¥ VILCONd

MIT OpenCourseWare
http://ocw.mit.edu

18.02 Multivariable Calculus, Fall 2007

Please use the following citation format:

Denis Auroux. 18.02 Multivariable Calculus, Fall 2007. (Massachusetts
Institute of Technology: MIT OpenCourseWare). http://ocw.mit.edu
(accessed MM DD, YYYY). License: Creative Commons Attribution-
Noncommercial-Share Alike.

Note: Please use the actual date you accessed this material in your citation.

For more information about citing these materials or our Terms of Use, visit:
http://ocw.mit.edu/terms



http://ocw.mit.edu
http://ocw.mit.edu

MIT OpenCourseWare
http://ocw.mit.edu

18.02 Multivariable Calculus, Fall 2007
Transcript — Lecture 28

binh Ii phan ki (Pinh i divergence)
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html

Let's get going. Yesterday we learned about flux and we have seen the first few
examples of how to set up and compute integrals for a flux of a vector field for a
surface. Remember the flux of a vector field F through the surface S is defined by
taking the double integral on the surface of F dot n dS where n is the unit normal to
the surface and dS is the area element on the surface. As we have seen, for various
surfaces, we have various formulas telling us what the normal vector is and what the
area element becomes. For example, on spheres we typically integrate with respect
to phi and theta for latitude and longitude angles.

Chung ta hay tiép tuc. Hom qua ching ta da hoc vé théng lugng va ching ta da thay vai
vi du dau tién vé cach thiét Iap va tinh cac tich phan cho théng lugng cia mot trudng
vector dbi v8i mot bé& mat. Hay nhd réng théng lugng clia mot trudng vects F qua bé
mat S dugc xac dinh bang cach 18y tich phén hai I8p clia F dot n dS trén bé mat trong
dé n la vector don vi vudng goc vdéi bé mat va dS la yéu t6 dién tich trén bé mat. Nhu
ching ta da thay, d6i va@i cac bé mat khac nhau, ching ta cé cac cong thirc khac nhau
cho chung ta vector phap tuyén la gi va yéu t6 dién tich la gi. Vi du, trén cac hinh cau
théng thudng ching ta ldy tich phan theo phi va theta cho cac géc vi do va kinh do.

On a horizontal plane, we would just end up degrading dx, dy and so on. At the end

of lecture we saw a formula. A lot of you asked me how we got it. Well, we didn't get

it yet. We are going to try to explain where it comes from and why it works. The

case we want to look at is if S is the graph of a function, it is given by z equals some
function in terms of x and y. Our surface is out here. Z is a function of x and y. And x
and y will range over some domain in the x, y plane, namely the region that is the
shadow of the surface on the x, y plane.

Trén mdt méat phdng ndm ngang, ching ta chi con dx, dy va v.v... Vao cudi bai giang, ching
ta da thay mot cong thirc. Nhiéu ban hai toi lam sao c6 dudc nd. Vang, ching ta chua ching
minh. Chdng ta s& cd géng giai thich n6 dén tir ddu va tai sao né ding. Trudng hgp ching ta
muén xét 1a néu S 1a d6 thi cia mdt ham, nd dudc cho bdi z bdng ham nao dd cua x va y.
Bé mat cla chidng ta & ngoai day. Z la ham cla x va y. Va x va y sé trai dai trén mién nao
dé trong mat phang x, y, cu thé dé I1a hinh chiéu cia bé mat trén mat phang x, v.

I said that we will have a formula for n dS which will end up being plus/minus minus
f sub x, minus f sub y, one dxdy, so that we will set up and evaluate the integral in
terms of x and y. Every time we see z we will replace it by f of xy, whatever the
formula for f might be. Actually, if we look at a very easy case where this is just a
horizontal plane, z equals constant, the function is just a constant, well, the partial
derivatives become just zero. You get <0, 0, 1> dx, dy.

Tdi d& ndi ching ta sé& cb céng thic cho n dS la cdng / trur f x, trir f y, mot dxdy, dé
chiing ta sé thiét 1ap va tinh tich phan theo x va y. Mdi [an thdy z, ching ta s& thay nd
bang f xy, hay bat c cdng thidc nao cla f. Thuc su, néu ching ta xét mot trudng hgp rat
dé trong dé day chi 1a m&t phdng ngang, z béng h&ng s6, ham chinh 1a h&ng s8, vang,
dao ham riéng bang khéng. Ban nhén dugc <0, 0, 1> dx, dy.

That is what you would expect for a horizontal plane just from common sense. This is
more interesting, of course, if a function is more interesting. How do we get that?
Where does this come from? We need to figure out, for a small piece of our surface,
what will be n delta S. Let's say that we take a small rectangle in here corresponding
to sides delta x and delta y and we look at the piece of surface that is above that.
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Well, the question we have now is what is the area of this little piece of surface and
what is its normal vector? Observe this little piece up here. If it is small enough, it

will look like a parallelogram.

D4 la cdm gidc chung cua ban d6i véi mat phang ngang . Cai nay li thd hon, t&t nhién, néu
ham thu vi han. Lam sao ching ta nhan dugc cai d6? Cai nay dén tir ddu? Chung ta can
tim ra, d6i véi mot manh nho clia bé& mat, n delta S sé& la gi. Gia sUf réng chldng ta chon
mot hinh chit nhat nho & day tudng Ung véi cac canh delta x va delta y va ching ta xét
mo6t manh bé mat trén dé. Vang, cau hoi dat ra bay gig la dién tich cia m6t manh nho cla
bé mat nay va vector phap tuyén cda né la gi? Nhin manh nhé trén day. Néu né du nhé,
no sé giong nhu mot hinh binh hanh.

I mean it might be slightly curvy, but roughly it looks like a parallelogram in space.
And so we have seen how to find the area of a parallelogram in space using cross-
product. If we can figure out what are the vectors for this side and that side then
taking that cross-product and taking the magnitude of the cross-product will give us
the area. Moreover, the cross-product also gives us the normal direction. In fact, the
cross-product gives us two in one.

Y t6i 1a né c6 thé hdi cong, nhung né gan gidng mot hinh binh hanh trong khdng gian. Va vi
vay ching ta da biét cach tim dién tich cta hinh binh hanh trong khéng gian dung tich
vector. Néu chlng ta cé thé chi ra céc vectd cho canh nay va canh dé la gi thi tinh tich
vector dé va tinh d6 I6n cla tich vector sé cho ching ta dién tich . Hon nira, tich vector sé
cho hudng vuéng gdéc. Thuc su, tich vector mang dén cho chdng ta hai thir.

It gives us the normal direction and the area element. And that is why I said that we
will have an easy formula for n dS while n and dS taken separately are more

complicated because you would have to actually take the length of a direction of this
guy. Let's carry out this problem. Let's say I am going to look at a small piece of the
X, Y plane. Here I have delta x, here I have delta y, and I am starting at some point



(X, y). Now, above that I will have a parallelogram on my surface. This point here,
the point where I start, I know what it is. It is just (x, y). And, well, z is f(x, y).

N6 cho ching ta hudng vudng goc va yéu t6 dién tich. Va dé l1a ly do tai sao tdi ndi réng
cong thirc cho t6 hgp n dS dé trong khi viét cong thirc riéng cho n va dS sé& phuc tap
hon bdi vi ban s& phai 18y chiéu dai cia hudng clia thadng nay. Hay lam bai tap nay. Gia
sir r&ng toi s& xét mot manh nho cua mét phang x, y . O day tdi cd delta x, & day tdi cd
delta y, va tdi bt dau tai diém (x, y) nao dd. Bay gid, & trén dé toi sé& c6 mét hinh binh
hanh trén bé mat cla t6i. Piém nay & day, diém ma tdi bat dau, tdi biét nd la gi. N6 chi
la (x, y). Va, vang, z bang f (x, y).

Now what I want to find, actually, is what are these two vectors, let's call them U
and V, that correspond to moving a bit in the x direction or in the y direction? And
then U cross V will be, well, in terms of the magnitude of this guy will just be the
little piece of surface area, delta S. And, in terms of direction, it will be normal to the
surface. Actually, I will get just delta S times my normal vector. Well, up to sign
because, depending on whether I do U V or V U, I might get the normal vector in the
direction I want or in the opposite direction. But we will take care of that later. Let's
find U and V. And, in case you have trouble with that small picture, I have a better
one here.

