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2.1 INTRODUCTION

In the preceding chapter it was shown that the refractive index of a material
results from the polarization of that material by the electric field of the trans-
mitted radiation. This polarization was completely linear: for a field increase
of a factor of 2, the polarization increased by the same factor. But we know
from other areas of physics that the linear dependence of one physical
quantity on another is almost always an approximation, having validity in a
certain limited range only. Perhaps the most familiar example of this is
Hooke’s law and its breakdown for large enough stresses. So we expect that
the polarization, also, will be linear only for limited values of the field strength.
For example, the electrooptic effect, which we introduced as the change in
refractive index due to the application of an electric field, is really observ-
able only because the electric field is large enough for the nonlinearity of the
polarization to show up.

2.1 GIOI THIEU

Trong chuong trude, ching ta di ching té rang chiét suat cua vat liéu nay
sinh do d¢ phén cuc cua vat liéu dudi taic dong cua truong dién tir. Bo phén
cuc nay hoan toan tuyén tinh: Khi truong ting gap hai lan, ¢6 phan cuc ciing
ting mot luong tuong ty. Nhung tir nhitng linh vuc vat 1y khéc ching ta biét
rang su phu thudc tuyén tinh ctia mot dai luong vao mot dai lugng khéc luén
lubn 1a gan dtng, chi 4p dung duoc trong pham vi gigi han. C6 1& vi du quen
thudc d6i voi chung ta 1a dinh luat Hooke va su vi pham dinh luat nay khi
luc kéo qua Ion. Vi vay, ching ta cé thé suy ra d6 phan cuc ciing chi tuyén
tinh d6i v&i nhiing gié tri gioi han cta cudong d6 truong. Chang han, hiéu
g dién quang ma ching ta di trinh bay do su thay dbi cua chiét suat dudi
su tac dong cua trudng thuc su chi quan sat duoce do dién truong du 16n dé
tinh phi tuyén cua do phan cuc thé hién ré.

" We chose to use a temporally uniform field before, but clearly an alternat-
ing field would have similar consequences. However, if the refractive index of
a crystal is modulated by such a field, of frequency w,, then a beam with
frequency w, passing through the crystal will be phase modulated, and this
phase modulation will give rise to side bands at combination frequencies,
such as the sum frequency and the difference frequency. Thus we can create
different frequencies by modulating the parameters of the crystal. This is
why these interactions are often called parametric frequency conversion.

Trudc hét ching ta s& xét trudng mot chiéu, nhung rd rang dién trudng xoay
chiéu ciing gy ra nhitng hé qua twong tw. Tuy nhién, néu chiét suat cua tinh
thé thay d6i dudi thc dung cua trudng tan s w,, thi chim c6 tan s6 w, khi
di qua tinh thé s& thay d6i pha, va su thay doi pha ndy s& lam nay sinh cac



dai tan s6 phu & cac tan sé két hop, chang han nhu tao tan s tong va tao tan
s6 hiéu. Do d6, chiing ta co6 thé tao ra c4c tan sb khéac bang cach thay ddi cac
tham sb cua tinh thé. Pay 1a nguyén nhan dan dén cac twong tac ndy duoc
goi la chuyén doi tan s6 tham sd.

The alternating field at w, also modulates the refractive index which it
itself “sees,” giving rise to a side band, a harmonic overtone, at 2w,. The
same thing happens for the beam at w,, giving a side band at 2w,. However,
as mentioned, the nonlinearities of the refractive index are so small that
generally they can be detected only when the amplitude of the electric field
is of the same order of magnitude as the interatomic fields. Thus the side
band at 2w, is observable only if the beam at w, has a high intensity. But,
clearly, even if the beam at w, is of low intensity, a sum frequency, at w, +
w,, or a difference frequency, at @, — w,, may still be created, as long as the
intensity of the beam at w, is large.

