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VF W WXy VLN

Hé toa d0 cau, dién tich bé mat
Xem bai giang tai day:
http://www.mientayvn.com/OCW/MIT/giai_tich_nhieu_bien.html
OK, let's start. So, last week we learned how to do triple integrals in rectangular and
cylindrical coordinates. And, now we have to learn about spherical coordinates, which
you will see are a lot of fun. So, what's the idea of spherical coordinates? Well,
you're going to represent a point in space using the distance to the origin and two
angles. So, in a way, you can think of these as a space analog of polar coordinates
because you just use distance to the origin, and then you have to use angles to
determine in which direction you're going.
Vang, ching ta hdy bat dau budi hoc. Vang, tuan trudc ching ta da hoc cach tinh tich
phan ba I8p trong hé toa d6 Dé Cac va hé toa do tru. Va, bay gid ching ta sé hoc vé hé
toa dd cau, moét chd dé Ii thd. Vang, y tudng ciia hé toa dd cau la gi? Vang, ban sé& biéu
dién mét diém trong khdng gian diing khoang cach dén gdc toa dd va hai gdc. Vi vay,
ban cé th€ xem nhitng cdi ndy nhu la su tuong tu trong khdng gian cla hé toa dd cuc vi
ban chi dung khoang céch dén gdc toa dd, va sau dé ban phai sir dung géc dé xac dinh
hudng ma ban sé di.

So, somehow they are more polar than cylindrical coordinates. So, how do we do

that? So, let's say that you have a point in space at coordinates X, y, z. Then,

instead of using x, y, z, you will use, well, one thing you'll use is the distance from

the origin. OK, and that is denoted by the Greek letter which looks like a curly p, but
actually it's the Greek R. So -- That's the distance from the origin. And so, that can
take values anywhere between zero and infinity. Then, we have to use two other
angles. And, so for that, let me actually draw the vertical half plane that contains our
point starting from the z axis.

Vi vay, ching nhiéu cuc han so vdi hé toa dob tru. Vang, ching ta lam diéu d6 nhu thé nao?
Vang, gia s rang ban c6 mét diém trong khéng gian co toa dd x, y, z. Thé thi, thay vi st
dung x, y, z, ban s& dung, vang, khoang céch tir géc toa dd. Vang, va né dudc ky hiéu béng
chit Hy Lap tréng gibng nhu p xodn, né tuong (ng vdi ki tu' R cla ching ta. Vang - Do la
khoang céch tir géc toa dd. Va nhu vay, nd cé thé 18y bat ki gia tri nao gilta khéng va vé
cung. Sau dd, ching ta s& s dung hai géc khac. Va, vi vay dé lam diéu do, ching ta hay
v& nlra mat phang thdng ding chlra diém ching ta dang xét tir truc z.

OK, so then we have two new angles. Well, one of them is not really new. One is
new. That's phi is the angle downwards from the z axis. And the other one, theta, is
the angle counterclockwise from the x axis. OK, so phi, let me do it better. So,
there's two ways to draw the letter phi, by the way. And, I recommend this one
because it doesn't look like a rho. So, that's easier. That's the angle that you have to
go down from the positive z axis.

Vang, do do6 chung ta c6 hai géoc mdi. Vang, mét trong s6 ching khoéng thuc sy mdgi. Cai
md@i. Do la phi la gboc di xudng tU truc z. Va céi kia, theta, la géc ngudc chiéu kim dong ho
tlr truc x. Vang, do d6 phi, hdy dé tdi lam cho né tét hon. Vang, nhan day, cb hai cach dé
v& ki tu phi. Va, toi d& nghi cai nay bai vi né khdng giéng rho. Vi vay, né dé hon. D6 1a géc
ma ban phai di xudng tlr truc z dudng.

And, so that angle varies from zero when you're on the z axis, increases, increase to
pi over two when you are on the xy plane all the way to pi or 180° when you are on
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the negative z axis. It doesn't go beyond that. OK, so -- Phi is always between zero
and pi. And, finally, the last one, theta, is just going to be the same as before. So,

it's the angle after you project to the xy plane. That's the angle counterclockwise
from the x axis. OK, so that's a little bit overwhelming not just because of the new
letters, but also because there is a lot of angles in there. So, let me just try to, you
know, suggest two things that might help you a little bit.

Va, do d6 gbc do thay ddi tir khdng khi ban & trén truc z, tdng, tdng dén pi trén hai khi ban
3 trong mat phdng xy réi tdng dén pi hoac 180 ° khi ban & truc z &m. N6 khéng vugt khoi
gia tri d6. Vang, vi vay - Phi luén ludn ndm gitra khéng va pi. Va, cu6i cung, cai cui cung,
theta, s& giéng nhu trudc. Vi vy, d6 1a goc sau khi ban chi€u xuéng mat phdng xy. N6 1a
goc ngudc chiéu kim dong ho tur truc x. Vang, vi vay cac quy udc nay hai ap dat khong chi
bai vi cac ki tw mdi, ma con bai vi cd nhiéu géc & dd. Vi vay, hdy dé téi thir, ban biét, dé
nghi hai th&r @€ gitip ban mét chut.

So, one is, these are called spherical coordinates because if you fix the value of rho,
then you are moving on a sphere centered at the origin. OK, so let's look at what
happens on a sphere centered at the origin, so, with equation rho equals a. Well,
then phi measures how far south you are going, measures the distance from the
North Pole. So, if you've learned about latitude and longitude in geography, well, phi
and theta you can think of as latitude and longitude except with slightly different
conventions. OK, so, phi is more or less the same thing as latitude in the sense that
it measures how far north or south you are. The only difference is in geography,
latitude is zero on the equator and becomes something north, something south,
depending on how far you go from the equator.

Vi vy, né 1a, day dudc goi la cac toa dd cau bdi vi néu ban gilr gia tri rho khdng ddi,
thi ban s& di chuy&n mét hinh cau tdm tai g6c toa dd. Vang, chlng ta hdy xét nhirng
gi xay ra trén hinh cau tadm tai g6c toa dd, vang, vGi phuang trinh rho bang a. Vang,
thé thi phi do ban di v&é hudng nam xa bao nhiéu, do khoang céch tir Béc Cuc. Véang,
néu ban d& hoc vé vi do va kinh d6 trong dia ly, vang, ban cé thé xem phi va theta
la vi d6 va kinh d6, ngoai trir véi mot chut khac nhau vé mat quy udc. Vang, vi vay,
phi it nhiéu giéng nhu vi dd theo nghia la n6 do ban & xa bao nhiéu tlr phia bac hay
phia nam. Su khac biét duy nh&t |a trong dia ly, vi dd bdng khéng trén dudng xich
dao va cai gi & phia bac, cai gi 8 phia nam phu thudc vao ban & xa bao nhiéu ti xich
dao.



Here, you measure a latitude starting from the North Pole which is zero, increasing
all the way to the South Pole, which is at pi. And, theta or you can think of as
longitude, which measures how far you are east or west. So, the Greenwich Meridian
would be here, now, the one on the x axis. That's the one you use as the origin for
longitude, OK? Now, if you don't like geography, here's another way to think about
it. So -

O day, ban do vi dd bt dau tir Bdc Cuc béng khdng, tdng theo moi dudng dén Cuc Nam,
vi dd bang pi. Va, theta hodc ban cé thé xem nhu kinh dd, né do ban dang & phia dong
hodc tdy xa bao nhiéu. Vi vay, dai thién van Greenwich sé § day, bay giG, cai trén truc x.
Do la cai ban dung nhu gbc cho kinh d6, ding khéng? Bay gid, néu ban khong thich dia ly,
day la mot cach khac dé xét né. Vang-

Let's start again from cylindrical coordinates, which hopefully you're kind of
comfortable with now. OK, so you know about cylindrical coordinates where we have
the z coordinates stay z, and the xy plane we do R and theta polar coordinates. And
now, let's think about what happens when you look at just one of these vertical
planes containing the z axis. So, you have the z axis, and then you have the
direction away from the z axis, which I will call r, just because that's what r
measures. Of course, r goes all around the z axis, but I'm just doing a slice through
one of these vertical half planes, fixing the value of theta.

Lai b3t dau tir hé toa dd tru, hé toa d6 ma co 18 bay gid ban d& quen thudc. Véng, vi vay
ban biét trong hé toa dd tru chlng ta van cé z 13 z, va mét phdng xy chiing ta 1am cac toa
do cuc R va theta. Va bay giG, hay xét nhirng gi xay ra khi chidng ta chi xét mét trong
nhitng mat phdng thdng dirng chira truc z. Vi vy, ban ¢d truc z, va sau d6 ban cé hudng
ra xa tir truc z, toi sé goi la r, vi r do cai d6. Tat nhién, r di moi dudng xung quanh truc z,
nhung téi chi lam mdt mat cdt qua mot trong s6 cac nlra mat phang thang dirng nay, cd
dinh gia tri cta theta.