Bay gid toi mudn tim gi, thuc su |3, hai vectd nay la gi, hdy goi ching la U va V, diéu do
tuong ¢ng véi di chuy&n mét chit theo h uwdng x hodc theo hudng y? Va thé thi U chéo V
(U nhén vector véi V) sé 13, vang, theo d6 I8n cla thdng nay sé la dién tich ctia phén nho
cua bé mat, delta S. Va, theo hudng, né sé vudong goc vdéi bé mat. Trén thuc té, toi sé
nhan dugc delta S nhan vector phap tuyén cda t6i. Vang, con vé dau, tuy thudc vao viéc
t6i thuc hién UV hay VU, t6i cé thé nhan dudc vector phap tuyén theo hudng téi mudn
hodc hudng ngudc lai. Nhung ching ta sé xét diéu dé sau. Hay tim U va V. Va, trong
trudng hgp ban gap khé khan véi hinh nhé do, toi cé cai tét han & day.

Let's keep it just in case this one gets really too cluttered. It really represents the
same thing. Let's try to figure out these vectors U and V. Vector U starts at the point

x, Yy, fof X, y and it goes to -- Whereas, its head, well, I will have moved x by delta

X. So, x plus delta x and y doesn't change. And, of course, the z coordinate has to
change. It becomes f of x plus delta x and y. Now, how does f change if I change x a
little bit? Well, we have seen that it is given by the partial derivative f sub x. This is
approximately equal to f of x, y plus delta x times f sub x at the given point x, vy.

Hay gilt né trong trudng hdp cai ma ban nhdn dudc qud blra bdn. N6 thuc su biéu dién cling
mot thd. Hay th{ chi ra nhitng vector U va V nay. Vector U bat dau tai diém x, y, fcia x, y
va nd di téi - Trong khi d6, dau cla nd, vang, toi da di chuyén x mét lugng delta x. Vi vay,
x cdng delta x va y khéng thay d6i. Va, tat nhién, toa dd z phai thay d6i. N6 tré thanh f cla
x cdng delta x va y. Bay gid, f thay d6i nhu thé& ndo néu tdi thay d6i x mot chdt? Vang,
chlng ta d& thdy réng né la dao ham riéng f x. Cai nay gén bdng f clia x, y cdng delta x
nhan f x tai diém cho trudc x, y.

I am not going to add it because the notation is already long enough. That means
my vector U, well, approximately because I am using this linear approximation,
<delta x, 0, f sub x times delta x>. Is that OK with everyone? Good. Now, what
about V? Well, V works the same way so I am not going to do all the details. When I
move from here to here x doesn't change and y changes by delta y. X component
nothing happens. Y component changes by delta y. What about the z component?
Well, f changes by f sub y times delta y. That is how f changes if I increase y by

delta y.

T6i sé khong thém nd vao bai vi ki hiéu qua dai roi. Diéu dé cé nghia vector U cua toi,
vang, gan dung bdi vi téi dang dung phép gan dung tuyén tinh,<delta x, 0, f x nhan delta
X >. Moi ngugi déng y ch(r? T6t. Bay giG, con V thi sao? Vang, V tuong tu vi vay téi sé
khong lam tat ca cac chi tiét. Khi tdi di chuyén tir ddy dén day x khdng thay déi va y thay
d6i mét lugng delta y. Thanh phan x khdng cb gi xay ra. Thanh phén y thay ddi mét lugng
delta y. Thé& con thanh phan z thi sao? Vang, f thay d6i mét lugng 1a f y nhan delta y. Dé
Ia cach f thay ddi néu tdi tdng y mot lugng delta .



I have my two sides. Now I can take that cross-product. Well, maybe I will first
factor something out. See, I can rewrite this as one, zero, f sub x times delta x. And
this one I will rewrite as zero, one, f sub y delta y. And so now the cross-product, n hat
delta S up to sign is going to be U cross V. We will have to do the cross-product, and
we will have a delta x, delta y coming out. I am just saving myself the trouble of
writing a lot of delta x's and delta y's, but if you prefer you can just do directly this
cross-product.
Tdi c6 hai canh. Bay gid tdi c6 thé tinh tich vector. Vang, cé 1& dau tién tdi s& dem hé sd
nao do6 ra ngoai. Xem nao, tdi cé thé viét lai cai nay la mét, khdng, f x nhan delta x. Va toi
sé viét lai cai nay la khong, mét, f y delta y. Va vi vay bay gig tich vector, n mii delta S vdi
dau tuy thubc vao U nhan vector véi V. Chlng ta sé phai tinh tich vector, va ching ta sé
co delta x, delta y xuat hién. T6i sé khdéng viét nhiéu delta x va delta y, nhung néu ban
thich ban cé thé tinh truc tiép tich vector nay.

Let's compute this cross-product. Well, the i component is zero minus f sub x. The y
component is going to be, well, f sub y minus zero but with the minus sign in front of
everything, so negative f sub y. And the z component will be just one times delta x
delta y. Does that make sense? Yes. Very good. And so now we shrink this rectangle,
we shrink delta x and delta y to zero, that is how we get this formula for n dS equals
negative fx, negative fy, one, dxdy. Well, plus/minus because it is up to us to choose
whether we want to take the normal vector point up or down.

H&y tinh tich vector nay. Vang, thanh phan i bdng khong trir f x. Thanh phén y sé la, vang, f
y trir khong, nhung véi dau trir & phia trudc moi thir, vi vay trir f y. Va thanh phan z sé la
mot nhan delta x delta y. Bidu dé cé dé thay khong? Blng. R4t t6t. Va vi vdy bay gid ching
ta thu nho hinh ch{ nhat nay, chdng ta thu nhé delta x va delta y dén khong, dé la cach
chlng ta nhé&n dudc cdng thirc nay n dS bang trir fx, trir fy, mot, dxdy. Vang, céng / trir béi
vi chling ta phai c6 nhiém vu chon vector phap tuyén hudng Ién hay xudng.

See, if you take this convention then the z component of n dS is positive. That
corresponds to normal vector pointing up. If you take the opposite signs then the z
component will be negative. That means your normal vector points down. This one is
with n pointing up. I mean when I say up, of course it is still perpendicular to the
surface. If the surface really has a big slope then it is not really going to go all that
much up, but more up than down. OK. That is how we get the formula. Any
questions? No. OK. That is a really useful formula.

Thay khong, néu ban chon quy udc nay thi thanh phan z cdia n dS la duong. Tudng ng Vi
vector phap tuyén hudng Ién. Néu ban chon dau ngugc lai thi thanh phan z sé am. biéu dé
c6 nghia Ia vector phap tuyén clia ban hudng xudng. Day 1a n hudng 1én. Y tdi 1a khi toi
néi 1&n, tat nhién né van con vudng géc vEi bé mat. N&u bé mét thuc su cé do ddc I6n thi
thuc su ndé sé khoéng Ién nhiéu, nhung Ién nhiéu hgn xudng. Bugc réi. Do la cach ching ta
c6 dudc cong thirc. Cau hoi? Khéng. Budc roi. Bd la mot cong thirc thuc su hitu ich.



You don't really need to remember all the details of how we got it, but please
remember that formula. Let's do an example, actually. Let's say we want to find the
flux of the vector field z times k, so it is a vertical vector field, through the portion of
the paraboloid z equals x~2 y~2 that lives above the unit disk. What does that
mean? z = x~2 y~2. We have seen it many times. It is this parabola and is pointing
up. Above the unit disk means I don't care about this infinite surface. I will actually
stop when I hit a radius of one away from the z-axis. And so now I have my vector
field which is going to point overall up because, well, it is z times k. The more z is
positive, the more your vector field goes up.

