes R at the point on the top.

OK, vi vay ching ta sé goi U la hinh chiéu cla vung cua toi. Vi vay, bay gig t6i mudn
|ay tich phan trén tat cd cac gia tri cia x va y trong hinh chiéu ctia vung cua t6i. biéu
do c6 nghia la no la tich phan kép trén viung nay, U, ma t6i da khong mo ta cho ban. Vi
vay, tdi khdng thé thiét 1ap cac can cho x va y. Nhung, tdi sé chi dé lai né nhu thé nay.
OK, bay gi& ban th8y, néu ban nhin vao cdch ban b&t dau tinh cdi nay, vang, tich phan
bén trong tat nhién khong dang sg bdi vi ban dang lay tich phdn clia dao ham clua R
theo z, tich phan cai d6 theo z. Vi vay, ban lai nhdn dugc R. Vang, do do, tich phan ba
I6p ctia Rz dV trén D tré thanh, vang, ching ta sé co tich phan kép trén U cua, vang,
tich phan bén trong tré thanh R tai di€ém ndm & mat trén.

So, that means, remember, R is a function of x, y, and z. And, in fact, I will plug into
it the value of z at the top, so, z of xy minus the value of R at the point on the
bottom, x, y, z1 of x, y. OK, any questions about this? No? Is it looking vaguely
believable? Yeah? OK. So, now, let's compute the other side because here we are
stuck. We won't be able to do anything else. So, let's look at the flux integral. OK,

we have to look at the flux of this vector field through the entire surface, S, which is
the whole boundary of D.

Vi vdy, diéu d6 c6 nghia 1a, hdy nhd rdng, R 1a mdt ham cua x, y, va z. Va, thuc su, tdi s&
thé gid tri cla z tai mat trén vao trong nd, vang, z cla xy trir gia tri cia R tai diém & day,
X, Y, z1 cla x, y. Vang, cd cdu haéi nao vé diéu nay khong? Khong c6 a? Co vé cac ban con
ma hd phai khéng? Vang? OK. Vi vay, bay gid, hdy tinh mat khac bdi vi ching ta bi mac
ket & day roi. Ching ta khdng thé& lam bt c diéu gi khac. Vi vay, hdy xét tich phan théng
lugng. OK, ching ta phai xét théng lugng cla trudng vector nay qua toan bd bé mat , S,
no la toan b6 bién cua D.

So, that consists of a lot of pieces, namely the top, bottom, and the sides. OK, so the
other side -- So, let me just remind you, S is bottom plus top plus side of this vector
field, dot ndS equals, OK, so what do we have? So first, we have to look at the

bottom. No, let's start with the top actually. Sorry. OK, so let's start with the top. So,
just remind you, let's do all of them. So, let's look at the top first. So, we need to set



up the flux integral for a vector field dot ndS. We need to know what ndS is. Well,
fortunately for us, we know that the top face is going to be the graph of some

function of x and y. So, we've seen a formula for ndS in this kind of situation, OK?

We have seen that ndS, sorry, so, just to remind you this is the graph of a function z
equals z2 of x, .

Vi vdy, né bao gdbm r&t nhiéu manh, cu thé |13 trén, dudi, va cdc mat bén. OK, do d6 mat
con lai - Vang, hdy dé téi nhdc ban, S la dady cdng mat trén cdng mat bén cua trudng
vector nay, dot ndS b&ng, OK, ching ta cd gi? Vi vy trudc hét, ching ta phai xét day.
Khéng, ching ta hdy bt dau véi dinh. Xin I6i. OK, vi vay hdy bat dau v8i mat trén. Vang,
chi 1a nh&c nhd ban, chidng ta hdy lam t4t ca ching. Vang, hdy xét mat trén trude. Véng,
chlng ta can phai tinh tich phan théng lugng cho trudng vector dot ndS. Ching ta can biét
ndS la gi. Vang, may man cho ching ta, ching ta biét rang mat trén sé& la do thi cia ham x
va y nao do. Vang, chung ta da thay cong thlc clia ndS trong trudng hgp nhu thé nay,
ding khong? Ching ta d& thdy réng ndS, xin 18i, vang, chi dé nhic nhd ban day |a do thi
clia ham z bang z2 cla x, .

So, we've seen ndS for that is negative partial derivative of this function with respect
to x, negative partial z2 with respect to y, one, dxdy. OK, and, well, we can't
compute these guys, but it's not a big deal because if we do the dot product with <0,
0, R> dot ndS, that will give us, well, if you dot this with zero, zero, R, these terms
go away. You just have R dxdy. So, that means that the double integral for flux
through the top of R vector field dot ndS becomes double integral of the top of R
dxdy. Now, how do we evaluate that, actually? Well, so R is a function of x, y, z. But
we said, we have only two variables that we're going to use. We're going to use x
and y. We're going to get rid of z. How do we get rid of z? Well, if we are on the top
surface, z is given by this formula, z2 of X, y. So, I plug z equals z2 of x, y into the
formula for R, whatever it may be.