Then, r of course is a polar coordinate seen from the point of view of the xy plane.

But here, it looks more like you have rectangular coordinates again. So the idea of
spherical coordinate is you're going to polar coordinates again in the rz plane. OK, so
if I have a point here, then rho will be the distance from the origin. And phi will be

the angle, except it's measured from the positive z axis, not from the horizontal axis.
Sau dd, r tat nhién 13 moét toa dd cuc dugc nhin tir di€ém nhin cia mat phdng xy. Nhung &
day, cé vé nhu ban lai c6 cac toa d6 Dé Cac. Vi vay, y tudng cua toa do cau la ban sé lai
dén cac toa dd cuc trong mat phang rz. Vang, do dd, néu tdi c6 mot diém & day, thi rho s&
la khoang cach tir goc toa do. Va phi sé la goc, ngoai trir né dudc tinh tir truc z dudng,
khong phai tir truc ndm ngang.

But, the idea in here, see, let me put that between quotes because I'm not sure how
correct that is, but in a way, you can think of this as polar coordinates in the rz

plane. So, in particular, that's the key to understanding how to switch between
spherical coordinates and cylindrical coordinates, and then all the way to x, y, z if

you want, right, because this picture here tells us how to express z and r in terms of
rho and phi.

Tuy nhién, y tudng & day, thay khong, ching ta hdy dat cai do gilra nhitng ddu ngoac kép
vi tdi khdng chdc né chinh xac bao nhiéu, nhung theo cich nao dd, ban cé thé nghi cai nay
nhu céc toa dd cuc trong mat phang rz. Vi vy, ddc biét, d6 |a chia khéa dé€ hiéu cach
chuyén giita hé toa d6 cau va hé toa dd tru, va sau dé la hé toa d6 Dé Cac néu ban mudn,
dang, badi vi hinh & day cho chiing ta biét cach biéu dién z va r theo rho va phi.

So, let's see how that works. If I project here or here, so, this line is z. But, it's also
rho times cosine phi. So, I get z equals rho cos phi. And, if I look at r, it's the same
thing, but on the other side. So, r will be rho sine phi. OK, so you can use this to
switch back and forth between spherical and cylindrical. And of course, if you
remember what x and y were in terms of r and theta, you can also keep doing this to
figure out, oops.

Vang, chung ta hay xét quy luat ctia né. Néu to6i chiéu ¢ day va & day, vang, dudng nay la



z. Tuy nhién, no cling la rho nhén cos phi. Vi vy, téi dudc z béng rho cos phi. Va, néu toi
xét r, né tuang tu, nhung & phia bén kia. Vi vay, r sé la rho sine phi. Vang, vi vay ban cé
thé sir dung cai nay dé chuyén ddi qua lai gita cdu va tru. Va di nhién, néu ban nhé x va y
la gi theo r va theta, ban ciing c6 thé tiép tuc lam nhu thé nay dé chi ra, oops.

So, x is r cos theta. That becomes rho sine phi cos theta. Y is r sine theta. So, that
becomes rho sine phi sine theta. And z is rho cos phi. But, basically you don't really
need to remember these formulas as long as you remember how to express r in
terms of rho sine phi, and x equals r cos theta. So, now, of course, we're going to
use spherical coordinates in situations where we have a lot of symmetry, and in
particular, where the z axis plays a special role. Actually, that's the same with
cylindrical coordinates.

Vang, x bang r cos theta. Cai do6 trd thanh rho sin phi cos theta. Y bang r sin theta. Vi
vay, no trd thanh rho sin phi sin theta. Va z b&ng rho cos phi. Tuy nhién, vé cd ban ban
khong thuc su can phai nhé cac cdng thirc nay mién 1a ban van con nhé céch biéu dién r
theo rho sine phi, va x bang r cos theta. Vi vy, bay gid, tdt nhién, ching ta s& sir dung
hé toa dé cau trong cac bai toan co tinh doi x(rng cao, va dac biét, & day truc z dong vai
tro dac biét. Trén thuc t€, nd gidng vdéi hé toa do tru.

Cylindrical and secure coordinates are set up so that the z axis plays a special role.
So, that means whenever you have a geometric problem, and you are not told how

to choose your coordinates, it's probably wiser to try to center things on the z axis.
That's where these coordinates are the best adapted. And, in case you ever need to
switch backwards, I just want to point out, so, rho is the square root of r squared

plus z squared, which means it's the square root of x squared plus y squared plus z
squared.

Céc toa dd tru va cau dudc thiét 1ap dé€ truc z ddng mot vai trd ddc biét. Vi vay, diéu dé co
nghia la bat cif khi nao ban cé6 mot bai toan hinh hoc, va ban khong ndi cach chon toa do
cla ban, cd 1& 1a khén ngoan dé thir tap trung cac th trén truc z. D6 1a ndi ma céac toa dod
nay phlu hdp t6t nhit. Va, trong trudng hop ban can chuyén ddi ngudc trd lai, tdi chi muén
chi ra, vang, rho bdng can béc hai cta r binh cdng vdi z binh, c6 nghia la né béng cdn béc
hai clia x binh céng y binh cong z binh.



OK, so that's basically all the formulas about spherical coordinates. OK, any
questions about that? OK, let's see, who had seen spherical coordinates before just
to see? OK, that's not very many. So, I'm sure for, one of you saw it twice. That's
great. Sorry, oops, OK, so let's just look quickly at equations of some of the things.
So, as I've said, if I set rho equals a, that will be just a sphere of radius a centered

at the origin.

Vang, do dé vé cg ban do la tat ca cac cong thic vé toa dé cau. Vang, cd bat ky cau hdi
nao vé diéu dé khong? Vang, xem nao, ai da tung thay cac toa dé cau trudc roi? Vang,
khong nhidu. Vi vay, t6i chdc chdn, mot s6 ban da thdy né hai [An. That tuyét. Xin 16i,
oops, dudgc roi, vi vay ching ta hay xét nhanh nh{ing phucong trinh cia mot vai th. Vang,
nhu téi d& ndi, néu tdi dat rho bang a, dd sé chi la mét hinh cdu ban kinh a tdm tai gbc toa
do.

More interesting things: let's say I give you phi equals pi over four. What do you
think that looks like? Actually, let's take a quick poll on things. OK, yeah, everyone
seems to be saying it's a cone, and that's indeed the correct answer. So, how do we
see that? Well, remember, phi is the angle downward from the z axis. So, let's say
that I'm going to look first at what happens if I'm in the right half of a plane of a
blackboard, so, in the yz plane. Then, phi is the angle downward from here. So, if I
want to get pi over four, that's 45°. That means I'm going to go diagonally like this.
Of course, if I'm in the left half of a plane of a blackboard, it's going to be the same.
I also take pi over four.

Thém vai diéu thu vi: gia sir tdi cho ban phi bang pi trén bdn. Ban nghi nd trong nhu thé&
nao? Chang ta hdy thdm do y ki€én nhanh vai th{. Bang roi, vang, moi ngudi ndi la cé thé
la mot ndn, va dd thuc su la cau tra 18i dung. Vay, lam thé nao dé€ ching ta thay diéu d6?
Véang, hdy nhdg rang, phi la goc hudng xudng tir truc z. Vi vay, gia su rang trudc hét toi sé
xét nhirng gi xay ra néu tdi & nlra phai ciia mat phdng bang den, vang, trong mat phéng
yz. Thé thi, phi la géc hudng xudng tur day. Vi vay, néu tdéi mudn nhan dugc pi trén bdn,
turc la 45 °. biéu doé cé nghia la toi sé di theo dudng chéo nhu thé nay.Tat nhién, néu téi &
trong nura trdi cia mat phadng bang den, nd sé 1a nhu nhau.Tuong tu, tdi cling 18y pi trén
bén.

And, I get the other half. And, because the equation does not involve theta, it's all
the same if I rotate my vertical plane around the z axis. So, I get the same picture in
any of these vertical half planes, actually. OK, now, so this is phi equals pi over four.
And, just in case, to point out to you what's going on, when phi equals pi over four,
cosine and sine are equal to each other. They are both one over root two. So, you
can find, again, the equation of this thing in cylindrical coordinates, which I'll remind
you was z equals r. OK, in general, phi equals some given number, or z equals some
number times r. That will be a cone centered on the z axis. OK, a special case: what
if I say phi equals pi over two?

Va, t6i nhan dudc nira con lai. Va, bdi vi phuang trinh khong lién quan dén theta, tat ca
tuong tu nhu tdi quay mat phadng thidng dling cla tdi xung quanh truc z. Vi vy, t6i nhan
dugc cing mdt hinh trong bat ky cdi nao trong s& nhitng nlira mat phang thidng dirng nay.
Vang, bay gid, vi vay day |a phi bang pi trén bén. Va, chi trong trudng hgp, dé chi ra cho
ban nhitng gi dang xay ra, khi phi bdng pi trén bdn, cos va sin bdng nhau. Ca hai déu
bang mot trén can hai. Vi vy, mot 1an nira, ban cé thé tim, phuong trinh cua cai nay
trong toa do tru, tdi nhdc ban né 1a z bdng r. Vang, ndi chung, phi bang mét s8 cho trudc
nao dd, hodc z bang mdt s6 nao d6 nhan r. D6 s& |a mot nén c6 tdm trén truc z. Véng,
mot trudng hgp dac biét: Phi badng pi trén hai s& cé dang nhu thé nao?