Ban thuc su khéng can phai nhd tat ca cac chi tiét vé cach ching ta nhan d ugc né, nhung
h&y nhd céng thic dé. Hay lam mot vi du. Gia s rang ching ta mudn tim théng lugng
clia trudng vector z nhan k, vi vy né la mdt trudng vector thdng dling, qua phan cla
paraboloid z bdng x ~ 2 y ~ 2 nam trén hinh tron don vi. Diéu dé nghialagi?rz=x "2y
A 2. Chung ta da thdy nd nhiéu lan. N4 la parabol nay va dang hudng Ién. Bén trén hinh
tron dan vi c6 nghia la c6 nghia la t6i khdong quan tdm dén bé mat v6 han nay. Thuc su
toi sé dung lai khi td6i cham ban kinh clia cai cach xa truc z . Va vi vay bay gid toi cé
trudng vector cla téi sé hudng Ién hoan toan bdi vi, vang, né la z nhan k. z cang dudng,
trudng vector cua téi cang di lén.

Of course, if z were negative then it would point down, but it will live above. Actually,
a quick opinion poll. What do you think the flux should be? Should it be positive,

zero, negative or we don't know? I see some I don't know, I see some negative and I
see some positive. Of course, I didn't tell you which way I am orienting my

paraboloid. So far both answers are correct. The only one that is probably not correct
is zero because, no matter which way you choose to orient it you should get
something. It is not looking like it will be zero. Let's say that I am going to do it with
the normal pointing upwards.

T4t nhién, néu z am thi né s& hudng xuéng, nhung né s& nam & trén. L3y y ki€n nhanh.
Ban nghi théng lugng sé 1a gi? N6 1a duong, bang khdng, &m hodc ching ta khéng biét ? T6i
thay mot s6 ngudi chon phuong an ba, mot s6 chon &m va mot s6 chon dudng. Tat nhién,
toi sé khong cho ban biét toi sé dinh h udng paraboloid theo dudng nao. Cho dén bay gid ca
hai cau tra I8i déu ding. Nhung két qua bdng khéng s& khdng chinh xac bdi vi, ban chon
dudng nao dé dinh hudng né khéng quan trong ban sé nhan d udc cdi gi dé. C6 vé nhu
khéng thé bang khdng. Gia s rang tdi sé& thuc hién nd vdi vector phap tuyén h udng 1én.

Second chance. I see some people changing back and forth from one and two. Let's
draw a picture. Which one is pointing upwards? Well, let's look at the bottom point.
The normal vector pointing up, here we know what it means. It is this guy. If you
continue to follow your normal vector, see, they are actually pointing up and into the
paraboloid. And I claim that the answer should be positive because the vector field is
crossing our paraboliod going upwards, going from the outside out and below to the
inside and upside. So, in the direction that we are counting positively.

Co hdi th( hai. Téi thdy mot s6 ngudi thay d8i qua lai gitta mot va hai. Ching ta hdy vé
hinh. Cai nao hudng 1én? Vang, hdy xét diém day. Vector phap tuyén hudng Ién, & day
chlng ta biét y nghia ctia nd. N6 Ia thang nay. Né&u ban tiép tuc theo vector phap tuyén
cua ban, thay khong, ching thuc su hudng lén va di vao trong paraboloid. Va t6i cho
réng céu tra 18i sé 1a duong bdi vi trudng vector di qua paraboliod hudng |én, di tir bén
ngoai va bén dudi dén bén trong va bén trén. Vi vay, theo hudng ma ching ta dang tinh
duaong.

We will see how it turns out when we do the calculation. We have to compute the
integral for flux. Double integral over a surface of F dot n dS is going to be -- What
are we going to do? Well, F we said is <0, 0, z>. What is n dS. Well, let's use our
brand new formula. It says negative f sub x, negative f sub y, one, dxdy. What does
little f in here? It is x~2 y”~2. When we are using this formula, we need to know
what little x stands for.

Chung ta sé thay tai sao nhu vay khi ching ta thuc hién tinh todn. Ching ta phai tinh tich



phan cho thong lugng. Tich phan kép cua F dot n dS trén bé mat sé la - Ching ta sé lam
gi? Vang, F ma chung ta néi la <0, 0, z>. n dS la gi. Vang, ching ta hdy s dung céng
thirc m@i. N6 noi trir f x, trir f y, moét, dxdy. f nhd g day la gi? N6 lax ~ 2y ~ 2. Khi
ching ta dung cong thlc nay, ching ta can biét x nhé chi cai gi.

It is whatever the formula is for z as a function of x and y. We take x~2 y"~2 and we
take the partial derivatives with minus signs. We get negative 2x, negative 2y and
one, dxdy. Well, of course here it didn't really matter because we are going to dot
them with zero. Actually, even if we had made a mistake we somehow wouldn't have
had to pay the price. But still. We will end up with double integral on S of z dxdy.
Now, what do we do with that? Well, we have too many things. We have to get rid of
z. Let's use z equals x~2 y~2 once more.

N6 la bat cr ham z theo x, y nao. Chidng ta l1day x ~ 2 y ~ 2 va ching ta 1dy dao ham riéng
v@i cac dau trir. Ching ta nhan dudc trir 2x, trir 2y va mot, dxdy. Vang, tat nhién & day né
khong thuc su’ quan trong bdi vi ching ta sé nhan vé hudng ching véi khong. Thuc su,
né&u chuing ta bi sai chiing ta cling s& khong phai tra gid. Nhung van con. Ching ta s& két
thuc vdéi tich phan kép cua z dxdy trén S. Bay giG, ching ta lam gi véi cai d6? Vang, ching
ta c6 qua nhiéu thr. Ching ta phai khir z. Hay sr dung z bédng x ~ 2 y ~ 2 mét |an nira.

That becomes double integral of x~2 y~2 dxdy. And here, see, we are using the fact
that we are only looking at things that are on the surface. It is not like in a triple
integral. You could never do that because z, x and y are independent. Here they are
related by the equation of a surface. If I sound like I am ranting, but I know from
experience this is where one of the most sticky and tricky points is.

NoO trg thanh tich phan kép ctia x ~ 2 y ~ 2 dxdy. Va & day, thay khong, ching ta dang
dung su kién ching ta chi xét cac th(r trén bé mat. N6 khong giéng nhu tich phan ba 18p.
Ban khéng bao gid cd thé lam diéu dé bai vi z, x va y |a dbc 1ap. O day ching quan hé Vi
nhau qua phuong trinh bé mat. T6i cé cudng diéu khong, nhung téi biét tir kinh nghiém day
la ch6 hai khd.

OK. How will we actually integrate that? Well, now that we have just x and y, we

should figure out what is the range for x and y. Well, the range for x and y is going
to be the shadow of our region. It is going to be this unit disk. I can just do that for
now. And this is finally where I have left the world of surface integrals to go back to



a usual double integral. And now I have to set it up. Well, I can do it this way with
dxdy, but it looks like there is a smarter thing to do. I am going to use polar
coordinates. In fact, I am going to say this is double integral of r*2 times r dr d
theta. I am on the unit disk so r goes zero to one, theta goes zero to 2pi. And, if you
do the calculation, you will find that this is going to be pi over two.

Vang. Chung ta |ay tich phan cai dé nhu thé nao? Vang, bay giGd ching ta chicé x va y,
ching ta nén tim ra pham vi cda x va y. Vang, pham vi cho x va y sé la hinh chiéu cta
vung cla chiing ta. P4 1a hinh trdon don vi nay. Toi chi cd thé lam diéu dé bay gid. Va day
14 cudi cung & dé tdi rdi khoi thé gidi cua tich phadn mat dé quay lai tich phan kép b inh
thudng. Va bay gid toi phai thiét 1ap nd. Vang, tdi cb thé |am theo cach nay véi dxdy,
nhung hinh nhu cé cach thong minh haon. To6i sé sir dung hé toa d6 cuc. Trong thuc t€, toi
s€ ndi cdi nay la tich phan kép clia r ~ 2 nhan r dr d theta. T6i dang & trén hinh tron don vi
vi vay r di tr khong dén mot, theta di t&r khong dén 2pi. Va, néu ban thuc hién tinh toan,
ban sé& tim dugc cai nay bang pi trén hai.

Any questions about the example. Yes? How did I get this negative 2x and negative
2y? I want to use my formula for n dS. My surface is given by the graph of a
function. It is the graph of a function x~2 y~2. I will use this formula that is up here.
I will take the function x~2 y~2 and I will take its partial derivatives. If I take the
partial of f, so x~2 y”~2 with respect to x, I get 2x, so I put negative 2x. And then
the same thing, negative 2y, one, dxdy. Yes?