Véng, ching ta da thdy ndS béng trir dao ham riéng clia ham nay theo x, trir dao ham
riéng cla z2 theo y, mét, dxdy. OK, va, vang, ching ta khéng thé tinh nhitng thdng
nay, nhung né khéng phai Ila mot van dé I16n bdi vi néu chiang ta I3y tich vo hudng vdai
<0,0, R> dot ndS, diéu dd sé cho chlng ta, vang, néu ban lay tich v hudng cai nay vdi
khong, khong, R, nhitng s6 hang nay bién mat. Ban chi cé R dxdy. Vi vay, diéu dé cé
nghia la tich phan hai I8p cla thong lugng qua mat trén cla trudng vector R dot ndS sé
trd thanh tich phan kép clia mat trén cta Rdxdy. Bay gid, chdng ta tinh né nhu thé nao?
Vang, R la mot ham cla x, y, z. Nhung chiing ta da ndi, ching ta chi cé hai bién ma
ching ta sé dung. Chlng ta sé sir dung x va y. Chdng ta sé bo z. Chung ta bé z nhu thé
nao? Vang, néu chung ta ¢ mat trén, z dugc cho bdi cong thi’c nay, z2 cda x, y. Vi vay,
tdi thé z bang z2 cua x, y vao cdng thirc cta R, nd cb thé Ia bat ci thir gi.

Then, I integrate dxdy. And, what's the range for x and y? Well, my surface sits
exactly above this region U in the xy plane. So, it's double integral over U, OK? Any
questions about how I set up this flux integral? No? OK, let me close the door,
actually. OK, so we've got one of the two terms that we had over there. Let's try to
get the others. [LAUGHTER] No comment. OK, so, we need to look, also, at the other
parts of our surface for the flux integral. So, the bottom, well, it will work pretty
much the same way, right, because it's the graph of a function, z equals z1 of x, vy.
So, we should be able to get ndS using the same method, negative partial with
respect to x, negative partial with respect to y, one dxdy.

Sau do, t6i 1ay tich phan dxdy. Va, khoang gia tri ciia x va y la gi? Vang, bé mat cla

tdi ndm ngay trén ving U nay trong mat phang xy. Vi vay, nd Ia tich phan kép trén

U, ding khdng? C6 ai thac mac gi vé cach thiét 1ap tich phan thdong |ugng nay

khong? Khéng cd? OK, hdy dé téi dong clra. OK, vi vAy ching ta c6 mét trong hai s6
hang ma ching ta da co6 trén d6. Hay thir tinh thém nhitng cai con lai. Khong cé

nhan xét. OK, vi vay, chlng ta ciling can xét, tai cac phan khac ctia bé mat cua

chiing ta cho tich phén théng lugng. Vi vay, mat day, vang, quy tac cta né kha

tuong tu, dang, bdi vi nd 1 d6 thi cila mét ham, z béng z1 cla x, y.Vi vdy, ching ta

c6 thé& nhén dugc ndS bang cach s dung cung mét phuang phap, trir dao ham riéng



theo x, trir dao ham riéng theo y, mot dxdy.

Now, there's a small catch. OK, we have to think of it carefully about orientations.

So, remember, when we set up the divergence theorem, we need the normal vectors
to point out of our region, which means that on the top surface, we want n pointing
up. But, on the bottom face, we want n pointing down. So, in fact, we shouldn't use
this formula here because that one corresponds to the other orientation. Well, we
could use it and then subtract, but I was just going to say that ndS is actually the
opposite of this. So, I'm going to switch all my signs. OK, that's the other side of the
formula when you orient your graph with n pointing downwards.

B&y gid, c6 mot cai bay nho. OK, ching ta phai xem xét can than vé su dinh hudng cua no.
Vi vay, hdy nhd, khi chiing ta thiét 1ap dinh ly divergence, chiing ta can cac vects phap
tuyén hudng ra ngoai vung, cé nghia la trén bé mat trén, ching ta muén n hudng lén. Tuy
nhién, & mat day, ching ta mudén n hudng xudng. Vi vay, trén thuc té€, ching ta khéng nén
sUr dung cong thlic nay & day vi cai do tudng Ung véi moét su dinh hudng khac. Vang, ching
ta cé thé sir dung né va sau dé trir, nhung tdi s& ndéi rang ndS thuc su ngugc vdi cdi nay. Vi
vay, tdi sé& dbi tat ca cac ddu. OK, dé 1a vé& con lai cua céng thic khi ban dinh hudng db thi
clia ban véi n hudng xudng.

Now, if I do things the same way as before, I will get that <0, 0, R> dot ndS will be
negative R dxdy. And so, when I do the double integral over the bottom, I'm going

to get the double integral over the bottom of negative R dxdy, which, if I try to
evaluate that, well, I actually will have to integrate. Sorry, first I'll have to substitute
the value of z. The value of z that I will want to plug into R will be given by, now, z1

of x, y. And, the bounds of integration will be given, again, by the shadow of our
surface, which is, again, this guy, U. OK, so we seem to be all set, except we are still
missing one part of our surface, S, because we also need to look at the sides.

Bay gid, néu tbi lam cac th( theo cach tuong tu nhu trudc, t6i sé dugec <0, 0, R> dot ndS sé
bang trir R dxdy. Va vi vay, khi téi tinh tich phan kép trén mat ddy, tdi sé& nhan dugc tich
phan kép cua trir R dxdy trén mat day, trong dd, néu téi thur tinh cai dé, vang, téi thuc su
phai tinh tich phan. Xin 16i, dau tién tdi s& phai thé gid tri cua z. Gid tri cia z ma téi mudn
thé vao R sé& dugc cho bdi, lic nay la, z1 cla x, y. Va, cac can cla tich phan lai sé dugc cho
bdi, hinh chiéu ctia bé& mat clia ching ta, né lai 13, thang nay, U. OK, vi vy ching ta d3
thay tat ca tat ca cac cach thiét Iap, ngoai trir chliing ta van con thi€u moét phan cua bé mét
cla chung ta, S, bdi vi ching ta cling can phai xét cac mat bén.