Yeah, it's just going to be the xy plane. OK, that's the flattest of all cones. OK, so phi
equals pi over two is going to be just the xy plane. And, in general, if phi is less than
pi over two, then you are in the upper half space. If phi is more than pi over two,
you'll be in the lower half space. OK, so that's pretty much all we need to know at
this point. So, what's next? Well, remember we were trying to do triple integrals. So
now we're going to triple integrals in spherical coordinates. And, for that, we first
need to understand what the volume element is. What will be dV? OK, so dV will be
something, d rho, d phi, d theta, or in any order that you want.



A, né chinh 1a mat ph&ng xy. Vang, dé |a cai ph&ng nhét trong t&t ca cac nén. Vang, do
dé, phi bang pi trén hai sé& chi la mat phang xy. Va, ndi chung, néu phi nhé hon pi trén
hai, thi ban & nlra phdn khong gian cao han. Néu phi I6n han pi trén hai, ban sé & n(ra
phan khong gian thdp han. Vang, vi vay c6 kha nhiéu th& ma tat ca ching ta can biét vao
IGc nay. Vang, con gi nira? Vang, hay nhd ching ta da thu tinh tich phan ba 16p. Vang,
by gi& ching ta sé tinh tich phan ba I8p trong toa dd ciu. Va, dé lam diéu dd, trudc hét
ching ta can biét yéu t8 thé tich. dV la gi? Vang, do do, dV sé& |1a cdi gi dd, d rho, d phi, d
theta, hodc co thé theo bat ki th(r tu nao ma ban muédn.

But, this one is usually the most convenient. So, to find out what it is, well, we
should look at how we are going to be slicing things now. OK, so if you integrate d
rho, d phi, d theta, it means that you are actually slicing your solid into little pieces
that live, somehow, if you set an interval of rows, OK, sorry, maybe I should, so, if
you first integrate over rho, it means that you will actually choose first the direction
from the origin even by phi and theta.

Tuy nhién, théng thudng cai nay sé thuén tién nhat. Vi vay, dé tim nd 1a gi, vang, bay
gi§ ching ta s& xét cach chung ta sé& cat cac thd. Vang, vy néu ban |8y tich phan d
rho, d phi, d theta, c6 nghia la ban dang thuc su cdt vat rdn cla ban thanh nhiing
miéng nhd ndm, b&ng cach nao do, néu ban thiét 1&8p khoang cach cua cac hang, vang,
xin 16i, co 1& téi nén, vang, néu dau tién ban I8y tich phan trén rho, cé nghia la trudc
hét ban chon hudng tir g6c toa do6 qua ca phi va theta.

And, in that direction, you will try to figure out, how far does your region extend?
And, of course, how far that goes might depend on phi and theta. Then, you will vary
phi. So, you have to know, for a given value of theta, how far down does your solid
extend? And, finally, the value of theta will correspond to, in which directions around
the z axis do we go? So, we're going to see that in examples. But before we can do
that, we need to get the volume element. So, what I would like to suggest is that we
need to figure out, what is the volume of a small piece of solid which corresponds to
a certain change, delta rho, delta phi, and delta theta?

Va, theo hudng dd, ban sé thir chi ra, ving clia ban ma réng bao xa? Va, tat nhién, diéu
dé phu thudc vao phi va theta. Thé thi, ban sé& thay ddi phi. Vi vay, ban phai biét, d&i vdi
mot gia tri nhat dinh cla theta, vat rén cla ban md rong xuéng d udi bao xa? Va, cudi
clng, gia tri cua theta sé tuong Ung vdi, ching ta di quanh truc z theo hudng nao? Vi vay,
chilng ta sé thay diéu do trong cac vi du. Nhung trudc khi ching ta lam diéu dd, ching ta
can biét yéu t6 thé tich. Vang, nhitng gi t6i mudn dé nghi la ching ta can phai tim ra, thé
tich cia mét phan nho cda vat rdn tudng (ng véi su thay dbi nhat dinh cta, delta rho,
delta phi, va delta theta la gi?



So, delta rho means that you have two concentric spheres, and you are looking at a
very thin shell in between them. And then, you would be looking at a piece of that
spherical shell corresponding to small values of phi and theta. So, because I am
stretching the limits of my ability to draw on the board, here's a picture. I'm going to
try to reproduce on the board, but so let's start by looking just at what happens on
the sphere of radius a, and let's try to figure out the surface area elements on the
sphere in terms of phi and theta. And then, we'll add the rho direction. And then
we'll add the rho direction. OK, so —

Vi vay, delta rho c6 nghia la ban c6 hai mat cdu dong tam, va ban xét mét vo rat

mong & gilta ching. Va sau dé, ban sé xét mét manh nhé vé cau dé tudng Ung vdi gia
tri nho cua phi va theta. Vi vy, bdi vi tdi kéo dai gidi han kha ndng clia minh dé vé
trén bang, day 1a hinh vé. Tdi s& cd gang sao chép lai trén bang, nhung vang ching ta
hdy b&t dau xét nhirng gi xay ra trén hinh cdu ban kinh a, va ching ta hdy c6 gang

tim ra cac yéu té dién tich bé mat trén hinh cau theo phi va theta. Va sau dd, chung ta
sé thém vao hudng rho. Va sau dd ching ta sé thém vao hudng rho. Vang, vi vay -

So, let me say, let's start by understanding surface area on a sphere of radius a. So,
that means we'll be looking at a little piece of the sphere corresponding to angles
delta phi and in that direction here delta theta. OK, so when you draw a map of the
world on a globe, that's exactly what the grid lines form for you. So, what's the area
of this guy? Well, of course, all the sides are curvy. They are all on the sphere. None
of them are straight. But still, if it's small enough and it looks like a rectangle, so
let's just try to figure out, what are the sides of your rectangle?

Vang, hdy dé t6i ndi, ching ta hdy bat ddu bdng cach xét dién tich bé& mat trén hinh

cau ban kinh a. Vang, c6 nghia la chldng ta sé xét mot phan nhdé clia hinh cau tuong

rng v@i goc delta phi va theo hudng dé & day delta theta. Vang, vi vay khi ban vé ban
do thé gidi trén moét qua dia cau, dé chinh la nhitng dudng ludi hinh thanh cho ban. Vi
vay, dién tich clia thang nay la gi? Vang, tat nhién, tat ca cac mat la cong. Tat ca

chling & trén hinh cu. Khdng cai ndo trong ching th&ng. Nhung van con, néu né du
nhé va giong moét hinh chit nhat, vi vay hay th{r chi ra, cadc canh cta hinh chir nhat la
gi?

OK, so, let's see, well, I think I need to draw a bigger picture of this guy. OK, so this
guy, so that's a piece of what's called a parallel in geography. That's a circle that
goes east-west. So now, this parallel as a circle of radius, well, the radius is less than
a because if your vertical is to the North Pole, it will be actually much smaller. So,
that's why when you say you're going around the world it depends on whether you
do it at the equator or the North Pole. It's much easier at the North Pole. So,
anyway, this is a piece of a circle of radius, well, the radius is what I would call r
because that's the distance from the z axis. OK, that's actually pretty hard to see
now.

Véng, vi vay, xem nao, vang, ti nghi tdi biét vé& hinh 16n haon cua thang nay. Vang, do
dd thang nay, vi vay do la mot phan cla nhitng gi dugc goi la vi tuyén trong dia ly. D6
la mot dudng tron di vé phia dong-tay. Vi vay bay giG, vi tuyén nay nhu mot dudng tron
ban kinh, vang, ban kinh nhd hon a vi néu chiéu doc ciia ban dén Bac Cuc, nd sé thuc
su' nhd hon nhiéu. Vi vy, d6 1a Iy do tai sao khi ban néi réng khi ban di vong quanh thé&
gii né phu thudc vao ban 1am diéu dé tai dudng xich dao hay Bac Cuc. N6 dé hon

nhiéu & Bac Cuc. Vi vdy, du sao di nita, ddy |a moét phén cla dudng tron ban kinh,

vang, to6i goi ban kinh la r vi d6 la khoang cach tir truc z. Vang, bay gid no thuc su kho
thay.

So if you can see it better on this one, then so this guy here, this length is r. And, r
is just rho, well, what was a times sine phi. Remember, we have this angle phi in
here. I should use some color. It's getting very cluttered. So, we have this phi, and
so r is going to be rho sine phi. That rho is a. So, let me just put a sine phi. OK, and
the corresponding angle is going to be measured by theta. So, the length of this is
going to be a sine phi delta theta.