Co bat ki cau hoi nao vé cac vi du. Xin mgi? Lam sao t6i nhan dudc trir 2x va trir 2y
nay? T6i mudn s dung cong thic cua téi cho n dS. Bé mat cta t6i dudc cho bai do thi
cua moét ham. N6 la d6 thi cia ham x ~ 2 y ~ 2. T6i sé sir dung cOng thic trén
day.To6i sé 1ay ham x ~ 2 y ~ 2 va toi sé 1dy dao ham riéng cua nd. Néu téi 1ay dao
ham riéng cta f, vi vay x ~ 2 y ~ 2 theo x, t6i dugc 2x, vi vay toi dat trir 2x. Va sau
do tuong tu, trir 2y, mot, dxdy. Xin mgi?

Which k hat? Oh, you mean the vector field. It is a different part of the story.
Whenever you do a surface integral for flux you have two parts of the story. One is
the vector field whose flux you are taking. The other one is the surface for which you
will be taking flux. The vector field only comes as this f in the notation, and

everything else, the bounds in the double integral and the n dS, all come from the
surface that we are looking at. Basically, in all of this calculation, this is coming from

f equals zk. Everything else comes from the information paraboloid z = x~2 y~2
above the unit disk.

k m{ nao? Oh, ban mudn ndi trudng vector. N6 la mot phan khac clia cdu chuyén. Bat cir
khi nao ban tinh tich phan mat cho théng Iugng ban cé hai phan ctua cau chuyén. Mét la
trudng vector ban dang xét la gi. Hai la bé mat ma trudng vector di qua. Trudng vector la f
nay theo quy udc, va moi th& khac, cac can trong tich phan kép va n dS, tat ca dén tu bé
mat ma chdng ta dang xét. V& co ban, trong tét ca tinh todn nay, cdi nay dén ti f bang zk.
Moi thir khac dén tu thong tin paraboloid z = x ~ 2 y ~ 2 trén hinh tron don vi.

In particular, if we wanted to now find the flux of any other vector field for the same
paraboloid, well, all we would have to do is just replace this guy by whatever the
new vector field is. We have learned how to set up flux integrals for this paraboloid.
Not that you should remember this one by heart. I mean there are many paraboloids
in life and other surfaces, too. It is better to remember the general method. Any
other questions? No. OK. Let's see more ways of taking flux integrals. But, just to
reassure you, at this point we have seen the most important ones. 90% of the
problems that we will be looking at we can do with what we have seen so far in less
time and this formula.

Pac biét, néu bay gid chudng ta mudn tim thong lugng clda bat ky trudng vector cho cling
mot paraboloid nay, vang, tat ca nhiing gi chdng ta phai lam la chi can thay thang nay
bang trudng vector mGi nao dé. Ching ta da biét cach thiét 1ap tich phén thdng |ugng cho
paraboloid nay. Chu y r&ng ban nén thudc Idng cai nay. Y tdi 1a cé nhiédu paraboloid trong
cudc séng va cac mat khac nira. T6t hdn la nhé nhithg phucng phap chung. Cau hoi?
Khdng. OK. Chlng ta hdy xét thém nhiing cach tinh tich phan thdng Iugng. Nhung, dé



trdn an ban, vao thdi di€m nay ching ta da thdy nhitng cai quan trong nhit. Ching ta cé
thé 1am 90% bai tdp dua vao nhitng gi ching ta da hoc & trén va céng thic nay.

Let's look a little bit at a more general situation. Let's say that my surface is so
complicated that I cannot actually express z as a function of x and y, but let's say

that I know how to parametize it. I have a parametric equation for my surface. That
means I can express X, y and z in terms of any two parameter variables that might

be relevant for me. If you want, this one here is a special case where you can
parameterize things in terms of x and y as your two variables. How would you do it

in the fully general case? In a way, that will answer your question that, I think one of
you, I forgot, asked yesterday how would I do it in general? Is there a formula like M
dx plus N dy? Well, that is going to be the general formula. And you will see that it is
a little bit too complicated, so the really useful ones are actually the special ones.

Hay xét mot chit vé trudng hop téng quat hon. Gia s réng bé mat cua tdi qua phuc tap
dé&n ndi toi khdng thé biéu dién z nhu ham cla x va y, nhung gia st réng téi biét cach
tham s& hoda nd. Toi cd phuadng trinh tham s6 cho bé mat cua téi. Diéu do co6 nghia la toi cd
thé biéu dién X, y va z theo bt ki hai bién tham s& nao thich hgp. Néu ban mudn, cai nay
& day |a trudng hop dac biét khi ban cd thé tham s6 hda moi thir theo x v a y nhu hai bién
cla ban. Ban s& lam nd nhu thé& nao trong trudng hop téng quat? Dé sé |a ciu tra 18i cho
cau hoi ma, tdi nghi rdang mot trong cac ban, a quén, hdi ngay hém qua téi lam né nhu thé
nao trong trudng hop téng quat? C6 cdng thic nao nhu kiéu M dx cdng N dy khéng? Vang,
dé sé la cdng thic tdng quat. Va ban sé& thdy réang nd qua phuc tap, do d6 nhitng th(r thuc
su hitu dung la nhitng cai dac biét.

Let's say that we are given a parametric description -- -- of a surface S. That means we
can describe S by formulas saying x is some function of two parameter variables.
I am going to call them u and v. I hope you don't mind. You can call them t1 and t2.
You can call them whatever you want. One of the basic properties of a surface is
because I have only two independent directions to move on. I should be able to
express X, y and z in terms of two variables. Now, let's say that I know how to do
that. Or, maybe I should instead think of it in terms of a position vector if it helps
you. That is just a vector with components <X, y, z> is given as a function of u and
V.
Gia sUr réng ching ta dugc cho mét su mo ta tham s6 - - clia b& mat S. DPiéu ddé cb nghia la
ching ta c6 thé md ta S bdng cac cdng thic chdng han nhu x 1a mdt s6 ham nao d6 cla hai
bién tham s6.Tdi s& goi ching la u va v. Téi hy vong ban khéng phién. Ban cé thé goi chiing
Ia t1 va t2. Ban c6 thé goi chling b4t cr tén gi ban mudn. M6t trong nhitng tinh chit cd ban
ctia bé mét 13 bai vi t6i chi c6 hai hudng ddc 1ap dé di chuyén. Toi c6 thé biéu dién x, y va z
theo hai bién. Bay gid, gia su rang toi bi€t cach lam diéu dd. Hodc, thay vi vay cé |& t6i nghi
né theo mot vector vi tri néu nd gitip ban dé hiéu. P chi 1a mot vector véi cac thanh phan
<X, Yy, z> dudc cho nhu ham cua u va v.



It works like a parametric curve but with two parameters. Now, how would we
actually set up a flux integral on such a surface. Well, because we are locating
ourselves in terms of u and v, we will end up with an integral du dv. We need to
figure out how to express n dS in terms of du and dv. N dS should be something du
dv. How do we do that? Well, we can use the same method that we have actually
used over here. Because, if you think for a second, here we used, of course, a
rectangle in the x, y plane and we lifted it to a parallelogram and so on. But more
generally you can think what happens if I change u by delta u keeping v constant or
the other way around?

N6 giéng nhu moét dudng cong tham s6 nhung véi hai tham s6. Bay gid, ching ta sé thiét
lap tich phan thong lugng trén mot bé mat nhu thé nhu thé nao. Vang, bdi vi ching ta tu
dinh vi minh theo u va v, cuGi cung ching ta sé nhan dugc mot tich phan du dv. Ching ta
can tim ra cach biéu dién n dS theo du va dv. N dS sé& I3 cdi gi dé du dv. Ching ta lam
diéu dé nhu thé nao? Vang, ching ta cé thé sir dung cung mot phudng phdp ma ching ta
da dung trén day. Bdi vi, néu ban suy nghi mot chut, & day ching ta da sir dung, tat
nhién, mot hinh chf nhat trong mat phang x, y va ching ta dung né thanh hinh binh hanh
va v.v.... Nhung néi chung ban cé thé& nghi vé nhitng gi xay ra néu tdi thay u bang delta u
gilt v khdng déi hodc cach khac?