Well, what about the sides? Well, our vector field, <0, 0, R>, is actually vertical. It's
parallel to the z axis. OK, so my vector field does something like this everywhere.
And, why that makes it very interesting on the top and bottom, that means that on
the sides, really not much is going on. No matter is passing through the vertical
sides. So, the side -- The sides are vertical. So, <0, 0, R> is tangent to the side, and
therefore, the flux through the sides is just going to be zero.

Vang, thé con cac mat bén thi sao? Vang, trudng véc ta cla ching ta, 0 <, 0, R>, thuc su
Ia thang ding. N6 song song vd3i truc z. OK, do d6 trudng véc ta cla téi lam céi gi do gidng
nhu th& nay & khdp moi nai. Va, d6 la nguyén nhan lam né li thi & mat trén va mat day,
diéu do6 co6 nghia la & cac mat bén, thuc su khong cé gi xay ra. Khong cé vat chat di qua cac
mat bén thang dirng. Vi vy, mdt bén - Cac mat bén thang dirng. Vi vdy, 0 <, 0, R> 1a tiép
xUc vGi mat bén, va do do, théng lugng qua cac mat bén ding bdng khéng.



OK, no calculation needed. That's because, of course, that's the reason why a
simplified first things so that my vector field would only have a z component, well,

not just that but that's the main place where it becomes very useful. So, now, if I
compare my double integral and, sorry, my triple integral and my flux integral, I get
that they are, indeed, the same. Well, that's the statement of the theorem we are
trying to prove. I shouldn't erase it, OK? [LAUGHTER]

OK, khdong c6 tinh toan can thiét. D6 la bdi vi, tat nhién, dé la ly do tai sao cac thir dugc
don gian héa trudc hét dé cho trudng vector cua tdi chi c6 moét thanh phan z, vang, khéng
chi diéu dé ma dé la ngi ch yéu ma noé trd thanh hitu dung. Vi vay, bay gid, néu téi so
sanh tich phan kép cla tdi va, xin 16i, tich phan ba I8p cla téi va tich phan théng lugng cla
t6i, t6i nhan dudgc ching, thuc su, nhu nhau. Vang, dé la phat biéu cla dinh ly ma ching ta
cd gang chiing minh. Tdi khéng nén x6a né, ding khéng?

So, just to recap, we've got a formula for the triple integral of R sub z dV. It's up
there at the very top. And, we got formulas for the flux through the top and the
bottom, and the sides. And, when you add them together, you get indeed the same
formula, top plus bottom -- -- plus sides of, OK, and so we have, actually, completed
the proof for this part. Now, well, that's only for a vertically simple region, OK? So, if
D is not vertically simple, what do we do? Well, we cut it into vertically simple pieces.
Vang, dé tém tat, ching ta c6 cdng thic cho tich phan ba I8p cia R z dV. N6 & trén dd rat
cao. Va, chdng ta cé thong lugng qua mat trén va mat day, va cac mat bén. Va, khi ban
cong chung v@i nhau, ban sé nhan dugc cung moét céng thirc, trén cong day - - cong cac
mat bén cla, OK, va vi thé chdng ta co, thuc su, chirng minh hoan thanh phan nay. Bay
gid, vang, dé chi la vung don thang dirng, OK? Vang, néu D khdng phai don thdng dlng,
chiing ta Iam gi? Vang, ching ta cat n6 thanh nhi*rng phan dcn thang dung.

OK so, concretely, I wanted to integrate over a solid doughnut. Then, that's not
vertically simple because here in the middle, I have not only does top in this bottom,
but I have this middle face. So, the way I would cut my doughnut would be probably
I would slice it not in the way that you'd usually slice the doughnut or a bagel, but at
it's probably more spectacular if you think that it's a bagel. Then, a mathematician's
way of slicing it is like this into five pieces, OK?

OK nhu vay, cu thé, tdi muén tinh tich phan trén mot cdi banh réan. Thé thi, né khéng
phai 1a don th&ng ding bdi vi & day & giira, t6i d& khéng chi lam dinh & dudi nay, ma toi
cé mat gilta nay. Vi vay, co 1& tdi sé cat banh ran cla téi khdng gibng nhu cach ban
thudng cat banh ran hodc banh mi Bagel, nhung & day cé thé ngoan muc han néu ban
nghi d6 la mot Bagel. Thé thi, cach cat cla cac nha toan hoc la ct né thanh nam phan,
dung khoéng?

And, that's not very convenient for eating, but that's convenient for integrating over
it because now each of these pieces has a well-defined top and bottom face, and of
course you've introduced some vertical sides for two reasons. One is that we've said
the flux through them is zero anyway. So, who cares? Why bother? But, also, if you
sum the flux through the surface of each little piece, well, you will see that you will
be integrating twice over each of these vertical cuts.

V4, nhu thé khong thuén tién dé an, nhung sé thuén tién dé I8y tich phan trén né bdi vi
moi phan nay cé mat trén va mat day de xac dinh, va tat nhién ban da dua vao mot s6
mat bén vi hai li do. Mét la ching ta d& ndi rdng thdng lugng qua chdng bang khong. Vi
vy, ai quan tdm? Tai sao quan tdm? Nhung, tudng tu, néu ban tinh téng thdng Iugng qua
bé& mat ciia moi manh nhd, vang, ban s& thdy rdng ban sé& 18y tich phén hai lan trén moi
mat cat thdng ding nay.

