MIT OpenCourseWare
http://ocw.mit.edu

18.02 Multivariable Calculus, Fall 2007

Please use the following citation format:

Denis Auroux. 18.02 Multivariable Calculus, Fall 2007. (Massachusetts
Institute of Technology: MIT OpenCourseWare). http://ocw.mit.edu
(accessed MM DD, YYYY). License: Creative Commons Attribution-
Noncommercial-Share Alike.

Note: Please use the actual date you accessed this material in your citation.

For more information about citing these materials or our Terms of Use, visit:
http://ocw.mit.edu/terms



http://ocw.mit.edu
http://ocw.mit.edu

MIT OpenCourseWare
http://ocw.mit.edu

18.02 Multivariable Calculus, Fall 2007
Transcript — Lecture 27

VF W WXy VLN

Trwong vecto trong khdng gian ba chiéu; tich phan mét va théng luvong
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html

-- new stuff to cover today. Just before I do that, I wanted to point out that there is
a new problem set. And, good news, it is not due for a couple of weeks. But it is kind
of long. It is not twice the length of usual ones, but it is a bit longer than usual. So
don't want until the last moment, please. Actually, you can do most of it before
Thanksgiving break. We are going to continue to look at stuff in space. We have
been working with triple integrals and seeing how to set them up in all sorts of
coordinate systems. And the next topic we will be looking at are vector fields in
space.

- H6m nay chiing ta chuyén sang chi dé& md@i. Trudc khi bat dau, tdi mudn thdng bdo
vlra c6 mot xap bai tap mdi. Va, tin tét, han nép khong phai la vai tuan. Ma kha lau.
Khong lau han hai Ian han ndp thong thudng, nhung han ndp dai han binh thudng

mot chdt. Vi vy, xin dirng chd dén 1Gc cudi méi lam. Thuc su, ban cé thé lam gan

nhu todn bd trudc ngdy I1€ ta dn. Chiing ta sé ti€p tuc xét cac dsi tugng trong khong
gian. Chung ta da khao sat tich phan ba I&p va cach tinh chdng trong moi hé toa do.

Va chu dé tiép theo ching ta sé xét la cac trudng vector trong khéng gian.

And so, in particular, we will be learning about flux and work. So, just for a change,
we will be starting with flux first. And we will do work, actually, after Thanksgiving.
Just to remind you, a vector field in space is just the same thing as in the plane. At
every point you have a vector, and the components of this vector depend on the
coordinates x, y and z. Let's say the components might be P, Q, R, or your favorite
three letters, where each of these things is a function of coordinates x, vy, z.

Va nhu vay, dac biét, ching ta s& hoc vé théng lugng va céng. Vi vay, dé thay d6i mot
chdt, ching ta sé bat dau vai thong lugng trude. Va chlng ta s& hoc cong, sau ngay 1€ ta
on. Nhé rdng, mét trudng vecto trong khdng gian cling giéng nhu trong mat phang. Tai
mdi diém ban cé mot vector, va cac thanh phan cla vector nay phu thudc vao toa dd x, y
va z. Gid sir réng cac thanh phan cé thé 1a P, Q, R, hodc ba chif cdi yéu thich nao d6 cla
ban, trong d6 mdi thanh phan lai 1a ham cua x, vy, z.

You have seen that in the plane it is already pretty hard to draw a vector field.
Usually, in space, we won't really try too hard. But it is still useful to try to have a
general idea for what the vectors in there are doing, whether they are all going in

the same direction, whether they may be all vertical or horizontal, pointing away

from the origin, towards it, things like that. But, generally-speaking, we won't really
bother with trying to draw a picture because that is going to be quite hard. Just to
give you examples, well, the same kinds of examples as the plane, you can think of
force fields. For example, the gravitational attraction -

Ban d& th&dy réng trong mat phdng vé& mét trudng vector da 1a kho rdi. Thdng thudng,
trong khdng gian, chiing ta s& khdng v& né. Nhung van rat hitu ich dé c6 mét y tudng
chung vé cac vector trong khong gian, ching sé di theo c Ung hudng, hay tat ca di theo
phudng th&ng dirng hodc ngang, hudng ra xa géc toa dd, hudng dén né, cac thr gidng nhu
thé. Tuy nhién, ndi chung, ching ta sé khong thuc su ban tdm dén viéc vé hinh bdi vi viéc
db kha kho. Vi du nhu, vang, cac loai vi du tuong tu nhu mat phdng, ban cé thé nghi vé
cac trudng luc. Vi du, stc hut hap dan -
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-- of a solid mass, let's call this mass big M, at the origin on a mass M at point x, vy,
z. That would be given by a vector field that points toward the origin and whose
magnitude is inversely proportional to the square of a distance from the origin. Such
a field would be directed towards the origin and its magnitude would be of the order
of a constant over pho squared where pho is the distance from the origin.

- cia mbt vat ran c6 khéi lugng, hdy goi khéi lugng nay la M 18n, tai gbc toa db vdi khdi
lugng M tai diém x, y,z. Né sé& dudc cho bdi mét trudng vects hudng vé gbc toa do va dod
I&n cla no ti 1é nghich véi binh phudng khoang cach tir géc toa dé. M6t trudng nhu thé sé
hudng vé gdc toa dd va do I8n cla nd vao cd hang sb trén pho binh & day pho la khoang
cach tir goc toa do.

The picture, if I really wanted to draw a picture, would be everywhere it is a field

that points towards the origin. And if I am further away then it gets smaller. And, of
course, I am not going to try to draw all these vectors in there. If I wanted to give a
formula for that -- A formula for that might be something of a form minus c times x,
y, z over pho cubed. Let's see. Well, the direction of this vector, this vector is
proportional to negative x, y, z. < X, y, z> is the vector that goes from the origin to
your point.

Hinh v&, néu tdi thuc su’ mudn vé& hinh, & khdp moi ndi né 1a mdt trudng hudng vé gbc toa
do. Va néu toi di cang xa han thi né tréd nén nhdé han. Va, tat nhién, téi sé khong co vé tat
ca cac vector nay & do. Néu toi mubén dua ra mot cong thidc cho cai dé - cong thirc cho nd
c6 thé 1a cdi gi dé c6 dang c nhan x, y, z trén pho mi ba. Xem nao. Vang, hudng cua
vector nay, vector nay ty 1é véi trir x, y, z. <x, y, z> la vector ma di tu géc toa d6 dén
diém cua ban.

The negative goes towards the origin. Then the magnitude of this guy, well, the
magnitude of x, y, z is just the distance from the origin rho. So the magnitude of this
thing is one over rho cubed times some constant factor. That would be an example
of a vector field that comes up in physics. Well, other examples would be electric
fields. Actually, if you look at the electric field generated by a charged particle at the
origin, it is given by exactly the same kind of formula, and there are magnetic fields

Trir hudng vé gbc toa d6. Thé thi dd 16n chia thdng nay, vang, dd I6n cla x, y, z 1a khoang
céch tir g6c toa dd rho. Vi vdy dd 16n chia cdi nay la mot trén rho m{ ba nhan hé s8 hang sé
nao dé. Bo sé la mot vi du cla mot trudng vector xudt hién trong vét ly. Vang, vi du khac
sé la trudng dién. Trén thuc té, néu ban xét trudng dién dudc tao ra bdi mot dién tich dugc
dat tai gbc toa do, n6 dudc cho bdi cung mot loai cong thirc, va cé cac trudng tir



and so on. Another example comes from velocity fields. If you have a fluid flow, for
example, if you want to study wind patterns in the atmosphere.

va v.v... Mot vi du khac la trudng van téc. Néu ban cé mét dong chat long, vi du, néu ban
mudn nghién cu bién dang gié trong khi quyén.

Well, wind, most of the time, is kind of horizontal, but maybe it depends on the
altitude. At high altitude you have jet streams, and the wind velocity is not the same
at all altitudes. And, just to give you more examples, in math we have seen that the
gradient of a function of three variables gives you a vector field. If you have a
function u of x, y, z then its gradient field has just components, u sub x, u sub y and
u sub z. And, of course, the cases are not mutually exclusive. For example, the
electric field or gravitational field is given by the gradient of the gravitational or
electric potential. So, these are not like different cases. There is overlap.