You will get some sort of mesh grid on your surface and you will look at a little
parallelogram that is an elementary piece of that mesh and figure out what is its
area and normal vector. Well, that will again be given by the cross-product of the
two sides. Let's think a little bit about what happens when I move a little bit on my
surface. I am taking this grid on my surface given by the u and v directions.

Ban sé nhan dudc mot loai lugi dan nao dd trén bé mat cda ban va ban sé xét mot hinh
binh hanh nho la mét manh co ban cta Iudgi dé va tim ra dién tich va vector phap tuyén
cua nd la gi. Vang, no lai sé la tich vector cia hai canh. Hay suy nghi mét chut vé nhitng
gi xay ra khi tdi di chuyén mot chit trén bé mat cla téi. T6i dang chon Iudi nay trén bé
mat cua t6i dugc cho bdi cac hudng u va v.

And, if I take a piece of that corresponding to small changes delta u and delta v,
what is going to be going on here? Well, I have to deal with two vectors, one
corresponding to changing u, the other one corresponding to changing v. If I change
u, how does my point change? Well, it is given by the derivative of this with respect
to u. This vector here I will call, so the sides are given by, let me say, partial r over
partial u times delta u. If you prefer, maybe I should write it as partial x over partial
u times delta u. Well, it is just too boring to write.

Va, néu tdi chon mdt manh cla nd tuong (ng vdi su thay d6i nho delta u delta v, diéu gi
s& xay ra & day? Vang, tdi phai xét hai vectd, mot tuong ’ng vdi su thay déi u, cai kia
tudng ng vdi su thay ddi v. Néu tdi thay d6i u, diém cla tdi thay ddi nhu thé ndo? Vang,
né la dao ham cua cdi nay theo u. Vector nay & day toi s& goi, vang cac canh la, dé xem,
dao ham riéng cua r theo u nhan delta u. Néu thich, tdi cé thé viét n6 1a dao ham riéng
cua x theo u nhan delta u. Vang, viét vay hgi nham chan.

And so on. It means if I change u a little bit, keeping v constant, then how x changes
is, given by partial x over partial u times delta u, same thing with y, same thing with
z, and I am just using vector notation to do it this way. That is the analog of when I
said delta r for line integrals along a curve, vector delta r is the velocity vector dr dt
times delta t. Now, if I look at the other side -

Va v.v.... Cé nghia la néu t6i thay ddi u mot chut, gitr v khéng déi, thi su thay ddi cla x,
chinh la dao ham riéng cla x theo u nhan delta u, tuong tu véi y, tuong tu véi z, va toi
chi st dung ky hiéu vector dé€ lam diéu né theo cadch nay. Diéu dé gidng nhu khi tdi noi
delta r cho tich phan dudng doc theo dudng cong, vector delta r la vector van toc dr dt
nhan delta t. Bay gig, n€u toi xét canh con lai -

Let me start again. I ran out of space. One side is partial r over partial u times delta
u. And the other one would be partial r over partial v times delta v. Because that is
how the position of your point changes if you just change u or v and not the other



one. To find the surface element together with a normal vector, I would just take the
cross-product between these guys. If you prefer, that is the cross-product of partial r
over partial u with partial r over partial v, delta u delta v. And so n dS is this cross-
product times du dv up to sign.

Hay dé toi bat dau lai. Téi chay ra khoi khdong gian. Mét canh |a dao ham riéng cuda r theo u
nhan delta u. Va canh kia s€ la dao ham riéng cla r theo v nhan delta v. Bd&i vi dé la cach
thay déi vi tri ca diém cla ban néu ban chi thay d&i u hodc v v a ch khéng phai céi con lai.
D& tim yéu t6 bé mat cung vdi vector phap tuyén, tdi sé 1dy tich vector clia nhitng thang
nay. Néu ban thich, dé la tich vector ciia dao ham riéng cla r theo u véi dao ham riéng cua
r theo v, delta u delta v. Va nhu vay n dS la tich vector nay nhan du dv cung véi dau.

It depends on which choice I make for my normal vector, of course. That, of course,
is a slightly confusing equation to think of. A good exercise, if you want to really
understand what is going on, try this in two good examples to look at. One good
example to look at is the previous one. What is it? It is when u and v are just x and

y. The parametric equations are just x equals X, y equals y and z is f of X, y. You
should end up with the same formula that we had over there. And you should see

why because both of them are given by a cross-product. The other case you can look
at just to convince yourselves even further. We don't need to do that because we
have seen the formula before, but in the case of a sphere we have seen the formula
for n and for dS separately.

Tat nhién, nd phu thudc vao téi chon cai nao cho vector phap tuyén cta toi. biéu do, tat
nhién, 1a mét phuong trinh haoi khé hi€u. Mot bai tap tdt, néu ban mudn thuc su hiéu
nhirng gi dang xay ra, hady thu diéu nay trong hai vi du. M6t vi du la cai trude. N6 la gi? Bé
la khi u va v chi la x va y. Cac phudng trinh tham sé chi la x bang x, y bang y va z bang f
cua x, y. Ban sé dugc cung mot cong thirc ma chiing ta da co trén kia. Va ban sé thay tai
sao ca hai déu dugc cho bdi mot tich vector. Cac trudng hop khac ban cé thé xét dé tu
thuyét phuc ban thém nira. Ching ta khéng can phai lam diéu doé bgi vi ching ta da thay
cong thuc tir trudc, nhung trong trudng hgp clia hinh cau chidng ta da gap cong thidc cho n
va cho dS riéng biét.

We know what n dS are in terms of d phi, d theta. Well, you could parametize a
sphere in terms of phi and theta. Namely, the formulas would be x equals a sine phi
cosine theta, y equals a sign phi sine theta, z equals a cosine phi. The formulas for
circle coordinates setting Ro equals a . That is a parametric equation for the sphere.



And then, if you try to use this formula here, you should end up with the same things
we have already seen for n dS, just with a lot more pain to actually get there
because cross-product is going to be a bit complicated. But we are seeing all of these
formulas all fitting together. Somehow it is always the same question. We just have
different angles of attack on this general problem. Questions?

Chulng ta biét nhitng ndS la gi theo d phi, d theta. Vang, ban c6 thé tham s héa hinh ciu
theo phi va theta. Cu thé, céng thiic s& la x bang a sin phi cos theta, y bng a sin phi sin
theta, z bang a cosin phi. Cong thiic cho cac toa dé tron thiét 1ap Ro bang a. Do 1a phuadng
trinh tham sG6 cho hinh cau. Va sau dd, néu ban thr dung céng thlc nay & day, ban sé
dugc diéu tuong tu nhu ching ta da th8y cho n dS, chi la hoi khé khdn hon d& nhan dugc
diéu do bdi vi tich vector hoi phiic tap. Nhung chliing ta sé thady tat cad nhitng cong thic
nay phu hgp vdi nhau. B&ng cach nao dé né ludn luén la cing mét cdu hoi. Chi 1a nhitng
cach tiép can khac nhau déi véi bai todn téng quat nay. Cac cau hoi?

No. OK. Let's look at yet another last way of finding n dS. And then I promise we will
switch to something else because I can feel that you are getting a bit overwhelmed
for all these formulas for n dS. What happens very often is we don't actually know
how to parametize our surface. Maybe we don't know how to solve for z as a function
of x and y, but our surface is given by some equation. And so what that means is
actually maybe what we know is not really these kinds of formulas, but maybe we
know a normal vector.

Khéng. Bugc roi. VAn con mot cach cudi cling dé tim n dS. Va sau dé toi hira ching ta
s& chuyén sang chu dé khac bdi vi téi cam thdy réng dau cadc ban dang day &p véi
nhirng cong thidc cho n dS. Nhitng gi xay ra rat thudng xuyén la ching ta khong thuc
su biét cach tham sé hda bé mat. Co 1€ chiing ta khdng biét cach giai z nhu ham cua

X va y, nhung bé mat cta ching ta dugc cho bdi phudng trinh nao dé. Va vi vay diéu
dd c6 nghia la nhitng gi ching ta biét khéng thuc su la nhitng loai cong thirc nay, ma
co & chling ta biét mot vector phap tuyén.