Once, when you do this piece, you will be taking the flux through this red guy with
normal vector pointing to the right, and once, when you take this middle little piece,
you will be taking the flux through that cut surface again, but now with normal
vector pointing the other way around. So, in fact, you'll be summing the flux through
these guys twice with opposite orientations. They cancel out. Well, and again,
because of what you are doing actually, the integral was just zero anyway. So, it



didn't matter. But, even if it hadn't simplified, that would do it for us. OK, so that's
how we do it with the general region. And then, as I said at the beginning, when we
can do it for a vector field that has only a z component, well, we can also do it for a
vector field that has only an x or only a y component. And then, we sum together
and we get the general case.

MOt 1an, khi ban xét manh nay, ban sé 18y thong lugng qua thdng do nay vdi vector phap
tuyén hudng sang phai, va mét lan, khi ban thuc hién trén manh nhé & gilra nay, ban sé
I8y thong lugng qua bé mat cdt d6 mot Ian nira, nhung bay gid vdi vector phap tuyén
hudng theo cach khac. Vi vay, trén thuc té, ban s& 18y téng thdng lugng qua nhitng thdng
nay hai lan theo hudng ngudc nhau. Chang triét tiéu nhau. Vang, va mot lan nifa, vi nhirng
gi ban dang lam, du sao thi tich phan ciing bang khdéng. Vi vay, né khéng quan trong.
Nhung, cho du né khong dan gian hda, diéu dé sé lam nd cho ching ta. OK, vay dé cach
chiing ta Iam né trong ving tdng quat. Va thé thi, nhu tdi d& ndi lic dau, ching ta thuc
tinh cho mdt trudng vector chi c6 mét thanh phan z, vang, ching ta cling c6 thé lam né
cho trudng vector chi cé thanh phéan x hodc chi cé thanh phéan y. Va sau do, chdng ta 1ay
téng va chiing ta nhan dugc trudng hop téng quét.

So, that's the end of the proof. OK, so you see, the idea is really the same as for
Green's theorem. Yes? Oh, there's only four pieces, thank you. Yes, there's three
kinds of mathematicians: those who know how to count, and those who don't. Well,
OK. So, OK, now I hope that you can see already the interest of this theorem for the
divergence theorem for computing flux integrals just for the sake of computing flux
integrals like might happen on the problem set or on the next test. But let me tell
you also why it's important physically to understand equations that had been
observed empirically well before they were actually understood in terms of how
things go. So, let's look at something called the diffusion equation. So, let me
explain to you what it does.

Vi vay, dén day két thidc chirng minh. OK, vi vay ban thdy, y tudng thuc su giéng nhu
dinh ly Green. Xin mgi? Oh, dé chi la b6n manh, cam on ban. Vang, cé ba loai nha

toan hoc: moét loai bi€t cach tinh va mot loai khong biét. Vang, OK. Vi vay, OK, bay

gid toi hy vong rang ban cd thé thdy dudc su quan tdm cua dinh ly nay ddi véi dinh ly
divergence dé tinh tich phan théng Iugng chi cho muc dich tinh tich phan théng | ugng
gidng nhu trén cac x&p bai tdp hodc trén bai kiém tra tiép theo. Nhung hdy dé téi néi
cho ban biét tai sao vé mat vat Ii viéc hi€u cac ph uong trinh d& dudc quan sat trong
thuc nghiém 1a quan trong trudc khi ching ta thuc su hi€u vé khia canh toan hoc cla
ching. VAy, hdy xét phuang trinh khuéch tan. Vang, hdy dé téi giai thich cho ban né
lam gi.

So, the diffusion equation is something that governs, well, what's called diffusion.
Diffusion is when you have a fluid in which you are introducing some substance, and



you want to figure out how that thing is going to spread out, the technical term is
diffuse, into the ambient fluid. So, for example, that governs the motion of, say,
smoke in the air, or if you put dye in the solution or things like that.

Vang, phuong trinh khuéch tan diéu khién, vang, qua trinh khuéch tan. Khuéch tan la
khi ban cé mot chat luu roi ban dua vao chat nao doé vao trong né, va ban muén tim ra
chat do lan réng ra nhu thé nao, thuat ngir ki thuat la khuéch tan, vao trong chat luu
xung quanh. Vi vy, vi du, né diéu khién chuyén déng clia, chdng han nhu, khdi trong
khéng khi, hodc néu ban d6 thudc nhudém vao trong dung dich hay cdi gi tuang tu thé.

That will tell you, say that you drop some ink into a glass of water. Well, you can
imagine that obviously it will get diluted into there. And, that equation will tell you
how exactly over time this thing is going to spread out and start filling the entire
glass. So, what's the equation? Well, we need, first, to know what the unknown will
be. So, it's a partial differential equation, OK? So the unknown is a function, and the
equation will relate the partial derivatives of that function to each other. So, u, the
unknown, will be the concentration at a given point. And, of course, that depends on
the point where you are. So, that depends on X, y, z, the location where you are.
Diéu dé sé& cho ban biét, gia s rdng ban nhd mot it muc vao trong moét ly nudc. Vang, ban
c6 thé tudng tugng rang tat nhién né ngay cang bi lodng trong dd. Va, phudng trinh dé sé
cho ban biét chinh xac cdi nay sé lan ra va bat ddu lam day toan bd li theo thai gian nhu
thé nao. Vay, phuang trinh la gi? Vang, ching ta can, dau tién, biét bién la gi. Vang, né la
PTVP dao ham riéng, OK ch(? Vi vay bién la mét ham, va phuagng trinh sé lién quan dén
dao ham riéng ctia ham dé vai nhau. Vi vay, u, bién, s& la mat dd tai di€ém nao do. Va, tat
nhién, nd phu thudc vao diém ban xét. Tlc |a phu thudc vao vi tri x, y, z bang xét.