Vi v8y, néu ban cd thé thdy nd tét han trén cai nay, thi thang nay & day ciling vy, chiéu



dai la r. V4, r chi Ia rho, vang, d6 1a a nhan sine phi. H3y nhé§ rang, chidng ta cé gdc phi
nay tai day. T6i nén dung mau nao dd. N6 trd nén qua Ion x6n. Vang, ching ta cé phi
nay, va do dd r sé la rho sine phi. rho dé bang a. Vi vy, hdy dé téi chi ddt mét sin phi.
Vang, va goc tuong Ung sé dugc do theo theta. Vi vay, chiéu dai cua cai nay sé la sine
phi delta theta.

That's for this side. Now, what about that side, the north-south side? Well, if you're
moving north-south, it's not like east-west. You always have to go all the way from
the North Pole to the South Pole. So, that's actually a great circle meridian of length,
well, I mean, well, the radius is the radius of the sphere. Total length is 2pi a. So,

this is a piece of a circle of radius a. And so, now, the length of this one is going to

be a delta phi. OK, so, just to recap, this is a sine phi delta theta. And, this guy here
is a delta phi.

D4 1a cho bén nay. Bay gid, bén dé thi sao, phia bdc-nam? Vang, néu ban di chuyén theo
hudng bac-nam, né khéng giéng nhu Déng-Tay. Ban lubn ludn phai di tdt ca moi dudng tir
B&c Cuc dén Nam Cuc. Vi vay, do thuc su 1a mdt kinh tuyén tron I6n cd chiéu dai, vang, y
tdi 14, vang, ban kinh 1a ban kinh cla hinh ciu. Chiéu dai téng cong 1a 2pi a. Vi vy, day la
mot phan clda dudng tron ban kinh a. Va nhu vay, bady giG, chiéu dai cla cai nay sé la delta
phi. Vang, vi vay, chi dé€ tém tat, day la sin phi delta theta. Va, thdng nay & day |a delta
phi.

So, you can't read it because it's -- And so, that tells us if I take a small piece of the
sphere, then its surface area, delta s, is going to be approximately a sine phi delta
theta times a delta phi, which I'm going to rewrite as a squared sine phi delta phi
delta theta. So, what that means is, say that I want to integrate something just on
the surface of a sphere. Well, I would use phi and theta as my coordinates. And
then, to know how big a piece of a sphere is, I would just take a squared sine phi d
phi d theta.

Vang, ban khdéng thé doc né bdi vi né - Va nhu vay, né cho ching ta biét rang néu téi lay
mot manh nho cla hinh cau, thi dién tich b& mat cla no, delta s, s& gan bang a sin phi
delta theta nhan a delta phi, tudgng ducng a binh sin phi delta phi delta theta. Vi vay, diéu
dd cb nghia 13, gia sir rang t6i mudbn 18y tich phan cai gi dé chi trén mat cau. Vang, toi sé&
st dung phi va theta nhu toa dd cla téi. Va sau dd, d€ biét manh nho cua hinh ciu Ién
nhu thé nao, téi chi lan Iay a binh sin phi d phi d theta.

OK, so that's the surface element in a sphere. And now, what about going back into
the third dimension, so, adding some depth to these things? Well, I'm not going to
try to draw a picture because you've seen that's slightly tricky. Well, let me try



anyway just you can have fun with my completely unreadable diagrams. So anyway,
if you look at, now, something that's a bit like that piece of sphere, but with some
thickness to it. The thickness will be delta rho, and so the volume will be roughly the
area of the thing on the sphere times the thickness.

Vang, vay dé la yéu té bé mat trong mét hinh cau. Va bay gid, thé con quay lai chiéu th
ba thi sao, vang, thém mot dé sdu nao dé cho nhitng cai nay? Vang, téi sé khong vé hinh
bdi vi ban thdy né hai khé. Vang, du sao di nita hdy dé toi thi xem ban cé hai l1dbng vai do
thi hoan toan kho nhin cuta téi khong. Vang du sao di nita, néu ban xét, bay gig, thir gi do
gidng nhu mét manh cua hinh cau, nhung véi chiéu dai nao dé cua né. o day sé la delta
rho, va do dé thé tich s& gan bang dién tich cla cai trén hinh cau nhan dd day.

So, I claim that we will get basically the volume element just by multiplying things

by d rho. So, let's see that. So now, if I have a sphere of radius rho, and another one
that's slightly bigger of radius rho plus delta rho, and then I have a little box in here.
Then, I know that the volume of this thing will be essentially, well, its thickness, the
thickness is going to be delta rho times the area of its base, although it doesn't really
matter, which is what we've called delta s.

Vi vay, tbi cho rdng vé cd ban ching ta sé c6 dugc yéu té thé tich chi bang cach nhan céc
thr véi d rho. Vang, hay xét diéu dé. Vi vay bay gid, néu tbéi cd hinh cau ban kinh rho, va cai
khac c6 ban kinh hgi I6n hon rho céng delta rho, va sau dé t6i c6 mot hop nho g day. Thé
thi, toi biét réng thé tich cla cai nay vé co ban sé 13, vang, dd day cta nd, d6 day sé la
delta rho nhan dién tich day ctia né, mac du né khéng quan trong, chidng ta goi né la delta
S.

OK, so we will get, sorry, a becomes rho now. Square sine phi, delta rho, delta phi,
delta theta, and so out of that we get the volume element and spherical coordinates,
which is rho squared sine phi d rho, d phi, d theta. And, that's a formula that you
should remember. OK, so whenever we integrate a function, and we decide to switch
to spherical coordinates, then dx dy dz or r dr d theta dz will become rho squared
sine phi d rho d phi d theta. OK, any questions on that? No? OK, so let's -

Vang, vi vay chlng ta sé& nhan dudc, xin 16i, by gid a trd thanh rho. Binh sin phi, delta
rho, delta phi, delta theta, va vi vdy do cai dé ching ta nhén dudc yéu t6 thé tich va toa
do cau, do la rho binh sin phi d rho, d phi, d theta. Va, dé la mot cong th&fc ma ban nén
nhd. Vang, do dd, bat cr khi nao ban I8y tich phdn moét ham, va ching ta chuyén sang hé
toa do cau, thi dx dy dz hoac r dr d theta dz sé trd thanh rho binh sine phi d rho d phi d
theta. Vang, c6 bat ky cau héi nao vé diéu dé khong? Khong cé? Vang, vi vay ching ta hay

Let's see how that works. So, as an example, remember at the end of the last
lecture, I tried to set up an example where we were looking at a sphere sliced by a
slanted plane. And now, we're going to try to find the volume of that spherical cap
again, but using spherical coordinates instead. So, I'm going to just be smarter than
last time. So, last time, we had set up these things with a slanted plane that was
cutting things diagonally. And, if I just want to find the volume of this cap, then
maybe it makes more sense to rotate things so that my plane is actually horizontal,
and things are going to be centered on the z axis.

Hay xét quy luat hoat déng clia nd. Vi vay, nhu la mot vi du, hdy nhé & phan cudi cta bai
giang cudi clng, toi da c6 géng thiét 1ap mot vi du trong dé chldng ta dang tim mét hinh
cau dudc cit bdi mét mat phdng nghiéng. Va bay gid, ching ta s& thi tim thé tich cua
chép cau do, nhung thay vao dé dung hé toa db cau. Vi vay, téi sé thong minh han ldc
trude. Vi vay, lan trudc, ching ta da thiét 1ap nhitng diéu nay véi moét mat phang nghiéng
dang cat cac th(r theo dudng chéo. Va, néu tdi chi mudn tim thé tich ciia chdp nay, thi sé
dé hdn néu quay cac th sao cho mét phéng cla tdi thuc su ndm ngang v & cac thir sé cd
tam trén truc z.

So, in case you see that it's the same, then that's great. If not, then it doesn't really
matter. You can just think of this as a new example. So, I'm going to try to find the
volume of a portion of the unit sphere -- -- that lies above the horizontal plane, z



equals one over root two. OK, one over root two was the distance from the origin to
our slanted plane. So, after you rotate, that say you get this value. Anyway, it's not
very important. You can just treat that as a good example if you want. OK, so we

can compute this in actually pretty much any coordinate system.

Vi vdy, trong trudng hgp ban thdy rang nd giéng nhau, thi diéu do that tuyét voi. Néu
khéng, thi né khong thuc su quan trong. Ban chi can xem cai nay nhu la mét vi du mdi.
Vang, toi s& thur tim thé tich cua moét phan hinh cdu don vi - - ndm trén méat phdng ndm
ngang, z bang mét trén cén hai. Vang, mot trén can hai la khoang cach tir g6c toa d6 dén
mat phang nghiéng cua ching ta. Vi vay, sau khi ban xoay, ban nhan dudc gia tri nay. Du
sao di nita, né khéng phai qua quan trong. Ban cé thé xem né nhu 1a mét vi du tét néu
ban muén. Vang, vi vy chlng ta cd thé tinh cai nay kha nhiéu trong bt cr hé toa dd nao.