Véng, gid, hdu nhu moi ldc, 1a loai ndm ngang, nhung c6 18 né phu thudc vao dd
cao. Tai d0 cao, ban cd cac dong khi, va van t6c gié khong gidng nhau & tat ca cac

dd cao. Va, dé& cho ban thém vi du, trong todn hoc ching ta d& thdy rdng gradient

ciia m6t ham ba bién cho ban moét trudng vector. Néu ban cé mét ham u x, y, z thi
trudng gradient cia né cé cac thanh phan, u x, u y va u z. Va, tat nhién, cac
trudng hdp khdng loai trir 1&n nhau. Vi du, dién tr udng hodc trudng hdp dan dugc

cho bdi gradient cla thé& hap dan hodc tinh dién. Vang, nhing cdi nay khéng giéng

cac trudng hgp khac. Ching xen phu.

Anyway, hopefully, you are kind of convinced that you should learn about vector
fields. What are we going to do with them? Well, let's start with flux. Remember not
so long ago we looked at flux of a two-dimensional field of a curve. We had a curve
in the plane and we had a vector field. And we looked at the component of a vector
field in the direction that was normal to the curve. We formed the flux integral that
was a line integral F dot n ds.

DU sao di nira, hy vong, ban d3 bat ddu nhén ra rdng ban nén hoc cac trudng vector.
Chung ta sé& lam gi véi ching? Vang, ching ta hdy bat dau véi thong lugng. H3y nhd
réng khéng giéng nhu trudc ching ta xét thdong lugng cla trudng hai chiéu cia mot
dudng cong. Ching ta c6 mdt dudng cong trong mat phang va ching ta c6 mét trudng
vectd. Va ching ta da xét cac thanh phan ctia mot trudng vector theo huéng vudng géc
v@i dudng cong. Chung ta da thanh lap thong lugng chinh la tich phan dudng F dot n ds
(dot : nhan vo huéng) .

And that measured how much the vector field was going across the curve. If you
were thinking of a velocity field, that would measure how much fluid is passing
through the curve in unit time. Now let's say that we were in space. Well, we cannot
really think of flux as a line integral. Because, if you have a curve in space and say
that you have wind or something like that, you cannot really ask how much air is
flowing through the curve.

Va né do trudng vector sé di qua dudng cong nhiéu bao nhiéu. Néu ban dang nghi dén
mot trudng van téc, nd sé do chat long di qua dudng cong trong mot dan vi thagi gian
nhiéu bao nhiéu. Bay gid gia s réng chidng ta & trong khong gian. Vang, ching ta khdng
thé xem thdng lugng nhu tich phan dudng. Bédi vi, néu ban cé mdt dudng cong trong
khdng gian va gia s rang ban cé gié hay th gi dé tuong tu, ban khdng thé hoi cé bao
nhiéu gi6 thGi qua dudng cong.

See, to have a flow through something you need a surface. If you have a net maybe
then you can ask how much stuff is passing through that surface. There is going to
be a big difference here. In the three-dimensional space, flux will be measured
through a surface. And so it will be a surface integral, not a line integral anymore.
That means we will be integrating, we will be summing over all the pieces of a
surface in space.

Xem nao, dé c6 dong chay qua cdi gi dé ban can c6 mot bé mat. Néu ban cé mot Iudi thi
ban cé thé héi c6 bao nhiéu th(r di qua bé mat d6. Cé modt su khac biét 16n & day. Trong



khong gian ba chiéu, théng lugng sé dugc do qua mot bé mat. Va do dd, nd sé la tich
phan mat, khéng phai tich phadn dudng nita. biéu do cé nghia la ching ta sé Iay tich
phén, ching ta sé& 18y téng trén tat ca cdc manh cua cta mot bé mat trong khdng gian.

Because a surface is a two-dimensional object, that will end up being a double
integral. But, of course, we will have to set it up properly because the surface that is
in space, and we will probably have x, y and z to deal with at the same time, and we
will have to somehow get rid of one variable so that we can set up and evaluate a
double integral. So conceptually it is very similar to line integrals. In the line integral
in the plane, you had two variables that you reduced to one by figuring out what the
curve was. Here you have three variables that you will reduce to two by figuring out
what the surface is.

Bai vi bé mat la mot doi tugng hai chiéu, nd sé ra moét tich phan kép. Nhung, tat nhién,
chilng ta sé phai thi€t 1ap nd thich hgp badi vi bé mat dé & trong khéng gian, va ching ta
s& cb thé cb x, y va z dé xét cing mdt llc, va bang cach nao dé ching ta s& phai bd di
mot bién dé€ ching ta cé thé thiét Iap va tinh tich phan kép. Vi vay, vé mat khai niém nd
rat giong vdi cac tich phan dudng. Trong tich phan dudng trong mat phang, ban ¢ hai
bién roi ban rdt vé mot bién bang céch chi ra d udng cong la gi. o} day ban c6 ba bién ban
phai rat vé hai bién bang céch chi ra bé mat 1a gi.

Let me give you a definition of flux in 3D. Let's say that we have a vector field and s,
a surface in space. Let me draw some kind of a picture. I have my surface and I
have my vector field F. Well, at every point it changes with a point. Well, I want to
figure out how much my vector field is going across that surface. That means I want
to figure out the normal component of my vector field, so I will use, as in the plane
case, the unit normal vector to s.

DE& t6i dua ra mot dinh nghia vé théng lugng trong khdng gian 3 chiéu. Gia s rang chl]ng
ta c6 mot tru’dng vector va s, mét bé mat trong khong glan Hay dé toi v& hinh. T6i cé bé
mat cla téi va tdi cd trudng vector cla téi F. Vang, tai moi diém né thay ddi theo tUng
diém. Vang, tdi mudn chi ra trudng vector cla tdi sé di qua bé mat nhiéu nhu thé nao.
Diéu do co6 nghia la téi mudn chi ra thanh phan phap tuyén cla trudng vector, vi vay téi sé
dung, nhu trong trudng hgp mét phang, vector phap tuyén daon vi s.

I take my point on the surface and build a unit vector that is standing on it
perpendicularly. Now, we have to decide which way it is standing. We can build our
normal vector to go this way or to go the other way around. There are two choices.
Basically, whenever you want to set up a flux integral you have to choose one side of



the surface. And you will count positively what flows toward that side and negatively
what flows towards the other side. There are two choices for n. We need to choose a
side of the surface. In the case of curves, we made that choice by deciding that
because we were going along some direction on the curve we could choose one side
by saying let's rotate clockwise from the tangent vector.

Toi chon mot diém trén bé mat va tao ra mot vects don vi dirng vudng gdc trén nd. Bay
gid, ching ta phai quyét dinh xem né ding theo cach nao. Ching ta cd thé tao ra vector
phap tuyén di theo hudng nay hoac hudng kia. Cé hai su Iva chon. Vé ca ban, bat c khi
nao ban mudn thiét lap mot tich phan thong Iugng ban phai chon mét phia clia bé mat. Va
ban tinh la duong cho nhitng gi chdy vé phia dé va @m cho nhirng gi chay vé phia bén kia.
Co6 hai su lua chon cho n. Chung ta can phai chon phia cia bé mat. Trong trudng hgp cua
céc dudng cong, ching ta d3 thuc hién luva chon dé bdng cach quyét dinh rang bai vi
chiing ta s& di doc theo hudng nao dé trén dudng cong ching ta cé thé& chon mét phia
bang ndi rang ching ta s& quay cung chiéu kim déng hd tur vector tié€p tuyén.

And, in a way, what we were doing was really it was a recipe to choose for us one of
the two sides. Here we don't have a notion of orienting the surface, other than by
precisely choosing one of the two possible normal vectors. So, in fact, this is called
choosing an orientation of a surface. When you are saying you are orienting the
surface that really means you are deciding which side is which.

Va, thuc su 13 viéc Iua chon gan nhu theo cong thirc. & day ching ta khéng cé khai niém
vé dinh hudng bé mat, khac véi cach chon chinh xac mot trong hai vector phap tuyén kh a
di. Vi vdy, cdi nay dudc goi |a su Iva chon dinh huéng bé mat. Khi ban néi rédng ban dinh
hudng bé mat thuc su diéu dé cé nghia la ban sé quyét dinh xem né la mat nao.