But, since the goal is also to understand how things spread over time, it should also
depend on time. Otherwise, we're not going to get very far. And, in fact, what the
equation will give us is the derivative of u with respect to t. It will tell us how the
concentration at a given point varies over time in terms of how the concentration
varied in space. So, it will relate partial u partial t to partial derivatives with respect
to x, y, and z.

Nhung, vi muc tiéu con la can biét cac th(r lan ra theo thdgi gian nhu thé nao, no ciing sé
phu thudc vao thdi gian. Néu khong, chiing ta sé khéng nhan dudgc gi cd gia tri. Va, trén
thuc té, phuaong trinh sé cho chidng ta dao ham cla u theo t. N6 sé cho chung ta biét mat
dé thay ddi theo thdi gian va theo vi tri nhu thé& ndo. Vi vy, né sé& thiét 1ap m&i quan hé
gilra dao ham riéng cla u theo t va dao ham riéng ddi vai x, y, va z.

[APPLAUSE] OK, [LAUGHTER] so what's the equation? The equation is partial u

partial t equals some constant. Let me call it constant k times something I will call

del squared u, which is also called the Laplacian of u, and what is that? Well, that
means, OK, so just to scare you, del squared is this, which means it's the divergence
of gradient u that we've used this notation for gradient. OK, so if you actually expand
it in terms of variables, that becomes partial u over partial x squared plus partial
squared u over partial y squared plus partial squared u over partial z squared. OK, so
the equation is this equals that.

Véng, vi vy phuadng trinh 1a gi? Phuong trinh 1& dao ham riéng cla u theo t b&dng hang s8
nao dé. Hay dé tdi goi nd la hang s k nhan cai gi d6 ma toi sé goi la del binh u, né cling
dudc goi la Laplace u, va né la gi? Vang, diéu dé c6 nghia la, OK, vi vy chi d& hl ban, del
binh 1a cai nay, cé nghia la né la divergence cla gradient u ma chiing ta da dung ki hiéu nay
cho gradient. OK, vAy néu ban thuc su khai trién né theo cac bién, nd trd thanh dao ham
riéng clia u theo x binh céng dao ham riéng cta u theo y binh cdng dao ham riéng cta u
binh theo z binh. OK, do d6 phuang trinh sé nhu thé nay.

OK, so that's a weird looking equation. And, I'm going to have to explain to you,
where does it come from? OK, but before I do that, well, let me point out actually
that the equation is not just the diffusion equation. It's also known as the heat
equation. And, that's because exactly the same equation governs how temperature
changes over time when you have, again, so, sorry I should have been actually more



careful.

OK, vi vay do la mo6t phuong trinh tréng cé vé la. Va, téi sé phai giai thich cho ban, né dén
tlr ddu? OK, nhung trudc khi téi lam diéu dd, vang, ban can biét la phuang trinh nay khéng
chi chi phGi qua trinh khuéch tan. Qua trinh truyén nhiét cling tuan theo phuadng trinh nay.
Tlc 1a, phudng trinh cé dang tuong tu chi phéi qua trinh thay déi nhiét dé theo thdi gian,
vang, xin 16i t6i can phai cin than hon.

I should have said this is in air that's not moving, OK? OK, and same thing with the
solution. If you drop some ink into your glass of water, well, if you start stirring,
obviously it will mix much faster than if you don't do anything. OK, so that's the case
where we don't actually, the fluid is not moving. And, the heat equation now does
the same, but for temperature in a fluid that's at rest, that's not moving. It tells you
how the heat goes from the warmest parts to the coldest parts, and eventually
temperatures should somehow even out. So, in the heat equation, that would just
be, this u would just measure the temperature for temperature of your fluid at a
given point.

Toi da ndi day 1a khéng khi khéng chuy én déng, OK ch? OK, va nghiém ciing tuang tu.
Né&u ban nhdé mot it muc vao trong ly nudc, vang, néu ban bat dau khudy, r6 rang nd sé
hoa hgp nhanh han nhiéu so véi khi ban khong lam gi. OK, do dé, dé la trudng hgp ching
ta khdng thuc su, chat luu khéng chuyén ddng. Va, phuang trinh nhiét bay gid lam tudng
tu, nhung ddi véi nhiét dd trong mét chat Ivu dirng yén, né khéng chuyén déng. N6 cho
chung ta biét nhiét di tir cdc phan @&m nhat dén phan lanh nhat, va cudi cung nhiét d6 dong
déu & moi ngi. Vi vay, trong phuang trinh nhiét, né sé la, u nay sé chi do nhiét do dai vai
nhiét do ctia chat luu cta ban tai mot diém cho trudc.

Actually, it doesn't have to be a fluid. It could be a solid for that heat equation. So,
for example, say that you have a big box made of metal or something, and you do
some heating at one side. You want to know how quickly is the other side going to
get hot? Well, you can use the equation to figure out, you know, say that you have a
metal bar, and you keep one side at 400° because it's in your oven. How quickly will
the other side get warm?