And also, of course, we can set up not only the volume, but we can try to find the
moment of inertia about the central axis, or all sorts of things. But, we are just doing
the volume for simplicity. So, actually, this would go pretty well in cylindrical
coordinates. But let's do it in spherical coordinates because that's the topic of today.

A good exercise: do it in cylindrical and see if you get the same thing. So, how do we
do that? Well, we have to figure out how to set up our triple integral in spherical
coordinates.

Va cling cé thé, tat nhién, ching ta cd thé thiét 1ap khéng chi thé tich, nhung ching ta cé
thé€ th tim moment quan tinh quanh truc trung tdm, hodc tat ca cac thi. Nhung, ching ta
chi lam thé tich cho don gian. Vi vay, trén thuc t&, diéu nay sé& kha tét trong toa dd tru.
Nhung ching ta hay lam né trong hé toa d6 cau bdi vi doé la chu dé cia ngay hém nay. M6t
bai tap thuc hanh t6t: lam né trong toa db tru va xem thr cé ra két qua tudng tu khong.
Vang, ching ta lam diéu dé nhu thé nao? Vang, chidng ta phai tim ra cach thiét lap tich
phan ba I&p trong hé toa d6 cau.

So, remember we'll be integrating one dV. So, dV will become rho squared sign phi d
rho d phi d theta. And, now as we start, we're already facing some serious problem.

We want to set up the bounds for rho for a given, phi and theta. So, that means we

choose latitude/longitude. We choose which direction we want to aim for, you know,
which point of the sphere we want to aim at. And, we are going to shoot a ray from
the origin towards this point, and we want to know what portion of the ray is in our
solid. So --

Vi vay, hdy nhd rang chlng ta sé 18y tich phan trén mot dV. Vi vdy, dV sé trd thanh rho
binh sin phi d rho d phi d theta. V4, bdy gid khi chldng ta bat ddu, chdng ta phai d6i mat
vGi mot s6 van dé nghiém trong. Ching ta mudn thiét I1ap cac can cua rho khi phi va
theta c6 dinh. Vi vay, diéu do c6 nghia la chidng ta chon vi d6 / kinh d6. Chung ta chon
hudng nao ma ching ta muén nhdm, ban d& biét, diém nao cta hinh cdu ma ching ta
mudén nhdm vao. Va, ching ta s& bdn mét tia tlr g6c toa dd hudng vé diém nay, va
ching ta mudn biét phén nao cua tia G trong vat rén. Vi vay -



We are going to choose a value of phi and theta. And, we are going to try to figure
out what part of our ray is inside this side. So, what should be clear is at which point
we leave the solid, right? What's the value of rho here? It's just one. The sphere is
rho equals one. That's pretty good. The question is, where do we enter the region?
So, we enter the region when we go through this plane. And, the plane is z equals
one over root two.

Chung ta sé chon gia tri cia phi va theta. Va, chling ta sé th{r chi ra phdn nao cua tia
cua ching ta & bén trong phia nay. Vi vay, nhitng gi can phai ré rang la ching ta rdi
khoi vat rdn nay & diém nay, phai khong? Gid tri cia rho 1a gi & day? NO chi Ia mot.
Hinh cau la rho bang mét. Diéu d6 kha tét. Van dé dit ra la, ching ta di vao ving &
dau? vVang, chung ta di vao vung khi ching ta di qua m at phang nay. Va, mat phang la
z bdng mot trén can hai.

So, what does that tell us about rho? Well, it tells us, so remember, z is rho cosine
phi. So, the plane is z equals one over root two. That means rho cosine phi is one
over root two. That means rho equals one over root two cosine phi or, as some of
you know it, one over root two times second phi. OK, so if we want to set up the
bounds, then we'll start with one over root two second phi all the way to one. Now,
what's next? Well, so we've done, I think that's basically the hardest part of the job.
Next, we have to figure out, what's the range for phi? So, the range for phi, well, we
have to figure out how far to the north and to the south our region goes.

Vi vy, diéu dé cho ching ta biét gi vé rho? Vang, nd cho ching ta biét, nén nhd, z bdng
rho cosin phi. Vi vy, mat phdng la z bdng mét trén can hai. Diéu dé cé nghia 1a rho
cosin phi b&ng mot trén cén hai. Diéu d6 cé nghia |a rho bdng mét trén cén hai cosin phi
hoac, nhu mot s6 ban da biét, mot trén can hai nhan secan phi. Vang, vay néu chung ta
muén thiét 1ap céc can, thi ching ta s& bt dau vdi mot trén can hai secan phi di theo
moi dudng dén mot. Bay gid, ti€p theo la gi? Vang, vi vay chung ta da thuc hién, téi nghi
réng vé cd ban do la phan khé nhat clia cong viéc. Tiép theo, ching ta phai chi ra, pham
vi cua phi la gi? Vang, pham vi cta phi, vang, chidng ta phai chi ra vung cta ching ta
cach xa cuc nam va cuc bac bao nhiéu.

Well, the lower bound for phi is pretty easy, right, because we go all the way to the
North Pole direction. So, phi starts at zero. The question is, where does it stop? To find
out where it stops, we have to figure out, what is the value of phi when we hit the
edge of the region? OK, so maybe you see it. Maybe you don't. One way to do it
geometrically is to just, it's always great to draw a slice of your region. So, if you
slice these things by a vertical plane, or actually even better, a vertical half plane,
something to delete one half of the picture. So, I'm going to draw these r and z
directions as before. So, my sphere is here. My plane is here at one over root two.
And, my solid is here.
Vang, can dudi cua phi kha dé&, phai khong, bai vi ching ta di theo moi dudng dén hudng
Bac Cuc. Vang, phi bt dau tai khdng. Cau hoi la, né dirng & dau? P& tim ndi né ding,
chuing ta phai chi ra, gia tri cua phi la gi khi chdng ta cham bién vung? Vang, nhu vay cé
I8 ban th8y nd. Cé 18 ban khéng. Mot cach dé |am diéu d6 vé mat hinh hoc la chi can, sé&
rat tot d€ vé mot mat cdt clia vung cua ban. Vang, néu ban cdt nhitng th& nay bang mét
mat phang thang dirng, hodc thuc su t8t han, mét nlira mat phang thdng dirng, mot cai gi
dé dé xdéa mdt nra hinh. Vang, téi s& v& hudng r va z nhu trudc. Vi vy, hinh ciu cua toi
& day. Mat phdng cla téi & day 1a mot trén cdn hai. Va, vat rén cla tdi & day.

So now, the question is what is the value of phi when I'm going to stop hitting the
region? And, if you try to figure out first what is this direction here, that's also one
over root two. And so, this is actually 45°, also known as pi over four. The other way
to think about it is at this point, well, rho is equal to one because you are on the
sphere. But, you are also on the plane. So, rho cos phi is one over root two. So, if

you plug rho equals one into here, you get cos phi equals one over root two which
gives you phi equals pi over four. That's the other way to do it. You can do it either

by calculation or by looking at the picture.

Vi vay bay gid, cau hoi la gia tri cha phi la gi khi tdi dung cham ving? Va, néu ban ¢ gang



trudc hét chi ra hudng nay & day la gi, né cling la mot trén can hai. Va nhu vay, cai nay
thuc su 1a 45 ©, tirc |a pi trén bén. Cach khac dé xét nd la tai diém nay, vang, rho bang
mét bdi vi ban dang & trén mat cau. Tuy nhién, ban cling & trén mat phang. Vi vay, rho
cos phi Ia mét trén cdn hai. Vi vdy, néu ban thé rho badng mdt vao day, ban s& dugc cos
phi bdng mét trén cdn hai twong duong phi bdng pi trén bdn. D4 1a cach khac d€ 1am diéu
d4. Ban co thé lam nd hodc bang cach tinh todn hodc bang cach nhin hinh v&.

OK, so either way, we've decided that phi goes from zero to pi over four. So, this is

pi over four. Finally, what about theta? Well, because we go all around the z axis we
are going to go just zero to 2pi. OK, any questions about these bounds? OK, so note
how the equation of this horizontal plane in spherical coordinates has become a little
bit weird. But, if you remember how we do things, say that you have a line in polar
coordinates, and that line does not pass through the origin, then you also end up

with something like that. You get something like r equals a second theta or a cos
second theta for horizontal or vertical lines. And so, it's not surprising you should get
this. That's in line with the idea that we are just doing again, polar coordinates in the
rz directions.