Let's call that orientation. Now, there is no set convention that will work forever. But
the usually traditional settings would be to take your normal vector pointing maybe
out of the solid region because then you will be looking at flux that is coming out of
that region of space. Or, if you have a surface that is not like closed or anything but
maybe you will want the flux going up through the region. Or, there are various
conventions. Concretely, on problem sets it will either say which choice you have to
make or you get to choose which one you want to make. And, of course, if you
choose the other one then the sign becomes the opposite. Now, once we have made
a choice then we can define the flux integral.

Hay goi dé la dinh hudng. Bay gid, khong cé tap hgp quy udc nao sé ding mai mai. Tuy
nhién, cach thiét lap truyén thong sé la chon vector phap tuyén hudéng ra ngoai vung vat
rén bdi vi sau dé ban sé& xét thong lugng ra khoi vung khéng gian dé. Hodc, néu ban c¢o
mot bé mat khéng khép kin hodc bt cr cai gi nhung cb thé ban s& muén cb thdng Iugng
di qua vung. Hodc, cé nhitng quy udc khac nhau. Cu thé, trén cac x&p bai tap hodc la cho
trudc cai nao d€ ban phai chon hodc la ban chon cdi nao ban mudn. Va, tat nhién, néu ban
chon céi kia thi ddu s& ngudc lai. Bay gid, khi ching ta d& chon thi ching ta cé thé dinh
nghia tich phan théng lugng.

It will just be the double integral over a surface of F dot n dS. Now I am using a big
dS. That stands for the surface area element on this surface. I am using dS rather
than dA because I still want to think of dA as maybe the area in one of the
coordinate planes like the one we had in double integrals. You will see later where
this comes in. But conceptually it is very similar. Concretely what this means is I cut
my surface into little pieces. Each of them has area delta S. And, for each piece, I
take my vector field, I take my normal vector, I dot them and I multiply by this
surface area and sum all these things together. That is what a double integral
means.

N6 chi sé la tich phan kép cua F dot dS n trén moét bé mat. Bay gid téi dang dung dS
I6n. N6 biéu dién yéu t& dién tich clia b& mat nay. Téi dang s dung dS chi khong

phai dA vi tdi van con mudn xem dA 13 dién tich trong cdc mat phang toa do giéng

nhu cai ma chung ta da co trong tich phan kép. Chat nira, ban sé thay tai sao cé cai
nay. Nhung vé mat khai niém, né rat giéng nhau. Cu thé cdi nay c6 nghia la téi cat bé
mét cla téi thanh nhitng manh nho. Mdi cdi cd dién tich delta S. Va, d6i véi mdi



manh, toi chon trudng vector cla tbi, toi chon vector phap tuyén cda tbi, téi nhan vo
hudéng chdng véi nhau va téi nhan véi dién tich bé mat nay va cong tat ca nhirng thr
nay vdéi nhau. D6 la tich phan kép.

In particular, an easy case where you know you can get away without computing
anything is, of course, if your vector field is tangent to the surface because then you
know that there is no flux. Flux is going to be zero because nothing passes through
the surface. Otherwise, we have to figure out how to compute these things. That is
what we are going to learn now. Well, maybe I should box this formula. I have
noticed that some of you seem to like it when I box the important formulas.
(APPLAUSE) By the way, a piece of notation before I move on, sometimes you will
also see the notation vector dS. What is vector dS?

Dc biét, mot trudng hop dé& ma ban cé thé loai bd ma khéng can tinh todn 13, tat nhién,
néu trudng vector cla ban ti€p xdc vdi bé mat bdi vi thé& thi ban biét réng khéng cé
théng lugng. Théng lugng sé bang khéng bédi vi khéng ¢ gi di qua bé mat. Néu khéng,
chlng ta phai tim ra cach tinh nhitng cai nay. Bé la nhiing gi ching ta sé hoc bay gid.
Vang, co & tdi nén déng khung cdng thlric nay. T6i nhan thdy rdng mét s6 ban cé vé
thich ndé khi to6i dong khung cac cong thlc quan trong. Nhan day, moét chat vé ki hiéu khi
tdi chuyén chu dé&, ddi khi ban cling sé thay ky hiéu vector dS. Vector dS la gi?

Vector dS is this guy n dS put together. Vector dS is a vector which points
perpendicular to the surface and whose length corresponds to the surface element.
And the reason for having this shortcut notation, well, it is not only laziness like
saving one n, but it is because this guy is very often easier to compute than it is to
set up n and dS separately. Actually, if you remember in the plane, we have seen
that vector n little ds can be written directly as dy, - dx. That was easier than finding
n and ds separately. And here the same is going to be true in many cases. Well, any
questions before we do examples?

Vector dS la thdng nay n dS dat lai v&i nhau. Vector dS la mdt vector hudng vudng goc vai
bé mat va chiéu dai clia nd tuong Ung vdi yéu td bé mat. Va ly do cd ky hiéu tat nay 13,
vang, nd khong chi 1a Iudi biéng tiét kiém mot chif n, ma con bdi vi thdng nay thudng dé
tinh hon so véi khi thiét 1dp n va dS riéng. Thuc su, néu ban nhd trong mat phang, ching
ta d& th&y vector n nho ds cd thé dudc viét truc tiép 1a dy, - dx. Piéu dé dé hon tim n va
ds riéng biét. Va & day diéu tudng tu sé dung trong nhiéu trudng hgp. Vang, trudc khi
chuyén sang céc vi du cé ai hdi gi khdng?

No. OK. Let's do examples. The first example for today is we are going to look at the
flux of vector field xi yj xk through the sphere of radius a -- -- centered at the origin.
What does the picture look like? We have a sphere of radius a. I have my vector



field. Well, <x, y, z>, see, that is a vector field that is equal to the vector from the
origin to the point where I am, so it is pointing radially away from the origin.

Khéng. budc roi. Hay xét cac vi du. Vi du dau tién cho ngay hém nay la thong lugng cua
trudng vector xi yj xk qua mat cau ban kinh a - - tdm tai géc toa do. Hinh cé dang nhu
thé nao? Chung ta cé mot hinh cau ban kinh a. Toi cé trudng vector cla téi. Vang, <x, vy,
z>, th8y khéng, d6 la mot trudng vects ing vdi vector tir g6c toa do dén diém tdi dang
dlng, vi vay noé hudéng tam ra ngoai tur goc toa do.

My vector field is really sticking out everywhere away from the origin. Now I have to
find the normal vector to the sphere if I want to set up double integral over the
sphere of F dot vector ds, or if you want F dot n dS. What does the normal vector to
the sphere look like? Well, it depends, of course, whether I choose it pointing out or
in. Let's say I am choosing it pointing out then it will be sticking straight out of a
sphere as well.

Trudng vector cla téi 1a thuc s ddm thang ra khdp moi nai tir g6c toa dd. Bay gid toi phai
tim vector phap tuyén clla mat cau néu t6i mudn thiét 1ap tich phan kép cta F dot vector
ds trén hinh cau, hoac néu ban muén F dot n dS. Vector phap tuyén cta hinh cau cé dang
thé nao? Vang, né phu thudc, tat nhién, cho du téi chon né hudng ra hodac huéng vao. Gia
st réng tdi chon nd hudng ra thi né cling s& dam thang ra ngoai hinh cau nira.

Hopefully, you can see that if I take a normal vector to the sphere it is actually
pointing radially out away from the origin. In fact, our vector field and our normal
vector are parallel to each other. Let's think a bit more about what a normal vector
looks like. I said it is sticking straight out. It is proportional to this vector field.

Maybe I should start by writing <x, y z> because that is the vector that goes from
the origin to my point so it points radially away from the origin. Now there is a small
problem with that. It is not a unit vector. So what is its length? Well, its length is
square root of x~2 y~2 z”~2. But, if I am on the sphere, then that length is just

equal to a because distance from the origin is a. In fact, I get my normal vector by
scaling this guy down by a factor of a.

Hy vong rang, ban cé thé thdy rdng néu tdi chon vector phap tuyén cta hinh ciu no sé
thuc su hudng tdm ra ngoai tir g6c toa do. Qua thuc, trudng vector cla tdi va vector phap
tuyén cua t6i song song nhau. Hay nghi thém mot chat vé dang cua vector phap tuyén.
T6i néi né ddm thang ra ngoai. N& ti I& v3i trudng vector nay. Cé 1€ tdi nén bat dau bang
cach viét <x, y,z> vi d6 la vector di tir g6c toa dd dén diém cla téi vi vdy né hudng tdm ra
xa tur gbc toa do. Bay gid cd mot van dé nhd vdi diéu dé. N6 khong phai |a mot vectd daon
vi. Vay chiéu dai cta né la gi? Vang, chiéu daictandélacanhaiciax 2y N2z " 2.
Nhung, néu téi § trén mat cau, thi chiéu dai dé chinh la a bdi vi khoang cach tur g6c toa do
la a. Qua thuc, t6i nhan dugc vector phap tuyén cua tbdi bdng cach |8y ti I& thang nay
xudng moét hé sé a.