Trén thuc t&€, nd khéng phai I1a mot chat luu. N6 ¢ thé 1a chéat rdn. Vi vay, vi du, giad sir
réng ban cé6 mot hdp 16n duge 1am bang kim loai hay th(r gi dé, va ban truyén nhiét vao
mét phia. Ban mudn biét phia bén kia s& trd nén néng nhanh bao nhiéu? Vang, ban cé thé
dung phuong trinh dé€ chi ra, ban biét, gia sir rdng ban c6 mét thanh kim loai, va ban gitr
mot phia & 400 ° vi né & trong 10 nudng cla ban. Phia bén kia sé trd nén am Ién nhanh
nhu thé nao?



OK, so it's the same equation for both phenomena even though they are, of course,
different phenomena. Well, the physical reason why they're the same is actually that
phenomena are different, but not all that much. They involve, actually, how the

atoms and molecules are actually moving, and hitting each other inside this medium.
OK, so anyway, what's the explanation for this? So, to understand the explanation,
and given what we've been doing, we should have a vector field in there. So, I'm

going to think of the flow of, well, let's imagine that we are doing motion of smoke in
air. So, that's the flow of the smoke: that means at every point, it's a vector whose
direction tells me in which direction the smoke is actually moving.

OK, vi vay cung mot phuong trinh cho ca hai hién tugng cho du ching la, tat nhién, nhiing
hién tugng khac nhau. Vang, nguyén nhan cac hién tugng khac nhau lai cé cung mot
phuong trinh 1a do ching cé cing mét ban chat vat li, nhung chua han 1a tat ca. Chang lién
quan dén, thuc su, cdc nguyén tr va phén ti chuyén ddng nhu thé nao, va cham nhau bén
trong moi trudng nay. OK, do dé du sao di nifa, cach giai thich cho diéu nay la gi? Vi vay,
dé hiéu nhirng I5i giai thich,va biét trudc nhitng gi ching ta s& thuc hién, ching ta nén cé
mét trudng vectd & dd. Vi vy, toi s& nghi vé su chuyén ddng cua, vang, gia sur rang ching
ta dang lam khdi thuSc chuyén ddng trong khdng khi. Vang, dé la dong khéi thudc: cé nghia
la tai moi diém, nd 1a mot vector cho chlng ta biét khoi thudc dang chuyén ddng theo
hudng nao.

And, its magnitude tells me how fast it's moving, and also what amount of smoke is
moving. So, there's two things to understand. One is how the disparities in the
concentration between different points causes the flow to be there, how smoke will
flow from the regions where there's more smoke to the regions where there's less
smoke. And, that's actually physics. But, in a way, it's also common sense. So,
physics and common sense tell us that the smoke will flow from high concentration
towards low concentration regions.

Va, dd I8n cua nd cho ching ta biét né dang chuyén déng nhanh bao nhiéu, va ciing la
lugng khéi thudc dang chuyén ddng |a gi. Vi vay, c6 hai diéu can biét. Mét Ia su chénh
léch mat dd gilta cac diém khac nhau |am cho dong chay & d6 nhu thé nao, khoi thudc sé
di tir ngi cé nhiéu khoi dén nai cé it khdi han nhu thé nao. Va, dé thuc su la qua trinh vat
ly. Nhung, theo cach nao do6, dé ciing la I€ thudng. Vi vay, vat ly va cam giac thong
thudng cho ching ta biét rang khéi sé di tir vung cé mat dd cao sang vung cé mat do
thap han.

OK, so if we think of this function, U, that measures concentration, that means we
are always going to go in the direction where the concentration decreases the
fastest. Well, what's that? That's negative the gradient. So, F is directed along minus
gradient u. Now, how big is F going to be? Well, they are, you have to come up with
some intuition for how the two are related. And, the easiest relation I can think of is
that they might be just proportional.

OK, vi vay néu ching ta xét ham nay, U, né do mat do, diéu dé c6 nghia la ching ta sé
luén ludn di vé hudng mat do giam nhanh nhat. Vang, dé la gi? Do la trir gradient. Vi
vay, F hudng doc theo trir gradient u. Bay gig, F sé I6n nhu thé nao? Vang, chung la,
b&ng truc gidc ban phai nghi ra hai cdi lién hé vdi nhau nhu thé ndo. Va, quan hé dé nhét
ma t6i ¢ thé nghi ra la ti 1& thuan.

So, the steeper the differences in concentration, the faster the flow will be, or the
more there will be flow. And, if you try to think about it as molecules moving in
random directions, you will see it makes actually complete sense. Anyway, it should
be part of your physics class, not part of what I'm telling you. So, I'm just going to
accept that the flow is just proportional to the gradient of u.

Vi vay, su chénh léch mat d6 cang nhiéu, dong chay sé cang nhanh hon, hoac sé co
nhiéu dong chay hon. V4, néu ban xem nd nhu cac phan tir chuyén déng theo cac hudng
ngau nhién, ban sé& thdy réng né hoan toan dé hi€u. DU sao di nifa, n6 nén la moét phan
clia moén vét li, ch khdng phai todn hoc. Vi vy, tdi s& chdp nhan rang dong chay ti 1é
thuan v@i gradient cda u.



So, if you want, the differences between concentrations of different points are very
small, then the flow will be very gentle. And, if on the other hand you have huge
disparities, then things will try to even out faster. OK, so that's the first part. Now,
we need to understand the second part, which is once we know how flow is going,
how does that affect the concentration? If smoke is going that way, then it means
the concentration here should be decreasing. And there, it should be increasing.