And I am going to call this one capital N because I don't even need it to be a unit
vector. You will see. It can be a normal vector of any length you want to the

surfaces. Why would we ever know a normal vector? Well, for example, if our surface
is a plane, a slanted plane given by some equation, ax by cz = d. Well, you know the
normal vector. It is <a, b, c>. Of course, you could solve for z and then go back to
that case, which is why I said that one is very useful. But you can also just stay with

a normal vector. Why else would you know a normal vector? Well, let's say that you
know an equation that is of a form g of X, y, z equals zero. Well, then you know that
the gradient of g is perpendicular to the level surface. Let me just give you two
examples.

Va t6i sé goi cai nay la N I8n bdi vi téi tham chi khéng can né phai la mot vectd don vi. Ban
s& thdy. N6 cb thé |a mot vector phap tuyén dd dai bat ki ma ban mudn ctia bé mat. Tai
sao ching ta tirng bi€t mot vector phap tuyén? Vang, vi du, néu bé mat cltia ching ta
phdng, mét mat phang nghiéng dudgc cho bdi phuang trinh nao d6, ax by cz = d. Vang, ban
biét vector phap tuyén. D4 1a <a, b, c>. T4t nhién, ban cé thé giai tim z va sau dé trd lai
trudng hgp do, dé 1a ly do tai sao tdi cho réng cai d6 rat hitu dung. Nhung ban cling cé thé
con lai mot vector phap tuyén. Tai sao ban bi€t mot vector phap tuyén khac? Véng, gia sur
réng ban biét mot phuong trinh cé dang g cua X, y, z bdng khdng. Vang, thé thi ban biét
réng gradient clia g vudng gdc v8i bé mat ddng muirc. Hay dé tdi cho ban hai vi du.

If you have a plane, ax by cz = d, then the normal vector would just be <a, b, c>. If
you have a surface S given by an equation, g(x, y, z) = 0, then you can take a
normal vector to be the gradient of g. We have seen that the gradient is
perpendicular to the level surface. Now, of course, we don't necessarily have to
follow what is going to come. Because, if we could solve for z, then we might be
better off doing what we did over there. But let's say that we want to do it this. What
can we do? Well, I am going to give you another way to think geometrically about n
ds.



Né&u ban c6 mdt mat phang, ax by cz = d, thi vector phdp tuyén sé 1a <a, b, c>. Néu ban
cé mot bé& mdt S dudc cho bdi phuadng trinh, g (X, y, z) = 0, thi ban cé thé chon vector
phap tuyén la gradient clua g. Chlng ta da thdy rang gradient vudng gdc v3i bé mat déng
muc. Bay gig, tat nhién, ching ta khong nhat thiét phai theo d&i nhirng gi sé dén. Bdi vi,
néu chlng ta cé thé giai tim z, thi t6t hon 1a 1am nhiing gi & day. Nhung gia s réng ching
ta mudén Iam nd nhu thé nay. Ching ta c6 thé lam gi? Vang, t6i sé& chi cho ban mot cach
dé xét n dS bang phuong phap hinh hoc.

Let's start by thinking about the slanted plane. Let's say that my surface is just a
slanted plane. My normal vector would be maybe somewhere here. And let's say that
I am going to try -- I need to get some handle on how to set up my integrals, so
maybe I am going to express things in terms of x and y. I have my coordinates, and
I will try to use x and y. Then I would like to relate delta S or dS to the area in the x
y plane. That means I want maybe to look at the projection of this guy onto a
horizontal plane.

Hay b&t dau bang suy nghi vé mat phang nghiéng. Gia s rdng bé mat cla téi chi la
mot mat phadng nghiéng. Vector phdp tuyén cua tbi s& & ddu dé quanh day. Va gia

st rang toi sé& th( - téi can phai nhan dugc mot s6 cach xir ly vé cach thiét 1ap cac

tich phan cla tbi, nhu vay cé 18 toi s& biéu dién cac thir theo x va y. Toi ¢ cac toa

do cua toi, va toi sé thir dung x va y. Sau dé, t6i mudn thi€t 1ap méi quan hé gilta

delta S hodc dS vdéi dién tich trong mat phang xy. Diéu dé c6 nghia 1a t6i muén xét

hinh chiéu clta thang nay trén mat phang ngang.

Let's squish it horizontally. Then you have here another area. The guy on the slanted
plane, let's call that delta S. And let's call this guy down here delta A. And delta A
would become ultimately maybe delta x, delta y or something like that. The question
is how do we find the conversion rate between these two areas? I mean they are not
the same. Visually, I hope it is clear to you that if my plane is actually horizontal

then, of course, they are the same. But the more slanted it becomes the more delta

A becomes smaller than delta S. If you buy land and it is on the side of a cliff, well,
whether you look at it on a map or whether you look at it on the actual cliff, the area
is going to be very different.

Hay bdc vo nd theo phudng ngang. Thé thi & day ban cé dién tich khac. Thédng ndm trén
mat phang nghiéng, hdy goi dd |a delta S. Va ching ta hdy goi thang nay dudi day la delta
A. Va cudi cung co |é delta A sé trg thanh delta x, delta y hay cai gi tugng tu thé. Van dé
d3t ra 1a ching ta tim ti 1& chuyé&n ddi gilta hai dién tich nay nhu thé& ndo? Y téi 1a ching
khdng gidng nhau. Tdi hy vong moi thr d3 rd d6i vSi ban rdng néu mét phang cla tdi nam
ngang thi, tat nhién, ching giéng nhau. Nhung né ngay cang nghiéng hadn thi delta A ngay
cang nhé han delta S. Néu ban mua dat va né ¢ mot vach da, vang, tuy thudc vao ban
nhin no trén ban do hodc nhin nd trén vach da, dién tich sé rat khac nhau.



I am not sure if that is a wise thing to do if you want to build a house there, but I bet
you can get really cheap land. Anyway, delta S versus delta A depends on how
slanted things are. And let's try to make that more precise by looking at the angel
that our plane makes with the horizontal direction. Let's call this angle alpha, the
angle that our plane makes with the horizontal direction. See, it is all coming
together. The first unit about cross-products, normal vectors and so on is actually
useful now.

Viéc xay dung mot ng6i nha & do co phai la diéu khén ngoan khong, toi khdng dédm nai,
nhung tdi ddm chac ban s& mua dudc dat ré. Du sao di nifa, delta S so véi delta A phu
thudc vao cach cac thr nghiéng nhu thé nao. Va hay thdr lam cho diéu dé chinh xac han
béng céch xét gbc ma mat phdng cla ching ta tao véi hudng ngang. Hay goi day la gdc
alpha, géc gilta mat phang cua ching ta va hudng ngang. Xem nao, tat ca dén cung
nhau. Bai dau tién vé cac tich vector, vecto phap tuyén va v.v...bay giG thuc su co ich.

I claim that the surface element is related to the area in the plane by delta A equals
delta S times the cosine of alpha. Why is that? Well, let's look at this small rectangle
with one horizontal side and one slanted side. When you project this side does not
change, but this side gets shortened by a factor of cosine alpha. Whatever this

length was, this length here is that one times cosine alpha.

Tdi cho rang yéu t8 bé mat cd lién quan dén dién tich trong méat ph&ng qua delta A bang
delta S nhén cos alpha. Tai sao vdy? Vang, hdy xét hinh chi nhat nhdé v8i mét canh ndm
ngang va canh nghiéng. Khi ban chiéu canh nay khéng thay ddi, nhung canh nady ngan haon
mét hé sb cos alpha. B4t ké chiéu dai nay la gi, chiéu dai nay & day bang cai d6 nhan cos
alpha.

That is why the area gets shrunk by cosine alpha. In one direction nothing happens.

In the other direction you squish by cosine alpha. What that means is that, well, we
will have to deal with this. And, of course, the one we will care about actually is delta
S expressed in terms of delta A. But what are we going to do with this cosine? It is
not very convenient to have a cosine left in here. Remember, the angle between two
planes is the same thing as the angle between the normal vectors. If you want to see
this angle alpha elsewhere, what you can do is you can just take the vertical

direction. Let's take k. Then here we have our angle alpha again.