And let me write it down just in case you are still unsure. This is unit because square
root of x~2 y~2 z~2 is equal to a on the sphere. OK. Any questions about this? No.

It looks OK? I see a lot of blank faces. That physics test must have been hard. Yes? I
could have put a rho but I want to emphasize the fact that here it is going to be a
constant. I mean rho has this connotation of being a variable that I will need to then
maybe integrate over or do something with. Yes, it would be correct to put rho but I
then later will want to replace it by its actual value which is a number.

Va hdy dé toi viét ra trong trudng hdp ban van chua chic chdn. Pay 1a don vi bai vi cdn bac
haichax ~ 2y~ 2z~ 2bang a trén mat cdu. Vang. Cé bat c cdu hoi nao vé diéu nay
khoéng? Khéng. C6 vé én? Toi thdy nhiéu ngudi vdng. Bai kiém tra vt li chdc kho 1dm. Xin
mdi? Toi ¢ thé dat rho nhung tdi mudn nhdn manh viéc & day né sé 1a héng s6. Y téi 1a rho
cling c6 thé 1a mét bién ma tdi s& can dé sau dé 18y tich phadn hodc |am céi gi dé. Vang, dat
rho sé& chinh xac nhung sau dé toi s& muén thay thé& n6 bang gid tri thuc su cia né |a mot
s0.

And the number is a. It is not going to actually change from point to point. For
example, if this was the unit sphere then I would just put x, y, z. I wouldn't divide by



anything. Now let's figure out F dot n. Let's do things one at a time. Well, F and n
are parallel to each other. F dot n, the normal component of F, is actually equal to
the length of F. Well, times the length of n if you want, but that is going to be a one
since F and n are parallel to each other. And what is the magnitude of F if I am on
the sphere? Well, the magnitude of F in general is square root of x~2 y~2 z”~2 on
the sphere that is going be a.

Va s6 db 1a a. N6 s& khdng thay déi tir diém nay dén diém khac. Chang han, néu day la
hinh cau don vi thi téi sé chi dat x, y, z. T6i sé khoéng chia cho bat c(r th{r gi. Bay gig hay
tim F dot n. Chung ta hdy Idam mdi Ian mot cai. Vang, F va n song song vdi nhau. F dot n,
thanh phan phap tuyén cla F, thuc sy bang dd dai cia F. Vang, nhan d6 dai cia n néu ban
muén, nhung né s& bang mot vi F va n song song nhau. Va d6 I6n cta F la gi néu t6i &
trén mat cdu? Vang, ndi chung dd I6n clia F bang cdn bdc haiclla x A2y A2z A 2 trén
mat ciu sé bang a.

The other way to do it, if you don't want to think geometrically like that, is to just to
do the dot product x, y, z doted with x over a, y over a, z over a. You will be x"2
yN2 z~2 divided by a. That will simplify to a because we are on the sphere. See, we
are already using here the relation between x, y and z. We are not letting x, y and z
be completely arbitrary. But the slogan is everything happens on the surface where
we are doing the integral. We are not looking at anything inside or outside. We are
just on the surface.

Mot cach khac dé€ 1am nd, néu ban khdng mudn xét v& mat hinh hoc nhu thé nay, la
thuc hién tich vé hudng x, y, z vGi x trén a, y trén a, z trén a. Ban sé dugc x ~ 2y N 2z
A~ 2 chia cho a. N6 sé dugc dan gian hdéa thanh a bdi vi ching ta & trén mat cau. Xem
nao, & day chung ta sé dung maéi quan hé gilta x, y va z. Chung ta khoéng cho phép x, y
va z hoan toan tly y. Tuy nhién, kh&u hiéu |1a tdt cd moi th xay ra trén bé mat ¢ do
ching ta dang lay tich phan. Chung ta khong xét bat cr ngi dau bén trong hodc bén
ngoai. Ching ta chi xét trén bé mat.

Now what do I do with that? Well, I have turned my integral into the double integral
of a dS. And a is just a constant, so I am very lucky here. I can just say this will be a
times the double integral of dS. And, of course, some day I will have to learn how to
tackle that beast, but for now I don't actually need to because the double integral of
dS just means I am summing the area of each little piece of the sphere. I am just
going to get the total area of the sphere which I know to be 4pi a2.

Bay gi& toi phai lam gi vdi diéu d8? Vang, toi da chuyén tich phan cua tdi thanh tich
phan kép a dS. Va a chinh 1a mdt hdng s&, vi vay toi rét may man & day. Toi cd thé noi
day sé la a nhan tich phan kép cua dS. Va, tat nhién, mot ngay nao do t6i sé phai hoc
cach gidi quyét cai ddng ghét dé, nhung bay gid téi khong thuc su can vi tich phan kép
ctia dS chi cé nghia |a toi s& cdng dién tich cta mdi manh nhd ciia mat cau . Toi sé& dugc
dién tich ctia toan bd méat cdu chinh |a béng 4pi a2.



This guy here is going to be the area of S. I know that to be 4pi a~2. So I will get

4pi a”3. That one was relatively painless. That was too easy. Let's do a second
example with the same sphere. But now my vector field is going to be just z times k.
Well, let me give it a different name. Let me call it H instead of f or something like

that just so that it is not called F anymore. Well, the initial part of the setup is still

the same. The normal vector is still the same. What changes is, of course, my vector
field is no longer sticking straight out so I cannot use this easy geometric argument.
Thang nay & day sé& la dién tich cla S. Téi biét nd la 4pi a ~ 2. Vi vay, toi s& dudc 4pi a3.
Cai d6 tudng d6i dé chiu. N6 qua dé dang. H3y xét mdt vi du thir hai véi mét cau tuong tu.
Nhung by gi& trudng vector cla tdi sé& chi 1a z nhan k. Vang, hdy dé t6i dat cho né mot tén
khac. Hay dé tdi goi nd |a H thay vi F hay cai gi d6 tuong tu thé sao cho né khdng con dugc
goi 1a F nifa. Vang, phan ban dau cua thiét I&p van 1a nhu nhau. Vector phap tuyé&n van
tuong tu. Nhitng gi thay déi I3, tat nhién, trudng vector cua tdi khédng con ddm thang ra
ngoai vi vay téi khéng thé dung li ludn hinh hoc dan gian nay.

It looks like I will have to compute F dot n and then figure out how to integrate that
with dS. Let's do that. We still have that n is <X, y, z>/a. That tells us that H dot n will
be <0, 0, z> dot <x, y, z> / a. It looks like I will be left with z~2 over a. H dot n
is z~2 over a. The double integral for flux now becomes double integral on the
sphere of z~2 over a dS. Well, we can take out one over a, that is fine, but it looks
like we will have to integrate z~2 on the surface of the sphere. How do we do that?
Well, we have to figure out what is dS in terms of our favorite set of two variables
that we will use to integrate. Now, what is the best way to figure out where you are
on the sphere? Well, you could try to use maybe theta and z.
Dudng nhu tdi s& phai tinh F dot n va sau d6 tim ra cach dé tinh tich phan né véi dS. Hay
lam didu d6. Ching ta van c¢é n bang <X, y, z> / a. Piéu doé cho ching ta biét réng H dot
nséla <0, 0, z> dot <x, y, z> / a. Cd vé nhu tdi s& con lai z ~ 2 trén a. H dot n béng z ~
2 trén a. Tich phéan kép cho théng Iurgng bay gid trd thanh tich phan kép trén mat cau cua
z N 2 trén a dS. Vang, chlng ta cé thé dua mot trén a ra ngoai, diéu do t6t, nhung cd vé
nhu ching ta sé phai tinh tich phan z ~ 2 trén bé& mat ctia hinh cau. Chang ta lam diéu do
nhu thé& ndo? Vang, ching ta phai chi ra dS theo tap hop hai bién ma ching ta sé dung dé
Iy tich phan la gi. Bay gi&, cach t&t nhat d€ xac dinh vi tri cia ban trén mat cau la gi?
Vang, ban cd thé thir sir dung theta va z.