Vi vdy, néu ban mudn, su khac biét ndng dd cua cac diém khac nhau la rat nho, thi
dong chay sé rat nhe nhang. Va, mat khac néu ban c6 su chénh léch n6ng d6 rat Ién,
thi cac th(r s& c6 géng cén bang néng dd nhanh hon. OK, vi vay dé la phan dau tién.
Bay gid, chling ta can phai hi€u phan th{ hai, d6 1a mét khi ching ta biét dong chay
di nhu thé nao, diéu dé anh hudng dén mat dé nhu thé nao? NEu khoi thude di theo
dudng do, thi c6 nghia la méat do sé giam. Va & dd, nd sé tang.

So, that's the relation between F and partial u partial t. At that part is actually math,
namely, the divergence theorem. So, let's try to understand that part more carefully.
So, let's take a small piece of a small region in space, D, bounded by a surface, S.
So, I want to figure out what's going on in here. So, let's look at the flux out of D
through S. Well, we said that this flux would be given by double integral on S of F
dot n dS. So, this flux measures how much smoke is passing through S per unit

time. That's the amount of smoke through S per unit time.

Vi vay, doé la méi quan hé gilra F va dao ham riéng cua u theo t. Tai phan dé thuc su la
toan hoc, cu thé 13, dinh ly phan ky. Vi vay, ching ta hay th hiéu phan d6 can than

han. Vi vay, hay l[dy mot phan nhé cua vung nho trong khéng gian, D, dudc bao quanh
bdi mot bé mat, S. Vi vay, téi mudn tim ra nhirng gi dang xay ra tai day. Vi vay, hdy xét
théng lu'gng ra ngoai D qua S. Vang, ching ta d& ndi rdng thdng lugng nay sé& dudc cho
bai tich phan kép cta F dot n dS trén S. Vi vay, thong lugng do khoi di qua S trén mot
dan vi thai gian nhiéu bao nhiéu. D6 la lugng khoéi qua S trén mot don vi thdi gian.

But now, how can I compute that differently? Well, I can compute it just by looking
at the total amount of smoke in this region, and seeing how much it changes. If I'm
gaining or losing smoke, it means it must be going up there. Well, unless I have a
smoker in here, but that's not part of the data. So, that should be, sorry, that's the
same thing as the derivative with respect to t of the total amount of smoke in the
region, which is given by the triple integral of u.

Nhung bay gid, tdi cd thé tinh cai d6 theo cach khac nhu thé nao? Vang, tdi cé thé tinh né
chi béng cach xét lugng khéi téng cdng trong ving nay, va xem nd thay ddi bao nhiéu.
NEu t6i thu thém hay mat khdi, cé nghia |a né phai Ién d6. Vang, trir khi t6i c6 mot nguGi
hat thuSc & day, nhung dé khéng phai 1a mot phan cda dit liéu. Vi vay, dé sé 1a, xin 16i,
gidng nhu dao ham theo t cla téng lugng khéi trong ving, né dugc cho bdi tich phén ba
I6p cua u.



If I integrate the concentration of smoke, which means the amount of smoke per

unit volume over d, I will get the total amount of smoke in d, except, well, let's see.
This flux is counted positively if we go out of d. So, actually, it's minus the

derivative. This is the amount of smoke that we are losing per unit time. OK, so now
we are almost there. Well, let me actually -- Because we know yet another way to
compute this guy using the divergence theorem. Right, so this part here is just
common sense and thinking about what it means. The divergence theorem tells me
this is also equal to the triple integral, d, of div f dV. So, what I got is that the triple
integral over d of div F dV equals this derivative.

Néu téi 18y tich phdn méat dd khoi thubc, cé nghia la lugng khéi thubc trén mot don vi thé
tich trén d, téi s& nhan dugc téng lugng khoi thubc trong d, ngoai trlr, vang, ching ta hay
xét. Thong lugng dudgc tinh 1a dudng néu ching ta di ra ngoai d. Vi vay, trén thuc té, né
bang trir dao ham. Pay lugng khéi thudc mat di trong mét don vi thai gian. OK, vay bay gid
ching ta gan nhu & d4. Vang, hay dé tdi thuc su’ - Bdi vi ching ta con biét dudc cach khac
d€ tinh thang nay dung dinh li divergence. Budc rdi, vi vy phan nay & day chi |a cam giac
chung va suy nghi vé y nghia cta né. Dinh ly divergence cling cho ching ta biét cai nay
cling bang tich phan ba I8p, d, cua div f dV. Vi vay, nhitng gi téi nhén dugc la tich phan ba
I6p cla div F dV trén d bang dao ham nay.

Well, let's think a bit about this derivative so, see, you are integrating function over
X, Y, and z. And then, you are differentiating with respect to t. I claim that you can
actually switch the order in which you do things. So, when we think about it, is,
here, you are taking the total amount of smoke and then see how that changes over
time. So, you're taking the derivative of the sum of all the small amounts of smoke
everywhere. Well, that will be the sum of the derivatives of the amounts of smoke
inside each little box.

Vang, chdng ta hdy suy nghi mot chdt vé dao ham nay, thay khong, ban sé lay tich
phan ham trén x, y, va z. Va sau d6, ban sé& 18y vi phan theo t. Tdi cho rang ban cé thé
chuyén th tu lam céc th(. Vi vay, khi ching ta nghi vé nd, 1a, & day, ban dang noi
téng lugng khdi thuc va xem né thay d6i nhu thé nao theo thdi gian. Vi vy, ban dang
&y dao ham cla téng cua tat ca lugng khéi thuéc 8 moi nadi. Vang, d6 sé la tdng cua
cac dao ham cua lugng khéi thudc bén trong moi hép nhd.