Do la ly do tai sao dién tich bi co lai mot lugng cos alpha. Theo mot hudng khéng cé gi xay
ra. Theo hudng khac ban bdc vd mot lugng ¢d sin alpha. Diéu nay cé nghia la, vang, ching
ta s& phai xét cai nay. Va, tat nhién, cai ma ching ta s& quan tam thuc sy la delta S dudc
biéu dién theo delta A. Nhung ching ta s& lam gi v&i cosin nay? Cosin con lai & day khéng
thuan Igi chdt ndo. H3y nhé rang, gdc gitra hai mat phang bang gdc gilra hai vector phap
tuyén. Néu ban muén thdy gdc alpha nay & nadi khac, nhitng gi ban cé thé 1am la ban chi
can chon hudng thang dirng. Ching ta hdy chon k.Thé& thi 6 ddy chung ta lai cé géc alpha
cua chung ta.

In particular, cosine of alpha, I can get, well, we know how to find the angle between
two vectors. If we have our normal vector N, we will do N dot k, and we will divide

by length N, length k. Well, length k is one. That is one easy guy. That is how we

find the angle. Now I am going to say, well, delta S is going to be one over cosine
alpha delta A. And I can rewrite that as length of N divided by N dot k times delta A.
Dac biét, co sin cua alpha, téi cé thé nhan d udc, vang, ching ta biét cach tim géc gira hai
vector. Néu chung ta c6 vector phap tuyén N, ching ta s& thuc hién N dot k, va ching ta
s& chia cho chiéu dai N, chiéu dai k. Vang, chiéu dai k bang mét. D6 la mot cai dé. Do la
cach chung ta tim gdc. Bay gid toi sé nodi, vang, delta S sé la moét trén cosin alpha delta A.
Va toi cb thé viét lai diéu dé nhu 1a chiéu dai ctia N chia cho N dot k nhan delta A.

Now, let's multiply that by the unit normal vector. Because what we are about is not
so much dS but actually n dS. N delta S will be, I am just going to multiply by N.
Well, let's think for a second. What happens if I take a unit normal N and I multiply it
by the length of my other normal big N? Well, I get big N again. This is a normal
vector of the same length as N, well, up to sign. The only thing I don't know is
whether this guy will be going in the same direction as big N or in the opposite



direction. Say that, for example, my capital N has, I don't know, length three for
example. Then the normal unit vector might be this guy, in which case indeed three
times little n will be big n.

Bay gid, hdy nhan cai d6 véi vector phap tuyén dan vi. Bdi vi nhitng gi chiing ta quan tdm
khong phai la dS ma la n dS. N delta S sé 1a, t6i chi can nhan vé&i N. Vang, chdng ta hay
suy nghi mot gidy. Diéu gi xay ra néu toi 18y mot vector dan vi phap tuyén N va t6i nhan
no vdi chiéu dai cla vector phap tuyén khac N I16n? Vang, t6i lai nhan dudc N I6n. Day la
vector phap tuyén cung chiéu dai nhu N, vang, cung vdéi dau. Biéu duy nhat toi khéng biét
1a liéu théng nay sé& cung hudng vdi N 16n hay ngude hudng. Gia st réng, N 18n co, toi
khéng biét, chiéu dai badng ba chdng han. Thé thi vector don vi phdp tuyén cé thé |a thang
nay, trong trudng hgp dé thuc su ba nhén n nho s& bang n I16n.

Or it might be this one in which case three times little n will be negative big N. But

up to sign it is N. And then I will have N over N dot k delta A. And so the final
formula, the one that we care about in case you don't really like my explanations of
how we get there, is that N dS is plus or minus N over N dot k dx dy. That one is
actually kind of useful so let's box it. Now, just in case you are wondering, of course,
if you didn't want to project to x, y, you would have maybe preferred to project to
say the plane of a blackboard, y, z, well, you can do the same thing. To express n dS
in terms of dy dz you do the same argument.

Hodc cé thé 1a cai nay trong trudng hdp ba nhadn n nhé sé bang trir N I8n. Nhung thém dé&u
no la N. Va sau dé toi sé cod N trén N dot k delta A. Va nhu vay céng thic cudi cung, cai
ma chung ta quan tam trong trudng hgp ban thuc su khong thich cach giai thich clia toi vé
cach dén dugc do, 1a N dS bang cdng hodc trir N trén N dot k dx dy. Cai d6 cd thé 1a cb ich
vi vay hdy déng khung nd. Bay gid, trong trudng hgp ban thac mac, tat nhién,néu ban
khdng muén chiéu 1én x, y, ban s& phai chiéu 1&n mé&t phdng bang den, vy, z, vang, ban cé
thé 1am tuong tu. D& biéu dién n dS theo dy dz ban Ii luan tuong tu.

Simply, the only thing that changes, instead of using the vertical vector k, you use
the normal vector i. So you would be doing N over N dot i dy dz. The same thing. So
just keep an open mind that this also works with other variables. Anyway, that is
how you can basically project the vectors of this area element onto the x, y plane in



a way. Let's look at the special case just to see how this fits with stuff we have seen
before.

Dan gian, th duy nhét thay ddi, thay vi sir dung vector thdng ding k, ban st dung vector
phap tuyén i. Vi vay, ban sé thuc hién N trén N dot i dy dz. Tudng tu. Vi vay, chi can nhé
rang diéu nay cling ding véi cac bi€n khac. DU sao di nifa, dé la cach ban chiéu céc vector
cla yéu td dién tich nay trén mat phdng x, y theo cach nao dé. Hay xét trudng hgp dac
biét chi d& xem diéu nay phu hdp vdi cdc th& ma ching ta d& th8y tU trudc nhu thé nao.

Let's do a special example where our surface is given by the equation z minus f of x,
y equals zero. That is a strange way to write the equation. z equals f of x, y. That we
saw before. But now it looks like some function of x, y, z equals zero. Let's try to use
this new method. Let's call this guy g(x, y, z). Well, now let's look at the normal
vector. The normal vector would be the gradient of g, you see. What is the gradient
of this function? The gradient of g -

Hay xét mot vi du ddc biét trong d6 bé mat d udgc cho bdi phuong trinh z bang trir f clia x,y
bang khong. Pé la mot cach ky la dé viét phuang trinh. z béng f cla x, y. Piéu nay ching
ta d3 thdy ti trudc. Nhung bay gid ndé gidng nhu ham nao d6 cla x, y, z bang khéng. Hay
th& dung phudng phap mdi nay. Hay goi thdng nay 1a g (x, y, z). Vang, by gid ching ta
xét vector phap tuyén. Vector phap tuyén sé la gradient cla g, ban thdy khong. Gradient
cua ham nay la gi? Gradient cia g -

Well, partial g, partial x, that is just negative partial f, partial x. The y component,
partial g, partial y is going to be negative f sub y, and g sub z is just one. Now, if you
take N over N dot k dx dy, well, it looks like it is going to be negative f sub x,
negative f sub y, one divided by -- Well, what is N dot k? If you dot that with k you
will get just one, so I am not going to write it, dx dy. See, that is again our favorite
formula. This one is actually more general because you don't need to solve for z, but
if you cannot solve for z then it is the same as before.

Vang, dao ham riéng cla g theo x, d6 chi la trir dao ham riéng cla f theo x. Thanh phéan vy,
dao ham riéng clia g theo y s& la trir f y, va g z bdng mot. Bay gid, néu ban 18y N trén N
dot k dx dy, vang, c6 vé nhu nd la trir f x, trir f y, mot chia cho - Vang, N dot k 1a gi? Néu
ban dot cdi d6 véi k ban sé nhan dugc két qua la mot, vi vay toi sé khdéng viét nd, dx dy.
Th&y khdng, dd lai 1a cdng thic yéu thich cla t6i. Cai nay thuc su téng quat han bdi vi ban
can giai tim z, nhung néu ban khdng thé giai tim z thi n6 giéng nhu trudc.

I think that is enough formulas for n dS. After spending a lot of time telling you how
to compute surface integrals, now I am going to try to tell you how to avoid
computing them. And that is called the divergence theorem. And we will see the
proof and everything and applications on Tuesday, but I want to at least the theorem
and see how it works in one example. It is also known as the Gauss-Green theorem
or just the Gauss theorem, depending in who you talk to.