Véng, do d6 mot trong hai cdch, ching ta da quyét dinh réng phi di tir khdng dén pi trén
bon. Vi vay, day la pi trén bon. Cudi cung, con theta thi sao? Vang, bdi vi ching ta di tron
mot vong quanh truc z chidng ta sé di tir khong dén 2pi. Vang, cé bat ky cau héi nao vé
cac can nay khdng? Vang, vi vay chui y cach phuang trinh mat phang ngang nay trg thanh
hai la mot chdt nhu thé& nao. Nhung, néu ban nhd cach ching ta lam céc th, gia su réng
ban c6 mét dudng thang trong toa dd cuc, va dudng thang dé khéng di qua géc toa dd, thi
ban cling két thiuc véi th gi d6 nhu thé kia. Ban nhén dugc thir gi dé c6 dang r bdng a
secan theta hodc cos secan theta cho cdc dudng ngang va thdng di'ng. Va nhu vay, khdng
cb gi ngac nhién khi ban nhan dudc cdi nay. Pé la dudng thing v3i y tudng ma ching ta
dang lam lai, cac toa do cuc theo hudng rz.

So of course, in general, things can be very messy. But, generally speaking, the
kinds of regions that we will be setting up things for are no more complicated or no
less complicated than what we would do in the plane in polar coordinates. OK, so
there's, you know, a small list of things that you should know how to set up. But,
you won't have some really, really strange thing. Yes? D rho? Oh, you mean the
bounds for rho? Yes. So, in the inner integral, we are going to fix values of phi and
theta. So, that means we fix in advance the direction in which we are going to shoot



a ray from the origin. So now, as we shoot this ray, we are going to hit our region
somewhere. And, we are going to exit, again, somewhere else. OK, so first of all we
have to figure out where we enter, where we leave.

Vi vay, tat nhién, ndi chung, cac th cé thé rat bira bon. Nhung, ndi chung, cac loai viing
ma chlng ta s& thiét 1ap cac th( khdng qué khoé hodc qua dé h on so véi nhitng gi ching ta
s& lam trong mat phang trong céc toa dd cuc. Vang, vi vy cd, ban da biét, mét danh sach
nho cac th ma ban can biét cach thiét [ap. Tuy nhién, ban sé khong cé mot sé th( thuc
su, thuc su la. Xin mGi? d rho? Oh, y ban co6 phai la cac can cla rho? Vang. Vi vay, trong
tich phan bén trong, ching ta gil gia tri cia phi va theta khéng ddi. Vi vay, cé nghia la
chlng ta c8 dinh trudc hudng ma ching ta s& ban tia tir g6c toa dd. Vi vay, bay gid, khi
chlng ta bén tia nay, ching ta s& cham vung cla ching ta ¢ dau dé. Va, mét lan nira,
chiing ta sé thoat, & mot nagi khac. Vang, vi vay trudc hét ching ta phai chi ra nagi chdng ta
vao, ndi chung ta ra.

Well, we enter when the ray hits the flat face, when we hit the plane. And, we would
leave when we hit the sphere. So, the lower bound will be given by the plane. The
upper bound will be given by the sphere. So now, you have to get spherical
coordinate equations for both the plane and the sphere. For the sphere, that's easy.
That's rho equals one. For the plane, you start with z equals one over root two. And,
you switch it into spherical coordinates.

Véng, ching ta vao khi tia cham mé&t phéng, khi ching ta cham mat phdng. Va, ching ta
s& rdi khoi khi ching ta cham mét cau. Vi vay, can dudi s& dudc cho bdi mat phang. Can
trén dugc cho bdi mat cau. Vi vay bay giG, ban phai nhan dudc cac phuong trinh toa d6 cau
cho ca mét phdng va mat cau. D8i véi hinh ciu, diéu dé dé&. D6 1a rho bédng mot. DGi Vi
mat phang, ban bt dau vdi z bdng mot trén can hai. Va, ban chuyén né sang hé toa do
cau.

And then, you solve for rho. And, that's how you get these bounds. Is that OK? All
right, so that's the setup part. And, of course, the evaluation part goes as usual.
And, since I'm running short of time, I'm not going to actually do the evaluation. I'm
going to let you figure out how it goes. Let me just say in case you want to check
your answers, so, at the end you get 2pi over three minus 5pi over six root two.

Va sau dd, ban giadi dé tim rho. Va, dé la cach ban nhén dugc nhitng cén nay. Diéu dé
&n chir? Budc rdi, vi vay dé |a phan thiét 1ap. Va, tat nhién, phan tinh todn nhu binh
thudng. Va, vi muc dich tiét kiém thdi gian, tdi s& khong lam phan tinh toan. Toi s& dé
cho ban lam. Hay dé& t6i cho ban biét trong trudng hgp ban mudn kiém tra ciu tra 15i

cua ban, vi vay, két qua cudi cung la 2pi trén ba trir 5pi trén sau can hai.

Yes, it looks quite complicated. That's basically because you get one over, well, you
get a second square when you integrate C. When you integrate rho squared, you will
get rho cubed over three. But that rho cubed will give you a second cube for the
lower bound. And, when you integrate sine phi second cubed phi, you do a
substitution. You see that integrates to one over second squared with a factor in
front.

bung, no tréng kha phirc tap. V& cg ban doé la béi vi ban cé mét trén, vang, ban co6 a
secan binh khi ban |ay tich phan C. Khi ban Idy tich phan rho binh, ban sé nhan dudc
rho mi ba trén ba. Nhung rho mii ba dé sé cho ban mo6t secan mii ba do6i véi can dudi.
Va, khi ban I8y tich phan sin phi secan mii ba phi, ban lam phép th&. Ban thdy rang
tich phan clia n6 bdng mot trén secan binh vdi mot hé sd & phia trudc.

So, in the second square, when you plug in, no, that's not quite all of it. Yeah, well,
the second square is one thing, and also the other bound you get sine phi which
integrates to cosine phi. So, anyways, you get lots of things. OK, enough about it.

So, next, I have to tell you about applications. And, of course, well, there's the same
applications that we've seen that last time, finding volumes, finding masses, finding
average values of functions.

Vi vdy, trong secan binh, khi ban th& vao, khéng, dé khéng hoan toan 13 tat ca cua né . A,



vang, secan binh la mot thl, va tuong tu can con lai ban nhéan dudgc sin phi la tich phan
cua cos phi. Vi vay, du sao di nira, ban nhan dugc rat nhiéu th. Vang, du vé nd. Vang,
tiép theo, toi phai cho ban biét vé cac ng dung. V a, tat nhién, vang, cé cac i’'ng dung
tuong tu ma ching ta da thay lan trudc, tim thé tich, tim khéi lugng, tim gid tri trung binh
cua ham.

In particular, now, we could say to find the average distance of a point in this solid to
the origin. Well, spherical coordinates become appealing because the function you

are averaging is just rho while in other coordinate systems it's a more complicated
function. So, if you are asked to find the average distance from the origin, spherical
coordinates can be interesting. Also, well, there's moments of inertia, preferably the
one about the z axis because if you have to integrate something that involves x or vy,
then your integrand will contain that awful rho sine phi sine theta or rho sine phi
cosine theta, and then it won't be much fun to evaluate. So, that anyway, there's the
usual ones. And then there's a new one. So, in physics, you've probably seen things
about gravitational attraction.

D3c biét, hién nay, ching ta cb thé noi dé tim khoang cach trung binh ciia mét diém trong
chét rén nay dén gbc toa do. Vang, toa do cau trd th anh h&p dan bdi vi ham ma ban I&y
trung binh chi la rho trong khi cac hé toa do khac né la ham phc tap han. Vi vay, néu ban
dugc yéu cau tim khoang cach trung binh tir géc toa dd, cac toa dd cau cé thé thu vi.
Tuong tu, vang, c6 moment quan tinh, dugc ua thich han cai quanh truc z bédi vi néu ban
phai |8y tich phan cdi gi d6 lién quan dén x hodc y, thi biéu thirc dudi dau tich phan sé&
chtra rho sin phi sin theta khing khi€p hodc rho sine phi c6 sin theta, va thé thi sé khéng
vui khi tinh. Nhu vay, cai dé du sao di nita, cd nhitng cai théng thudng. Va sau dé cé6 mot
cai mdi. Vi vay, trong vat ly, ban d& c6 thé€ da gap nhitng th lién quan dén sdc hat hap
dan.

If not, well, it's what causes apples to fall and other things like that as well. So,
anyway, physics tells you that if you have two masses, then they attract each other
with a force that's directed towards each other. And in intensity, it's proportional to
the two masses, and inversely proportional to the square of the distance between
them. So, if you have a given solid with a certain mass distribution, and you want to

know how it attracts something else that you will put nearby, then you actually have to,

the first approximation will be to say, well, let's just put a point mass at its center

of mass. But, if you're solid is actually not homogenous, or has a weird shape, then
that's not actually the exact answer. So, in general, you would have to just take
every single piece of your object and figure out how it attracts you, and then
compute the sum of these.