If you know how high you are and where you are around, in principle you know

where you are on the sphere. But since spherical coordinates we have actually

learned about something much more interesting, namely spherical coordinates. It
looks like longitude / latitude is the way to go when trying to figure out where you

are on a sphere. We are going to use phi and theta. And, of course, we have to

figure out how to express dS in terms of d phi and d theta. Well, if you were paying
really, really close attention last time, you will notice that we have actually already
done that. Last time we saw that if I have a sphere of radius a and I take a little

piece of it that corresponds to small changes in phi and theta then we said that -

Né&u ban biét ban dang & d6 cao bao nhiéu va ban quanh quén & dau, vé nguyén tic ban
bi€t ban & dau trén mat cau. Nhung sau khi hoc xong toa dd tru ching ta da hoc vé mot s6
th( Ii thd hon nhiéu, cu thé 13 toa d6 cadu. Dudng nhu kinh d6 / vi do 1a mot cach dé chira
ban & dau trén mat cau. Chung ta sé st dung phi va theta. Va, tat nhién, ching ta phai
tim ra cach biéu dién dS theo d phi va d theta. Vang, néu [an trudc ban d& chl y ki, ban sé&
thdy rdng thuc su chidng ta d& thuc hién nd. Lan trudc ching ta da thay rdng néu tdi co
mot mat cdu ban kinh a va tdi 18y mdt manh nhé clia né tusng Ung véi nhitng thay déi nhé
cla phi va theta thi ching ta d& ndi rang -

Well, we argued that this side here, the one that is going east-west was a piece of
the circle that has a radius a sin phi because that is r, so that side is a sin phi delta
theta. And the side that goes north-south is a piece of the circle of radius a
corresponding to angle delta phi, so it is a delta phi. And so, just to get to the
answer, we got dS equals a”2 sin phi d phi d theta. When we set up a surface
integral on the surface of a sphere, most likely we will be using phi and theta as our



two variables of integration and dS will become this.

Véng, chidng ta li luén rdng canh nay & day, di theo hudng ddng-tay |a mot phan cla
dudng tron cé ban kinh a sin phi b i vi do la r, vi vay canh dé la a sin phi delta theta. Va
canh di theo hudng Bac-Nam |1a mot phén cla dudng tron ban kinh a tucng (ng véi gbc
delta phi, do d4, né |a a delta phi. Va nhu vay, dé€ cé dugc cau tra 18i, ching ta dugc dS
bang a” 2 sin phi d phi d theta. Khi chiing ta thiét |1ap tich phdn méat trén b& mat hinh cau,
rat c6 thé ching ta sé& s dung phi va theta nhu hai bién cta chidng ta va dS sé& trd thanh
cai nay.

Now, it is OK to think of them as spherical coordinates, but I would like to encourage
you not to think of them as spherical coordinates. Spherical coordinates are a way of
describing points in space in terms of three variables. Here it is more like we are
parameterizing the sphere. We are finding a parametric equation for the sphere
using two variables phi and theta which happen to be part of the spherical coordinate
system.

Bay gid, xem chidng nhu cac toa d6 cau ciling dugc, nhung t6i mudn khuyén khich ban
khéng xem ching nhu cac toa dd cdu. Cac toa dd cau la cach d& mo ta cac diém trong
khéng gian theo ba bién. O day né gidng nhu ching ta dang tham s& héa mat ciu. Ching
ta sé tim phudng trinh tham s6 clia mat cadu dung hai bién phi va theta dong thdi la phén
cla hé toa db cau.

But, see, there is no rho involved in here. I am not using any rho ever, and I am not
going to in this calculation. I have two variable phi and theta. That is it. It is basically
in the same way as when you parameterize a line integral in the circle, we use theta
as the parameter variable and never think about r. That being said, well, we are
going to use phi and theta. We know what dS is. We still need to figure out what z is.
There we want to think a tiny bit about spherical coordinates again. And we will know
that z is just a cos phi. In case you don't quite see it, let me draw a diagram. Phi is
the angle down from the positive z axes, this distance is a, so this distance here is a
cos phi.

Nhung, thdy khong, khong coé rho lién quan & day. T6i khong s(r dung bat ky rho nao hét,
va toi sé khong dén tinh toan nay. Toi co hai bién phi va theta. Nhu vay dé. Vé cd ban no
cling giong nhu khi ban tham sé héa tich phan dudng trong dudng tron, ching ta s dung
theta nhu cac bién tham s6 va khéng bao giG nghi vé r. Con & day ching ta dung phi va
theta. Chiing ta biét dS 1a gi. Chiing ta van can phai tim ra z 1a gi. O d6 ching ta lai can
nghi mot chit vé cac toa dd cdu nifa. Va ching ta biét rang z chi la a cos phi. Trong
trudng hdp ban khdng thay dudc, hdy dé téi vé hinh. Phi la gdc di xudng tir truc z dudng,
khoang cach nay la a, vi vay khoang cach nay & day la a cos phi.



Now I have everything I need to compute my double integral. z~2 over a dS will
become a double integral. z~2 becomes a”2 cos”™2 phi over a times, ds becomes,

a2 sin phi d phi d theta. Now I need to set up bounds. Well, what are the bounds?

Phi goes all the way from zero to pi because we go all the way from the north pole to
the south pole, and theta goes from zero to 2pi. And, of course, I can get rid of some
a's in there and take them out. Let's look at what number we get. First of all, we can
take out all those a's and get a~3. Second, in the inner integral, we are integrating
cos”™2 phi sin phi d phi.

Bay gid toi da cd moi th can thiét dé tinh tich phan kép. z ~ 2 trén a dS sé trd thanh mot
tich phan kép. z ~ 2 trg thanh a~2 cos ~ 2 phi trén a nhéan, ds trg thanh, a» 2 sin phi d phi
d theta. Bay giG toi can phai thiét 1ap cac can. Vang, cac can la gi? Phi chay tir khong dén pi
bdi vi chiing ta di tir cuc béc dén cuc nam, va theta di tir khéng dén 2pi. Va, t&t nhién, toi
c6 thé bé mot s6 a & d6 va dem chlng ra ngoai. Hay xét xem ching ta nhén dugc s6 nao.
Trudc hét, ching ta c6 thé dem ra ngoai tat ca a nay va dudc a”3. Th{ hai, trong tich phan
bén trong, ching ta sé Idy tich phan cos ~ 2 phi sin phi d phi.

I claim that integrates to cos3 up to some factor, and that factor should be negative

one-third. If you look at cos3 phi and you take its derivative, you will get that guy
with a negative three in front between zero and pi. And, while integrating over theta, we

will just multiply things by 2pi. Let me add the 2pi in front. Now, if I evaluate this guy

between zero and pi, well, at pi cos”™3 is negative one, at zero it is one, I will get

two-thirds out of this. I end up with four-thirds pi a~3. Sorry I didn't write very

much because I am trying to save blackboard space. Yes?

To6i nghi tich phan clua cai do6 la cos3 nhan hé s6 nao dd, va hé s6 dé la mot phan ba.

Né&u ban xét cos3 phi va ban I8y dao ham cta né, ban s& nhan dugc thang dd véi trir

ba & trudc gilta khong va pi. Va, khi lay tich phan trén theta, ching ta chi nhan cac

th( vGi 2pi. Hay dé tdi thém 2pi & phia trudc. Bay gid, néu tdi tinh thang nay gilra

khdng va pi, vang, tai phi cos ~ 3 la trir mot, tai khdng nd bang mét, toi sé dugc hai

phan ba ngoai ndy. Téi két thic v8i bén phan ba pi a”~3. Xin 16i téi d& khong viét

nhiéu bdi vi toi dang cd gang tiét kiém khbéng gian bang den. Xin mgi?

That is a very natural question. That looks a lot like somebody we know, like the
volume of a sphere. And ultimately it will be. Wait until next class when we talk

about the divergence theorem. I mean the question was is this related to the volume
of a sphere, and ultimately it is, but for now it is just some coincidence. Yes? The
question is there is a way to do it M dx plus N dy plus stuff like that? The answer is
unfortunately no because it is not a line integral. It is a surface integral, so we need
to have to variables in there. In a way you would end up with things like some dx dy
maybe and so on. I mean it is not practical to do it directly that way because you
would have then to compute Jacobians to switch from dx dy to something else.