So, we can actually move the derivatives into the integral. So, let's see, I said minus
d dt of triple integral over d udV. And, now I'm saying this is the same as the triple
integral in d of du dt dv. And the reason why this is going to work is you should think
of it as d dt of a sum of u of some values. You plug in the values of your points at
that given time times the small volume. You sum them, and then you take the
derivative. And now, you seeg, the derivative of this sum is the sum of the
derivatives.

Vi vy, ching ta cd thé chuyén dao ham vao trong tich phan. Vi vy, xem nao, toi

da ndi trur d dt cla tich phan ba I8p trén d udV. Va, bay gid tdi sé néi cai nay tucng

tu nhu tich phan ba I8p trong d cua du dt dv. Va ly do tai sao diéu nay dudng la ban

nén nghi vé né nhu la d dt clda téng cla u cia mot s6 gid tri. Ban thé vao cac gid tri

cla cac diém cla ban tai thdi diém cho tr udc nhan thé tich nhoé. Ban cdng ching, va

sau dé ban |8y dao ham. Va bay gid, ban thdy, dao ham cla tdng nay bang téng cac

dao ham.

yi, zi, t, so, if you think about what the integral measures, that's actually pretty

easy. And it's because this variable here is not the same as the variables on which
we are integrating. That's why we can do it. OK, so now, if we have this for any
region, d. So, we have a function of x, y, z, t, and we have another function here.
And whenever we integrate them anywhere, we get the same answer. Well, that
must mean they're the same. Just think of what happens if you just take d to be a
tiny little box. You will get roughly the value of div f at that point times the volume of
the box. Or, you will get roughly the value of du dt at that point times the value of a
little box. So, the values must be the same. Well, let me actually explain that a tiny
bit better.



yi, zi, t, vi vdy, néu ban nghi vé& nhing gi tich phan do, né thuc su kha dé. va dé 1a bai vi
bién & day khéng giéng nhu cac bién ma chdng ta lay tich phan. Dé la ly do tai sao ching
ta c6 thé lam diéu dd. OK, vay bay gid, néu ching ta cé diéu nay cho bat ky vung nao. Vi
vay, ching ta c6 mot ham cua x, y, z, t, va chung ta c6 ham khac & day. Va bat c’ khi nao
ching ta |dy tich phan ching & moi ngdi, ching ta nhan dudc cung mot két qua. Vang, diéu
doé phai ¢ nghia la ching gi6ng nhau. Chi can nghi vé nhitng gi xay ra néu ban chon d la
mét hép nho. Ban s& nhan dudc gid tri cla div f tai di€ém dé nhan thé tich cua hop. Hoac,
ban s& nhan dudc khoang gia tri ciia du dt tai di€ém d6 nhan gid tri cia hdp nhd. Vi véy,
cac gia tri phai gidng nhau. Vang, hdy dé tdi giai thich thém diéu dé mot chut.

So, what I get is that one over, let me divide by the volume of D, sorry. I promise,

I'm done in a minute. Is the same thing as one over volume D of negative du dt, dV.
So, that means the average value, OK, maybe that's the best way of telling it, the
average of div fin D is equal to the average of minus partial u partial t in D. And,
that's true for any region, D, not just for some regions, but for, really, any region I
can think of. So, the outcome is that actually the divergence of f is equal to minus du
dt.

Vang, nhitng gi tdi nhan dudc 1a mot trén, hay dé toi chia cho thé tich cla D, xin 16i. Toi
hra, T6i s& hoan thanh trong mét phut. La giéng nhu mét trén thé tich D cla trir du dt, dV.
Vi vy, diéu d6 cbé nghia Ia gid tri trung binh, OK, cé 1& dé |a cach t6t nhat dé ndi no, gia tri
trung binh cla div f trong D bdng gia tri trung binh cla trir dao ham riéng u theo t trong D.
Va, diéu dé dung cho bét ki viing D nao, khéng chi cho mot s6 vung, ma doi véi, thuc su,
b&t ky viing nao ma téi nghi. Vi vay, k&t qua thuc su |a divergence cla f bang trir du dt.

And, that's another way to think about what divergence means. The divergence, we
said, is how much stuff is actually expanding, flowing out. That's how much we're
losing. And so, now, if you combine this with that, you will get that du dt is minus
divergence f, which is plus K del squared u. OK, so you combine this guy with that
guy, and you get the diffusion equation. OK, that's the end. Happy Thanksgiving
break. Try to go to recitation tomorrow if you can so that your TA's are not too

lonely. And, enjoy the break. See you next week.

Va, dé 1a mdt cach khac d€ nghi vé y nghia clia divergence. Divergence, chiing ta da ndi,
cac thir s€ md rong bao nhiéu, lan ra. D6 la ching ta dang mat bao nhiéu. Va nhu vay, bay
giG, néu ban két hgp cai nay véi cai do, ban s& nhan dudc du dt bang trir divergence f, no
bang trur K del binh u. OK, vi vy ban két hgp thdng nay vdi thang dé, va ban sé cé dudc
phuong trinh khuéch tédn. OK, hém nay chi cé vdy. Chic L& ta dn vui vé. Hay c6 géng dén
budi tra I8i cdu hoi miéng vao ngay mai néu ban cd thé dé cac trg giang khdng qua cbé daon.
Va, hdy tadn hudng ngay nghi. Hen gap cac ban vao tuan téi.