Néu khoéng, vang, né la nhitng gi lam cho qua tdo roi xuéng va cac thir khac giéng nhu
thé& nifa. Vi vay, du sao di nira, vat ly cho ching ta biét réng néu ban c6 hai khéi
lugng, thi ching hut nhau véi mot luc hudng vé nhau. Va cudng do, cia né ti Ié thuan
v@i hai khéi lugng, va ty Ié nghich v@i binh phuong khoang cach gilra ching. Vi vay,
néu ban c6 mdt vat ran véi phan bd khdi lugng nao dé, va ban muén biét né hit céi
ma ban sé& dat gan né nhu thé& nao, vang, hdy dé tdi dat chat diém tai khdi tdm cla
nd. Nhung, néu chéat rdn ciia ban khéng thuc su ddng nhét, hodc cé hinh dang ky la,
thi d6 khong phai 13 cdu tra I8i chinh xac. Vi vay, ndi chung, ban s& phai 18y mbi
miéng clia vat thé va chi ra né hit ban nhu thé ndo, va sau dé tinh téng clia nhitng

cai nay.



So, for example, if you want to understand why anything that you drop in this room
will fall down, you have to understand that Boston is actually attracting it towards
Boston. And, Somerville's attracting it towards Somerville, and lots of things like
that. And, China, which is much further on the other side is going to attract towards
China. But, there's a lot of stuff on the other side of the Earth. And so, overall, it's
supposed to end up just going down. OK, so now, how to find this out, well, you
have to just integrate over the entire Earth.

Vi vay, vi du, néu ban mudn biét tai sao bat cr th& gi ma ban tha ra trong phong ban cling
s& roi xudng, ban phai hi€u rang Boston thuc su hit ndé vé hudng Boston. Va, Somerville
dang huat né vé hudng Somerville, va nhiéu th tucng tu khac. Va, Trung Quéc, & xa han
phia bén kia sé& hut vé hudng Trung Qudéc. Tuy nhién, cé rat nhiéu thir & phia bén kia cla
Trai Bat. Va nhu vay, toan bo, né dudc cho la chi hudng xudng. Vang, vay bay gid, lam
thé& ndo dé tim th8y cai nay, vang, ban phai I8y tich phan trén toan bd Trai D4t.

OK, so let's try to see how that goes. So, the setup that's going to be easiest for us
to do computations is going to be that we are going to be the test mass that's going
to be falling. And, we are going to put ourselves at the origin. And, the solid that's
going to attract us is going to be wherever we want in space. You'll see, putting
yourself at the origin is going to be better. Well, you have to put something at the
origin.

Vang, vi vay hdy th xem né di nhu thé& ndo. Vi vay, thiét 1ap s& dé nhat d6i vdi ching ta
dé tinh toadn sé& la chlng ta sé& 1a khéi lugng thir dang roi. Va, ching ta sé tu dat minh tai
gbc toa d0. Va, vat ran sé& hit chidng ta s& & bat c ngi dau ching ta mudn trong khdng
gian. Ban sé thay, tu dat minh tai goc toa do sé tét han. Vang, ban phai dat cai gi do tai
g0c toa do.

And, the one that will stay a point mass, I mean, in my case not really a point, but
anyway, let's say that I'm a point. And then, I have a solid attracting me. Well, so
then if I take a small piece of it with the mass delta M, then that portion of the solid
exerts a force on me, which is going to be directed towards it, and we'll have
intensity. So, the gravitational force -- -- exerted by the mass delta M at the point of
X, Y, z in space on a mass at the origin. Well, we know how to express that.

Va, cai s& nam tai mot chat diém, y tdi |a, trong trudng hop cua tdi khdng thuc su' 1a mot
diém, nhung du sao di nita, gia s réng toi 8 mot diém. Va sau dd, tdi cd mot vat ran hit
toi. Vang, thé thi néu t6i 1y mot phan nhd cua nd khoi ILrQng la delta M, thi phan dé cua
vat rdn tac dung luc 1én téi, luc sé hudng vé phia nd, va chiing ta sé& cé cudng dd. Vi vy,
Iuc hdp dan - - tac dung bdi khéi lugng delta M tai diém x, vy, z trong khong g|an | én mot
khdi lugng dét tai gdc toa dd. Vang, ching ta biét cach Iam sao dé biéu dién nd.

Physics tells us that the magnitude of this force is going to be, well, G is just a
constant. It's the gravitational constant, and its value depends on which unit system
you use. Usually it's pretty small, times the mass delta M, times the test mass little
m, divided by the square of the distance. And, the distance from U to that thing is
conveniently called rho since we've been introducing spherical coordinates. So, that's
the size, that's the magnitude of the force. We also need to know the direction of the
force. And, the direction is going to be towards that point. So, the direction of the
force is going to be that of X, Y, Z

Vat ly cho ching ta biét rang do I&n cua luc nay sé 1a, vang, G chi la mdt hang s8. No la
héng sb hap dan, va gid tri cia né phu thudc vao hé thdng don vi ma ban st dung. Thong
thudng noé kha nho, nhan khai lugng delta M, nhan khai lugng thtr m nhé, chia cho binh
phuong cla khoéng cach. Va, khoang cach tCr U dén cédi dé dugc goi la rho bdi vi ching ta
da dua vao cac toa do cau. Vi vay, do la kich cG, dé la d6 I6n cla luc. Ching ta cling can
phai biét hudng cua luc. Va, hudng sé chi vé hudng do. Vi vay, hudng cla luc sé la cai do
X, ¥, 2

But if I want a unit vector, then I should scale this down to length one. So, let me
divide this by rho to get a unit vector. So, that means that the force I'm getting from
this guy is actually going to be G delta M m over rho cubed times x, y, z. I'm just



multiplying the magnitude by the unit vector in the correct direction. OK, so now if I
have not just that little p is delta M, but an entire solid, then I have to sum all these
guys together. And, I will get the vector that gives me the total force exerted, OK?
So, of course, there's actually three different calculations in one because you have to
sum the x components to get the x components of a total force.

Nhung néu t6i mudn mot vects don vi, thi toi sé& I8y ti Ié cdi nay xuéng dd dai bdng mot. Vi
vay, hay dé tbi chia cai nay cho rho d& nhdn mdt vector dan vi. Vi vay, diéu dé cé nghia la
Iluc ma tdi nhén dudgc tir thang nay thuc su sé 1 G delta M m trén rho mii ba nhén x, vy, z.
To6i chi nhan do I8n véi vecto dan vi theo hudng chinh xac. Vang, vay bay gid néu toi co
khéng chi p nhé dé |a delta M, ma toan bd vat ran, thi tdi phai I8y téng tat ca nhitng thdng
nay vdi nhau. Va, téi sé nhan dugc vector cho téi luc toan phén da tac dung, dang khong?
Vi vay, tat nhién, thuc su cé ba su tinh todn khac nhau trong mét bdi vi ban phai 1y téng
cac thanh phan x d& nhan dudc cac thanh phan x cta luc toan phan.

Same with the y, and same with the z. So, let me first write down the actual
formula. So, if you integrate over the entire solid, oh, and I have to remind you,
well, what's the mass, delta M of a small piece of volume delta V? Well, it's the
density times the volume. So, the mass is going to be, sorry, density is delta. There
is a lot of Greek letters there, times the volume element. So, you will get that the
force is the triple integral over your solid of G m x, y, z over rho cubed, delta dV.
Tuong tu véi y, va véi z. Vi vay, trudc hét hdy dé toi viét ra cong thirc thuc té. Vi vay,
néu ban |8y tich phan trén toan bd vat ran, oh, va tdi phai nhac nhg ban, vang, khai
lugng 1a gi, delta M cia mot phan thé tich nho delta V? Vang, n 6 |a mat dd nhan thé
tich. Vi vay, khéi lugng sé& 13, xin 16i, mat dd 1a delta. Cé rat nhiéu chit Hy Lap & d9,
nhan yéu td thé tich. Vi vy, ban sé th8y rdng luc bang tich phan ba I6p cla G mx, y, z
trén rho mi ba, delta dV trén chéat ran.

Now, two observations about that. So, the first one, well, of course, these are just
constants. So, they can go out. The second observation, so here, we are integrating
a vector quantity. So, what does that mean? I just mean the x component of a force
is given by integrating G m x over rho cubed delta dV. The y components, same
thing with y. The z components, same thing with z. OK, there's no, like, you know,



just integrate component by component to get each component of the force. So, now
we could very well to this in rectangular coordinates if we want. But the annoying
thing is this rho cubed. Rho cubed is going to be x squared plus y squared plus z
squared to the three halves.

Bay gid, hai nhén xét vé diéu dé. Vang, cai dau tién, vang, tat nhién, day chi la cac hang
s8. Vi vay, chling c6 thé ra ngoai. Nhan xét th( hai, vi vy & ddy, ching ta 8y tich phan
mot dai lugng vector. Vang, diéu dé cé nghia la gi? T6i chi mubn noéi la thanh phéan x cla
luc la tich phan G m x trén rho mi ba delta dV. Cac thanh phéan vy, tuong tu véi y. Cac
thanh phan z, tuong tu véi z. Vang, khéng cd, nhu, ban da biét, chi la 13y tich phan theo
ting thanh phan d€ nhan dugc moi thanh phan cla luc. Vi vay, bay gid ching ta c6 trlé rat
tot vé diéu nay trong hé toa d6 Dé Cac néu chung ta mudn. Nhung th& gay phién nhiéu la
rho mii ba nay. Rho mii ba sé la x binh cdng y binh cong z binh m{i ba phan hai.