D6 1a moét cau hdi rat tu nhién. Diéu dd rat gibng vai cai gi d6 ma ching ta biét, nhu thé
tich hinh cau. Va cudi cing né s& nhu vay. Chd cho dén khi budi hoc tiép theo khi ching ta
hoc vé dinh li divergence. Y toi la cau hai la céi nay co lién quan dén thé tich hinh cau, va
cudi cung nod la, nhung bay gid né chi la mo6t su trung hgp ngau nhién. Xin mgi? Cau hai la
c6 cach nao dé€ lam diéu dé nhu 1a M dx cdng N dy céng th( gi d6 gidng nhu thé kia
khong? Cau tra I8i l1a khong may la khéng c6 bai vi né khong phai la tich phan dudng. N6
la tich phan mat, vi vay chung ta can c6 cac bién & d6. Réi cubi cung ban s& dudc cac thr
nhu dx dy nao dé va v.v...... Y toi la lam né truc ti€p theo cach dé la khong thuc té vi ban
phai tinh Jacobi d& chuyén tir dx dy sang cai khac.

We are going to see various ways of computing it. Unfortunately, it is not quite as
simple as with line integrals. But it is not much harder. It is the same spirit. We just
use two variables and set up everything in terms of these two variables. Any other
questions? No. OK. By the way, just some food for thought. Never mind. Conclusion
of looking at these two examples is that sometimes we can use geometric. The first
example, we didn't actually have to compute an integral. But most of the time we
need to learn how to set up double integrals. Use geometry or you need to set up for
double integral of a surface.



Chung ta s& th8y nhiéu cach khac nhau dé tinh nd. That khéng may, né khdng hoan toan
don gian nhu tich phéan dudng. Ma né kho han nhiéu. D6 la y tudng tudng ty. Ching ta chi
stf dung hai bién va thiét |ap tat ca moi thr theo hai bién nay. Cé cau hoi nao khac khéng?
Khéng. Budgc rdi. Nhan day, chi la mét s6 thuc phdm cho tu duy. Khong sao. K&t ludn qua
viéc xét hai vi du nay la ddi khi chiing ta cé thé s dung hinh hoc. Vi du dau tién, ching ta
da khong céan tinh tich phdn. Nhung trong da s6 cac trudng hdp ching ta can hoc cach thiét
lap cac tich phan kép. S dung hinh hoc hodc ban can phai thiét 1ap tich phan kép ctia mét
bé mat.

And so we are going to learn how to do that in general. As I said, we need to have
two parameters on the surface and express everything in terms of these. Let's look
at various examples. We are going to see various situations where we can do things.
Well, let's start with an easy one. Let's call that number zero. Say that my surface S
is a horizontal plane, say z equals a. When I say a horizontal plane, it doesn't have

to be the entire horizontal plane. It could be a small piece of it. It could even be, to
trick you, maybe an ellipse in there or a triangle in there or something like that.

Va nhu vy ching ta s& tim hiéu cach 1am diéu d6 ndi chung. Nhu tdi d& ndi, ching ta can
phai cé hai tham s& trén bé mat va bi€u dién moi th( theo chiing. Hay xét cac vi du khac.
Chlng ta sé& thdy cac trudng hdp khac nhau & dé ching ta cé thé 1am cac thdr. Vang,
chlng ta hay b&t dau véi cai dé. Hay goi né 1a vi du s6 khdng. Gia sir rdng bé mét S cla
tdi 1a mdt mat phdng ndm ngang, gia s 1a z bang a. Khi t6i néi mdt mat phdng ndm
ngang, n6é khdng phai la toan bd mat phdng ngang. N6 cb thé 1a mét phan nhd clia né. N6
tham chi c6 thé |1a, dé€ Ilra ban, cé thé 1a hinh ellipse & d6 hodc mot tam gidc & d6 hay cai
gi tuang tu thé.

What you have to recognize is my surface is a piece of just a flat plane, so I

shouldn't worry too much about what part of a plane it is. Well, it will become
important when I set up bounds for integration. But, when it comes to looking for the
normal vector, be rest assured that the normal vector to a horizontal plane is just
vertical. It is going to be either k or negative k depending on whether I have chosen
to orient it pointing up or down.

Ban phai biét b& mat cla téi chi |a mot phan cia mat phang, vi vay tdi sé khdng quan tdm
nhiéu dén viéc nd |a phan nao cta mat phang. Vang, nd sé trd nén quan trong khi téi thiét
Iap cac can cho tich phan. Nhung, khi dén phan tim vector phap tuyé&n, hdy yén tam rang
vector phap tuyén ciia mat phang ngang |a thang dirng. N6 1a k hodc trir k phu thubc vao
viéc t6i chon nd hudng |én hay xudng.

And which one I choose might depend on what I am going to try to do. The normal
vector is just sticking straight up or straight down. Now, what about dS? Well, it is



just going to be the area element in a horizontal plane. It just looks like it should be
dx dy. I mean if I am moving on a horizontal plane, to know where I am, I should
know x and y. So dS will be dx dy. If I play the game that way, I have my vector
field F. I do F dot n. That just gives me the z component which might involve x, y
and z. x and y I am very happy with. They will stay as my variables. Whenever I see
z, well, I want to get rid of it. That is easy because z is just equal to a. I just plug
that value and I am left with only x and y, and I am integrating that dx dy.

Va tdi chon cdi nao cé thé phu thudc vao nhitng gi tdi du dinh lam. Cac vector phap
tuy&n dadm thang I&n hodc thdng xudng. Bay gid, con dS thi sao? Vang, nd sé& la yéu té
dién tich trong mat phdng ngang. C6 vé nhu nd sé& Ia dxdy. Y toi Ia néu toi di chuyén
trén mat phadng ngang, dé€ biét toi & dau, t6i nén biét x va y. Vi vy, dS s& la dx dy. Néu
toi chai tro chgi theo cach dé, toi cé trudng vector F cla téi. To6i tinh F dot n. biéu do
chi mang lai cho tdi thanh phan z c6 thé lién quan dén x, y va z. Téi rat hai long véi x
va y. Ching van con la bién cla tdi. B4t c khi ndo tdi thdy z, vang, toi can bd né. Pidu
d6 dé bai vi z bang a. Tdi chi cdn thé gia tri d6 va toi chi con lai x va y, va toi I8y tich
phan dx dy.

It is actually ending up being just a usual double integral in x, y coordinates. And, of
course, once it is set up anything is fair game. I might want to switch to polar
coordinates or something like that. Or, I can set it up dx dy or dy dx. All the usual
stuff applies. But, for the initial setup, we are just going to use these and express
everything in terms of x and y. A small variation on that. Let's say that we take
vertical planes that are parallel to maybe the blackboard plane, so parallel to the yz
plane. That might be something like x equals some constant. Well, what would I do
then? It could be pretty much the same.

Cudi cung né chi la tich phan kép thong thudng cla cac toa dd x, y. Va, tat nhién, mot khi
né dudc thiét 1ap bat c diéu gi la trd chdi cdng béng. C6 thé téi mudn chuyén sang toa do
cuc hodc th gi d6 tuong tu. Hodc, toi cd thé thiét 1ap nd la dx dy hodc dy dx. T4t ca cac
th thong thudng déu cb thé &p dung dudgc. Nhung, d6i véi thiét 1ap ban dau, ching ta sé
chi st dung nhitng cai ndy va biéu dién moi thf theo x va y. Mdt bién thé nho trén dé. Gia
str rang ching ta chon cdc mat phang thang dliing song song véi méat phdng bang den,
song song v3&i mat phdng yz. N6 cb thé Ia thir gi d6 cb dang x béng hdng s6. Vang, toi sé
lam gi? N6 cé thé giéng nhau nhiéu.

The normal vector for this guy would be sticking straight out towards me or away
from me. Let's say I am having it come to the front. The normal vector would be
plus/minus i. And the variables that I would be using, to find out my position on this
guy, would be y and z. In terms of those, the surface element is just dy dz. Similarly
for planes parallel to the xz plane. You can figure that one out. These are somehow
the easiest ones, because those we already know how to compute without too much
trouble. What if it is a more complicated plane? We will come back to that next time.
Let's explore some other situations first.