Toi nghi rdng d6 la céng thirc ddy du cho n dS. Sau khi s dung nhiéu thgi gian dé€ chi cho
ban cach tinh cac tich phan mat, bay gid téi lai chi cho ban cach tranh tinh ching. Va dé
dudc goi la dinh ly divergence. Va ching ta sé thdy cach chirng minh va moi thif va cac
'ng dung vao th( ba, nhung it nh&t tdi mudn phat biéu dinh Ii va xét né qua mot vi du. N6
con dudgc goi la dinh ly Gauss-Green hodc chi dinh ly Gauss, tuy thu6c vao ngudi ban noi
chuyén.

The Green here is the same Green as in Green's theorem, because somehow that is

a space version of Green's theorem. What does it say? It is 3D analog of Green for
flux. What it says is if S is a closed surface -- Remember, it is the same as with
Green's theorem, we need to have something that is completely enclosed. You have

a surface and there is somehow no gaps in it. There is no boundary to it. It is really
completely enclosing a region in space that I will call D.

Green ¢ day gidng nhu Green trong dinh ly Green, bgi vi dé la phién ban khong gian cua
dinh Ii Green. N&i dung cua nd la gi? D6 la dinh |i Green cho thong lugng trong trudng hgp
ba chiéu. N6i dung la néu S la b& méat khép kin - H3y nhd rdng, né gidng nhu véi dinh li
Green, ching ta can cé cai gi doé hoan toan khép kin. Ban cé bé mat va khong cé khe



trong né. N6 khong ¢ bién. N6 hoan toan déng kin mot vung trong khong gian ma t6i s &
goi la D.

And I need to choose my orientation. The orientation that will work for this theorem

is choosing the normal vector to point outwards. N needs to be outwards. That is one
part of the puzzle. The other part is a vector field. I need to have a vector field that

is defined and differentiable -- -- everywhere in D, so same instructions as usual.
Then I don't have actually to compute the flux integral. Double integral of f dot n dS
of a closed surface S.

Va t6i can phai chon su dinh hudng cua toi. Su dinh hudng ap dung cho dinh li nay la chon
vector phap tuyén hudng ra ngoai. N can hudng ra ngoai. D46 la moét phan cla cau dé.
Phan con lai la truGng vector. Toi can phai c6 mét trudng vectd xac dinh va kha vi - - &
kh&p moi ndi trong D, do do, cdc hudng dan tucng tu nhu binh thudng. Thé thi toi thuc su
khong can tinh tich phan thong lugng. Tich phan kép cua f dot n dS clia mot bé mat kin S.

I am going to put a circle just to remind you it is has got to be a closed surface. It is
just a notation to remind us closed surface. I can replace that by the triple integral of
a region inside of divergence of F dV. Now, I need to tell you what the divergence of
a 3D vector field is. Well, you will see that it is not much harder than in the 2D case.
What you do is just -- Say that your vector field has components P, Q and R. Then
you will take P sub x Q sub y R sub z. That is the definition. It is pretty easy to
remember. You take the x component partial respect to S plus partial respect to y
over y component plus partial respect to z of the z component.

Toi s& dat mot vong tron chi d€ nhac nhé ban né 1a mét bé mat kin. N6 chi 1a mét ky
hiéu d&€ nhdc nhd ching ta mot bé mat kin. Toi c6 thé thay thé cdi dé bang tich phan ba
I6p clla mot vung bén trong divergence cua F dV. Bay gid, t6i can phai cho ban biét
divergence cla trudng vector ba chiéu la gi. Vang, ban sé& thdy rdng n6 khdong khoé hon
nhiéu so véi trudng hgp hai chiéu. Nhitng gi ban 1am 1a chi cdn - gia st réng trudng
vector cua ban cé cac thanh phan P, Q va R. Thé thi toi sé Idy P x Q y R z. B4 la dinh
nghia. N6 kha dé& nhd. Ban 18y dao ham riéng thanh phan x theo S cdng dao ham riéng
theo y trén thanh phan y cdng dao ham riéng theo z cua thanh phan z.

For example, last time we saw that the flux of the vector field zk through a sphere of
radius a was four-thirds pi a cubed by computing the surface integral. Well, if we do
it more efficiently now by Green's theorem, we are going to use Green's theorem for
this sphere because we are doing the whole sphere. It is fine. It is a closed surface.
We couldn't do it for, say, the hemisphere or something like that. Well, for a



hemisphere we would need to add maybe the flat face of a bottom or something like
that.

Vi du, Ian trudce ching ta d& thdy rang théng lvgng cua trudng vector zk qua mot mat cau
ban kinh a bang bdn phén ba pi a m{ ba bang cach tinh tich phdn mat. Vang, néu ching ta
lam no hiéu qua han bay gid béng dinh ly Green, ching ta sé& st dung dinh ly Green cho
hinh cau nay bdi vi chdng ta dang lam toan b6 mat cau. T6t. N6 la mot bé mat kin. Ching
ta khdng thé lam diéu do cho, giad s, ban cau hodc mdt cai gi d6 nhu thé. Vang, déi véi
ban ciu ching ta cdn thém mot mat phdng bén dudi hodc thr gi do

Green's theorem says that our flux integral can actually be replaced by the triple
integral over the solid bowl! of radius a of the divergence of zk dV. But now what is
the divergence of this field? Well, you have zero, zero, z so you get zero plus zero
plus one. It looks like it will be one. If you do the triple integral of 1dV, you will get
just the volume -- -- of the region inside, which is four-thirds by a cubed. And so it
was no accident. In fact, before that we looked at also xi yj zk and we found three
times the volume.

Pinh ly Green néi réng tich phan thong lugng thuc su ¢ thé dugc thay bang tich phan ba
I6p cla divergence zk dV trén mot cai bat rén ban kinh a. Nhung bay gid divergence cua
trudng nay la gi? Vang, ban c6 khong, khéng, z vi vay ban nhan dugc khéng céng khéng
cdng mdt. Bang modt. NEu ban tinh tich phan ba 18p clia 1dV, ban s& nhan dudc thé tich -
- clia vlng bén trong, dé 1a bdn phan ba clia a mii ba. Va do d6, nd khdng ngdu nhién.
Trong thuc t&, trudc dé ching ta cling xét xi yj zk va ching ta tim dugc ba nhén thé tich.

That is because the divergence of that field was actually three. Very quickly, let me
just say what this means physically. Physically, see, this guy on the left is the total
amount of stuff that goes out of the region per unit time. I want to figure out how
much stuff comes out of there. What does the divergence mean? The divergence
means it measures how much the flow is expanding things. It measures how much, I
said that probably when we were trying to understand 2D divergence.

D6 la bdi vi divergence cua trudng doé thuc su bang ba. Rat nhanh, hdy dé téi ndi y nghia
vét Ii ciia cai nay. V& mat vét |i, xem nao, thang nay & phia trai 1a téng lugng vét chét di ra
ngoai vung trén mot don vi thai gian. T6i mudn tim ra c6 bao nhiéu vat chat di ra ngoai
do. Divergence c6 nghia la gi? Divergence do dong chdy ma rong cac th& bao nhiéu. N6 do
bao nhiéu, cé |é téi da ndi diéu do roi tir hdi chung ta hoc divergence hai chiéu.

It measures the amount of sources or sinks that you have inside your fluid. Now it
becomes commonsense. If you take a region of space, the total amount of water that
flows out of it is the total amount of sources that you have in there minus the sinks.

I mean, in spite of this commonsense explanation, we are going to see how to prove
this. And we will see how it works and what it says.

N6 do téng s6 lugng cdc ngudn hodc cac hdm ma ban cé bén trong chét 16ng. Bay gid
né s& trd thanh cdm gidc chung ching. Néu ban chon mét vung khéng gian, tdng lugng
nudc chay ra ngoai nd 1a tdng sd lugng cac ngudn ban cé trong ba phut cdc hdm.Y toi
la, mac cho gidi thich chung chung nay, chldng ta sé thdy cach ching minh cai nay. Va
chlng ta sé thay quy luat cia né va ndi dung cla né.