That's not going to be a very pleasant thing to integrate. So, it's much better to set
up these integrals in spherical coordinates. And, if we're going to do it in spherical
coordinates, if we're going to do it in spherical coordinates, then probably we don't
want to bother too much with x and y components because those would be
unpleasant. It would give us rho sine phi cos theta or sine theta.

D6 s& khong 1a thr dé chiu dé tinh tich phan. Vi vay, thiét 1ap nhing tich phan nay trong
cac hé toa cau sé tot han. Va, néu chung ta sé lam diéu dé trong toa do cau, néu chung ta
lam diéu do trong toa d6 cau, thi cé Ié chung ta khong can ban tdm nhiéu vdi cac th anh
phan x va y bdi vi nhitng cai nay khé chiu. N6 sé cho chiing ta rho sin phi cos theta hoac
sin theta.

So, the actual way we will set up things, set things up, is to place the solid so that
the z axis is an axis of symmetry. And, of course, that only works if the solid has
some axis of symmetry. Like, if you're trying to find the gravitational attraction of
the Pyramid of Giza, then you won't be able to set up so that it has rotation
symmetry. Well, that's a tough fact of life, and you have to actually do itin x, y, z
coordinates. But, if at all possible, then you're going to place things. Well, I guess
even then, you could center it on the z axis. But anyway, so you're going to mostly
place things so that your solid is actually centered on the z-axis. And, what you gain
by that is that by symmetry, the gravitational force will be directed along the z axis.
Vi vy, céch thuc té ma chiing ta s& thiét Iap cac th(, thiét 1ap cac thr, 1a dat vat rén dé
truc z 1a truc d6i x{rng. Va, tat nhién, diéu dé chi ding néu vat ran cé truc déi xirng n ao
d6. Giéng nhu, néu ban thd tim sirc hit hdp dan cla kim tu thap Giza, thi ban sé khéng
thé thiét 14p d€ cho nd cé ddi xrng quay . Vang, d6 Ia mot thuc té khé khdn cia cudc séng,
va ban phai 1am diéu d6 trong toa dd x, y, z. Nhung, néu cé thé, thi ban s& dat cac thi.
Vang, t6i dodn tham chi sau dd, ban c6 thé cho tdm nd trén truc z. Nhung du sao di nifa,
do dd, ban sé& chu y&u dat cac thir sao cho vt ran cla ban c6 tdm trén truc z. Va, nhiing
gi ban thu dudc qua viéc dé 1a béng tinh d6i xing, luc hdp dan hudng theo truc z.

So, you will just have to figure out the z component. So, then the force will be
actually, you know in advance that it will be given by zero, zero, and some z
component. And then, you just need to compute that component. And, that
component will be just G times m times triple integral of z over rho cubed delta dV.
OK, so that's the first simplification we can try to do. The second thing is, well, we
have to choose our favorite coordinate system to do this. But, I claim that actually
spherical coordinates are the best -

Véang, ban chi s& phai tim thanh phan z. Vang, thé thi luc sé la, ban biét trudc rang né sé
la khéng, khong, va thanh phan z nao dé. Va sau do, ban chi can tinh thanh phan dé. va,
thanh phan dé sé chi la G nhan m nhan tich phan ba I6p ctia z trén rho mii ba delta dV.
Vang, dé 1a su don gian hda dau tién ma chidng ta cé thé lam. Piéu th( hai 13, vang,
chiing ta phai chon hé toa dd yéu thich cua chidng ta dé |lam diéu nay. Nhung, t6i cho rdng
hé toa d6 cau la tot nhat -

-- because let's see what happens. So, G times mass times triple integral, well, a z in
spherical coordinates becomes rho cosine phi over rho cubed. Density, well, we can't



do anything about density. And then, dV becomes rho squared sine phi d rho d phi d
theta. Well, so, what happens with that? Well, you see that you have a rho, a rho
squared, and a rho cubed that cancel each other. So, in fact, it simplifies quite a bit

if you do it in spherical coordinates.

- bdi vi ching ta hay xem nhirng gi sé xay ra. Vang, G nhan khdi Iugng nhan tich phan ba
I6p, vang, az trong cac toa do cau sé trd thanh rho cosin phi trén rho mi ba. Mat d6, vang,
chung ta khong lam bat cr diéu gi vé mat do. Va thé thi, dV trd thanh rho binh sin phi d
rho d phi d theta. Vang, nhu vay, diéu gi xay ra vdi cai d6? Vang, ban thdy réng ban co a
rho, a rho binh phudng, va a rho mi ba triét tiéu nhau. Vi vay, trén thuc té, né dan gian
hon mot chdt néu ban lam né trong hé toa d6 cau.

OK, so the z component of the force, sorry, I'm putting a z here to remind you it's
the z component. That is not a partial derivative, OK? Don't get things mixed up, just
the z component of the force becomes Gm triple integral of delta cos phi sine phi d
rho d phi d theta. And, so this thing is not dV, of course. dV is much bigger, but
we've somehow canceled out most of dV with stuff that was in the integrand.
Vang, do d6 thanh phan z cla luc, xin 15i, toi s& dit az & day dé nhic nhd ban né la
thanh phan z. D6 khéng phai la dao ham riéng, dang khong? Khong nhan dugc nhitng
thr hdn hop, chi thanh phan z cla luc trd thanh Gm tich phan ba 18p clia delta cos phi
sin phi d rho d phi d theta. Va, do dé cai nay khong phai la dV, tat nhién. dV I&n han
nhiéu, nhung chlng ta d& bang cach nao dod triét tiéu dV vdi cac thd trong biéu thirc
duéi dau tich phan.

And see, that's actually suddenly much less scary. OK, so just to give you an

example of what you can prove it this way, you can prove Newton's theorem, which
says the following thing. It says the gravitational attraction -- -- of a spherical

planet, I should say with uniform density, or actually it's enough for the density to
depend just on distance to the center. But we just simplify the statement is equal to
that of a point mass -

Va th8y khéng, cai dé thuc su it ddng s¢ han nhiéu. Vang, nhu vay chi d& cho ban c6 mét
vi du vé nhi*ng gi ban c6 thé ch&rng minh né theo cach nay, ban cé thé ch{rng minh dinh ly
Newton, ndi dung nhu sau. N6 néi strc hit hdp dan - - cia mét hanh tinh hinh c3u, toi nén
noi véi mat dé déu, hoac mat do chi phu thudc vao khoang cach dén tdm. Nhung ching ta
chi can don gian hda phat biéu tuong ducng vdi phat biéu cho chét diém -

-- with the same total mass at its center. OK, so what that means is that, so the way
we would set it up is u would be sitting here and your planet would be over here. Or,
if you're at the surface of it, then of course you just put it tangent to the xy plane

here. And, you would compute that quantity. Computation is a little bit annoying if a



sphere is sitting up there because, of course, you have to find bounds, and that's not
going to be very pleasant. The case that we actually know how to do fairly well is if
you are just at the surface of the planet. But then, what the theorem says is that the
force that you're going to feel is exactly the same as if you removed all of the planet
and you just put an equivalent point mass here.

- V@i khéi lugng téng cdng tai tdm cta nd. Vang, vi vy diéu dé cé nghia 1a, do d cach
chlng ta sé thiét 1&p nd |a u s& nam & day va hanh tinh cda ban s& nam & day. Hodc,néu
ban dang & bé mat ctia nd, thi di nhién ban chi can dat né ti€p xuc véi mat phang xy &
day. V4, ban sé tinh toan dai lugng dé. Tinh todn it phién nhiéu néu hinh cau ndm trén dé
vi, t&t nhién, ban phai tim cac can, va né s& khong dé chiju. Trudng hdp ching ta thuc su
bi€t cach lam kha t6t la n€u ban chi 8 bé mat ciia hanh tinh. Nhung thé thi, nhitng gi dinh
ly néi 1a luc ma ban s& cam th&y gidng nhu thé ban bd toan bd hanh tinh di va ban dit mét
chat diém tuong duong G day.

So, if the earth collapsed to a black hole at the center of the earth with the same
mass, well, you wouldn't notice the difference immediately, or, rather, you would,
but at least not in terms of your weight. OK, that's the end for today.

Vi vay, néu trai dat bi sup dé thanh mot 16 den & tdm cua trai dat véi cung khdi lugng,
vang, ban sé khong nhan thay su khac biét ngay lap tdc, ho ac, thay vao do, ban sg,
nhung it nhat khéng phai theo trong lugng ciia ban. Vang, hdm nay chi vay thoi.