Vector phap tuyén cua thdng nay sé ddm thang ra ngoai huéng vé phia t6i hodc ra xa
toi. Gia sir rang nd hudng vé phia trudc. Vector phap tuyén sé la céng / triri. Va cac bién
ma tdi s& dung, dé€ tim ra vi tri cGa tdi trén thang nay, sé Ia y va z. Theo nhitng céi do,
yé&u t& bé mat chi 1a dy dz. Tuong tv nhu vay ddi véi mat phang song song véi mat
phdng xz. Ban cé thé tim ra cai dé. Pay la nhitng cai dé nhat, bai vi nhitng céi dé ching
ta d3 biét cich tinh ma khdng gdp nhiéu khé khdn. NEu nhu né l1a mat phang phuc tap
han thi sao? Ching ta sé quay lai vao lan tGi. Trudc tién hdy xét moét sé trudng hgp
khac.

Number one on the list. Let's say that I gave you a sphere of radius a centered at
the origin, or maybe just half of that sphere or some portion of it. Well, we have
already seen how to do things. Namely, we will be saying the normal vectoris x, y, z
over a, plus or minus depending on whether we want it pointing in or out. And dS
will be a~2 sin phi d phi d theta. In fact, we will express everything in terms of phi
and theta. If I wanted to I could tell you what the formulas are for x, y, z in terms of
phi and theta. You know them. But it is actually better to wait a little bit. It is better



to do F dot n, because F is also going to have a bunch of x's, y's and z's.

S6 mot trong danh sach. Gia sir rang tdi cho ban mat cdu ban kinh a tam tai g6c toa do,
hodc c6 thé chi 1a nira mat cdu hodc phan nao dé clia nd. Vang, ching ta d& thdy cach lam
cac thr rdi. Cu thé, ching ta cé vector phap tuyén la x, y, z trén a, cong hodc trir tuy
thudc vao ching ta mu6n ndé hudng vao hay hudng ra. Va dS sé la a” 2 sin phi d phid
theta. Trong thuc té&, chiing ta sé& bi€u dién moi th theo phi va theta. N&u tdi mudn tdi cd
thé& cho ban biét cdng thirc cla x, y, z theo phi va theta la gi. Ban biét ching. Nhung chd
mot chut sé tét han. Thuc hién F dot n sé tét han, vi F cling sé cé mot chum cac x, cacy
va cac z.

And if there is any kind of symmetry to the problem then you might end up with
things like x~2 y~2 z~2 or things that have more symmetry that are easier to
express in terms of phi and theta. The advice would be first do the dot product with

F, and then see what you get and then turn it into phi and theta. That is one we have
seen. Let's say that I have -- It is a close cousin. Let's say I have a cylinder of radius
a centered on the z-axis. What does that look like? And, again, when I say cylinder,

it could be a piece of cylinder. First of all, what does the normal vector to a cylinder
look like? Well, it is sticking straight out, but sticking straight out in a slightly

different way from what happens with a sphere.

Va néu bai toan cé bét ki loai d8i x(ing nao thi ban cd thé dudc két qualax A2y~ 2z~
2 hodc nhitng th(r cé tinh d6i x'ng han s& dé hon dé biéu dién theo phi va theta. L&i
khuyén dau tién sé la thuc hién tich vo hudng véi F, va sau dé xem két qua la gi va sau dé
chuyén né sang phi va theta. P4 1a cai ma ching ta da thay. Gia s rang t6i cd - D6 la mot
ngudi anh em ho gén gii. Gia su réng t6i cd hinh tru ban kinh a tdm trén truc z. N6 c6
dang thé& nao? Va, moét 1an nira, khi téi néi hinh tru, nd cé thé la mdt phan cta hinh tru.
Trudc hét, vector phap tuyén cta hinh tru c6 dang thé nao? Vang, né dam thang ra ngoai,
nhung né ddm thang ra ngoai theo cach hai khac vdéi hinh cau.

See, the sides of a cylinder are vertical. If you imagine that you have this big
cylindrical type in front of you, hopefully you can see that a normal vector is going to
always be horizontal. It is sticking straight out in the horizontal directions. It doesn't
have any z component. I claim the normal vector for the cylinder, if you have a point
here at (x, y, z), it would be pointing straight out away from the central axis.

Thay khdng, cdc mat bén cla hinh tru thdng dirng. Néu ban tudng tugng rang ban cd loai
hinh tru 18n nay & trude ban, hy vong ban cé thé th8y rdng vector phap tuyén ludn ludn
nam ngang. N6 ddm thang ra ngoai theo huéng nam ngang. N6 khdng cé bt ky thanh
phan z nao. Tdi khadng dinh vector phap tuyén cda hinh tru, néu ban c6 mét diém & day
tai (x, y, z), né s& dam thang ra ngoai tu truc gilra.

My normal vector, well, if I am taking it two points outwards, will be going straight
away from the central axis. If I look at it from above, maybe it is easier if I look at it



from above, look at x, y, then my cylinder looks like a circle and the normal vector
just points straight out. It is the same situation as when we had a circle in the 2D
case. The normal vector for that is just going to be x, y and 0 in the z component.
Well, plus/minus, depending on whether you want it sticking in or out.

vector phdp tuyén cua t6i, vang, néu tdi chon hai diém bén ngoai, sé di thadng ra khoi
truc trung tdm. N&u tdi nhin né tir phia trén, cé thé s& dé& hon néu tdi nhin vao né tir
trén, nhin vao x, y, thi hinh tru cta t6i c6 dang mot hinh tron va vector phap tuyén
hudng thdng ra ngoai. Pay la trudng hgp tuong tu nhu khi ching ta ¢c6 mét dudng tron
trong trudng hgp 2 chiéu. Vector phap tuyén cta né sé la x, y va 0 trong thanh phéan
z. Vang, cong / trlr, phu thubc vao viéc ban mu6n né dam vao trong hay ra ngoai.

We said in our cylinder normal vector is plus or minus x, y, zero over a. What about
the surface element? Before we ask that, maybe we should first figure out what
coordinates are we going to use to locate ourselves in a cylinder. Well, yes, we
probably want to use part of a cylindrical coordinate, except for, well, we don't want

r because r doesn't change, it is not a variable here. Indeed, you probably want to

use z to tell how high you are and theta to tell you where you are around. dS should
be in terms of dz d theta.

Chudng ta da ndi trong hinh tru clda ching ta vector phap tuyén la cong hoac trir x, v,
khong trén a. Thé con cac yéu td bé mat thi sao? Trudc khi ching ta tra IGi, cé I&é trudc hét
ching ta nén chi ra ching ta s& dung toa dd gi dé€ dinh vi chinh ching ta trong mét hinh
tru. Vang, ddng, co |é ching ta mudn st dung mét phan cua toa do tru, ngoai trir, vang,
ching ta khéng muén r, vi r khéng thay d6i, né khéng phai l1a mét bién & day. That vay,
ban c6 th€ mudn dung z dé€ cho chiing ta biét ban dang & dd cao bao nhiéu va theta dé cho
biét dang dang & quanh dau. dS sé theo dz d theta.

Now, what is the constant? Well, let's look at a small piece of our cylinder
corresponding to a small angle delta theta and a small height delta z. Well, the
height, as I said, is going to be delta z. What about the width? It is going to be a
piece of a circle of radius a corresponding to the angle delta theta, so this side will be
a delta theta. Delta S is a delta theta delta z. DS is just a dz d theta or d theta dz. It
doesn't matter which way you do it. And so when we set up the flux integral, we will
take first the dot product of f with this normal vector.

Bay gid, hdng sb la gi? Vang, hdy xét mot phan nho cla hinh tru tuang 'ng véi goc delta
theta nhd va do cao nho delta z. Vang, chiéu cao, nhu t6i da ndi, sé la delta z. Thé con
chiéu réng thi sao? N6 sé la mot phan cua dudng tron ban kinh a tucgng Ung véi goéc
delta theta, vi vay canh nay sé la a delta theta. Delta S sé la a delta theta delta z. DS
chinh la a dz d theta hoac d theta dz. Cach lam thé nao khong quan trong. Va nhu vay
khi ching ta thiét Iap tich phan théng lugng, trudc tién chidng ta sé 1ay tich vé hudng
cua f véi vector phap tuyén nay.

Then we will stick in this dS. And then, of course, we will get rid of any x and y that
are left by expressing them in terms of theta. Maybe x becomes a cos theta, y
becomes a sin theta. These various formulas, you should try to remember them
because they are really useful, for the sphere, for the cylinder. And, hopefully, those
for the planes you kind of know already intuitively. What about marginals or faces?
Not everything in life is made out of cylinders and spheres. I mean it is a good try.
Let's look at a marginal kind of surface. Let's say I give you a graph of a function z
equals f of x, y. This guy has nothing to do with the integrand.

Sau do, chung ta sé dam vao dS nay. Va sau do, tat nhién, ching ta sé loai trir bat ky
X V& y nao con lai bang cach biéu dién ching theo theta. C6 18 x sé trd thanh a cos
theta, y sé trd thanh a sin theta. Nhitng cong thirc khac nhau nay, ban nén c6 gang ghi
nhd chidng bdi vi chdng thuc su hitu ich, cho toa cau, cho toa dé tru. Va, hy vong, ban
da cd truc gidc vé nhitng thr nay trong mat phang. Thé con cac bién va cdc mat thi
sao? Khoéng phai moi th trong cudc s6ng dudc lam ti hinh tru va hinh cau. T6i mudn
ndi la né la phap thr t6t. H3y xét mot loai bién cua bé& mat. Gia sir rang tbéi cho ban d6
thi cia ham z bang f x, y. Thdng nay khéng cé gi d&€ lam véi biéu thirc dudi ddu tich



phan.

It is not what we are integrating. We are just integrating a vector field that has
nothing to do with that. This is how I want to describe the surface on which I will be
integrating. My surface is given by z as a function of x, y. Well, I would need to tell
you what n is and what dS is. That is going to be slightly annoying. I mean, I don't
want to tell them separately because you see they are pretty hard. Instead, I am
going to tell you that in this case, well, let's see. What variables do we want? I am
going to tell you a formula for n dS. What variables do we want to express this in
terms of? Well, most likely x and y because we know how to express z in terms of x
and y. This is an invitation to get rid of any z that might be left and set everything

up in terms of dx dy.

N6 khdong phai la nhitng gi chidng ta sé |y tich phan. Chdng ta chi lay tich phan mét
trudng vector khéng cé gi dé Iam véi n6. DAy 1a cach téi mubén mo ta bé mat ma tdi sé 18y
tich phan trén d6. Mat cua toi dugc cho bdi z la ham cula x, y. Vang, toi cadn phai cho ban
biét n la gi va dS 1a gi. Diéu d6 hdi phién nhiéu. Y toi 13, tdi khdng mudn ndi ching riéng
biét vi ban thdy ching kha khé. Thay vao d6, tdi sé& bao ban réng trong trudng hgp nay,
vang, xem nao. Chiling ta mudn biéu dién cai nay theo bién ndo? Toi s& cho ban cdéng thirc
ctia n dS. Chung ta mudn biéu dién cdi nay theo bién nao? Vang, rat cd thé x va y bai vi
chlng ta biét cach biéu dién z theo x va y. Day 1a mot dé nghi d& bd z cé thé con lai va
thiét lap moi th( theo dx dy.

The formula that we are going to see, I think we are going to see the details of why
it works tomorrow, is that you can take negative partial f partial x, negative partial f
partial y, one, dx dy. Plus/minus depending on which way you want it to go. If you
really want to know what dS is, well, dS is the magnitude of this vector times dx dy.
There will be a square root and some squares and some stuff. What is the normal
vector? Well, you take this vector and you scale it down to unit length. Just to
emphasize it, this guy here is not n and this guy here is not dS.

Cong thirc ma ching ta sé thay, toi nghi chidng ta sé biét chi tiét vé viéc tai sao n6 dang
vao ngay mai, la ban cé thé I8y trir dao ham riéng cula f theo x, trir dao ham riéng cua f
theo y, mot, dx dy. Cong / trir phu thudc vao ban muén né di theo dudng nao. Néu ban
mudn biét dS la gi, vang, dS la d0 I8n cla vector nay nhan dx dy. Dé sé la can bac hai va
cai gi do binh phuadng va cai gi do. Vector phap tuyén la gi? Vang, ban 1ay vector nay va
ban I3y ti 1& n6 xudng chiéu dai don vi. Cha y, thang nay & day khéng phai la n va théng
nay & day khéng phai la ds.

Each of them is more complicated than that, but the combination somehow simplifies
nicely. And that is good news for us. Now, concretely, one way you can think about it
is this tells you how to reduce things to an integral of x and y. And, of course, you



will have to figure out what are the bounds on x and y. That means you will need to
know what does the shadow of your surface look like in the x, y plane.

Mdi cai trong s& chiing phuirc tap hon céi dé, nhung t8 hop cua ching lai don gian. Va dé 1a
tin t6t cho ching ta. Bay gid, cu th€, mdt cach ma ban cd thé nghi vé né la cdi nay cho
ban biét cach dua cac th vé tich phan clia x va y. Va, tat nhién, ban sé phai tim ra cac
can cua x va y la gi. biéu do c6 nghia la ban can phai biét hinh chiéu clia bé mat caa ban
xudng mat phang x, y la gi.

To set up bounds on whatever you will get dx dy, well, of course you can switch to
dy dx or anything you would like, but you will need to look at the shadow of S in the
x y plane. But only do that after you gotten rid of all the z. When you no longer have
z then you can figure out what the bounds are for x and y. Any questions about that?
Yes? For the cylinder. OK. Let me re-explain quickly how I got a normal vector for
the cylinder. If you know what a cylinder looks like, you probably can see that the
normal vector sticks straight out of it horizontally.

DE thiét 1ap cac can khi tinh tich phan dx dy, vang, di nhién ban cé thé chuyén sang dy
dx hodc bat c(r thf tuy nao ban mudn, nhung ban can xét hinh chiéu clda S trong mat
phang x y. Nhung chi lam véy sau khi ban d3 loai boé dugc tét ca z. Khi ban khdng con z
thi ban cd thé chi ra cac cén clia x va y la gi. C6 ciu hdi nao vé diéu do khdng? Xin mdi?
DGi véi hinh tru. Bugc roi. Toi sé giai thich lai cdch tim vector phap tuyén cta hinh tru.
Né&u ban biét hinh tru cé dang nhu thé& nao, cé thé ban sé& thdy réng vector phap tuyén
dam thang ra ngoai no theo phudong ngang.

That means the z component of n is going to be zero. And then the x, y components
you get by looking at it from above. One last thing I want to say. What about the
geometric interpretation and how to prove it? Well, if your vector field F is a velocity
field then the flux is the amount of matter that crosses the surface that passes
through S per unit time. And the way that you would prove it would be similar to the
picture that I drew when we did it in the plane. Namely, you would consider a small
element of a surface delta S.

Diéu db c6 nghia la thanh phan z cla n bang khdng. Va thé& thi cac thanh phan x, y ma
ban nhan dugc bdng cach nhin nd tir trén. Diéu cudi cung tdi mudn ndi. Thé con cach
dién giai hinh hoc va chrfng minh né thi sao? Vang, néu trudng vector F cta ban 1a mot
trudng van toc thi théng lugng la lugng vat chat dé di qua bé mat di qua S trén mot don
vi thG@i gian. Va cach ma ban sé chirng minh né sé tudng tu vdi nhitng hinh ma téi da vé
khi chdng ta lam nd trong mat phdng. Cu thé, ban s& xét mdt yéu t6 nhd cua bé mat
delta S.

And you would try to figure out what is the stuff that flows through it in a second.
Well, it is the stuff that lives in a small box whose base is that piece of surface and
whose other side is given by the vector field. And then the volume of that is given by
base times height, and the height is F dot n. It is the same argument as what we
saw in the plane. OK. Next time we will see more formulas. We will first see how to
prove this, more ways to do it, more examples. And then we will get to the
divergence theorem.

Va ban sé& c¢§ géng tim ra cac thr chay qua né trong mét gidy la gi. Vang, nd la th& ndm
trong mot hop nhé ma day cua ndé la mot manh cia bé mat va canh con lai cia né dugc
cho bdi trudng vector. Va thé thi thé tich clia né bang dién tich day nhan chiéu cao, va
chiéu cao la F dot n. Bay la lap luan tucng tu nhu nhitng gi chdng ta da thay trong mat
phang. Vang. Lan tdi ching ta sé& gdp thém cac cong thirc. Dau tién chidng ta sé théy
cach dé& chirng minh cai nay, cé nhiéu cach Iam, thém cac vi du. Va sau dé ching ta sé
hoc dinh |i divergence.