Truong xoay chiéu & tan s6 w, ciing c6 thé lam thay dbi chiét suat ma
n6’thdy”, lam nay sinh mot dai tan s phu, séng hai ¢ tan s6 w,. Qua trinh
tuong ty ciing xay ra d6i véi chim w, , 1am nay sinh dai tan cd tan sé 2w;.
Tuy nhién, nhu di noi, chiét suat phi tuyén qua nhé dén ndi ching chi phat
hién dugc khi bién dé dién truong cung bac do lon véi cac trueong gitra cac
nguyén tir. Vi thé, dai tan phu & tin s6 2w, chi c6 thé quan sat dugc néu
chim & tan sé w, c6 cudng dd cao. Nhung, rd rang, cho du chim & tan s
w, ¢6 cudng do thap, qua trinh tao tan s tong, & tan sd w; + w,, hoic tan
s6 hiéu, ¢ tin s6 w; — w, van c6 thé xuat hién, mién 1a cuvong d6 cta chim
& tansé w, lon.

Thus the nonlinearity of the polarization can be used to “detect” a weak
signal, at a wavelength for which sensitive detectors do not exist, by trans-
forming its frequency to the visible range, where it can be detected sensitively
with a photomultiplier. This is called parametric up-conversion (see Chapter

6).

Do d6, tinh phi tuyén ctia d¢6 phan cuc c6 thé dugc dung dé phat hién mot tin
hiéu “yéu” & tan sé khong thé phét hién duoc bang céc detector nhay hién
dang co, bang cach chuyén d6i tan sb cua nd sang vung kha kién dé phat
hién bang cac éng nhan quang. Pay duoc goi la qua trinh nang tan Ién (xem
Chuong 6).



The energy balance in some of the possible interactions is such that the
energy from one frequency (the “pump”) can be fed into two lower fre-
quencies. If the pump is intense enough to overcome losses, neither of the
lower frequency signals has to be provided from the outside, but they can be
made to build up out of the noise. In this way a tunable source can be ob-
tained. This is the parametric oscillator (see Chapter 7). |

Sy can bing nang lugng trong mot sé tuong tac kha di co thé dién ra theo
chiéu huéng mot tan sé (“bom™) c6 thé chuyén thanh hai tan sé thap hon.
Néu song bom du manh dé khac phuc ton hao, chiing ta khdng can phai cung
cap cac tin hiéu tan sb thap tir bén ngoai, ching ta c6 thé tu hinh thanh tur
nhiéu. Theo cach nay, ching ta c6 thé thu duoc ngudn co tan sb thay doi.
Pay 14 bd tao dao dong tham sé (xem Chuong 7).

Although these interactions are reminiscent of the parametric interactions
that have been used for years in the microwave field, there is one significant
difference: local nonlinearities, such as exist in junctions, are used in
microwaves; in nonlinear optics the interaction takes place in the bulk.

In this chapter we introduce the nonlinearity of the polarization which is
responsible for these interactions. To keep the discussion simple, we are at
first concerned with the generation process only; what happens to the in-
cident radiation is deferred until later. This is not a physically unrealistic
situation, in many cases the amount of radiation generated is very small, and
the influence of the interaction on the incident radiation is completely neglig-
ible.

Mic dU nhitng twong tac nay 1am ching ta nhd dén cac twong tic tham sb da
duoc str dung trong nhiéu nam trong trudng vi ba, c6 mot su khac biét dang
ké: su phi tuyén cuc bd (chang han nhu ton tai & cac chd ndi) dugc 4p dung
trong séng vi ba; trong quang phi tuyén, cac tuong tac xay ra trong vat liéu
khoi.

Trong chuong nay, ching toi gidi thiéu tinh phi tuyén cia 6 phan cuc gay
ra nhitng twong tac nay. P& qua trinh phan tich don gian, trudc hét ching ta
chi quan tim dén qua trinh hinh thanh; nhitng qué trinh xay ra ddi v4i buc xa
ti s& dugc phan tich sau. Pay khong phai 1a trudng hop phi thuc té vé mat
vat ly, trong nhiéu truong hop luong btic xa hinh thanh rat nho, va anh
hudng cua twong tac dén trudng téi hoan toan co thé bo qua.



The electrooptic effect, for example, can be seen as a frequency-mixing
interaction between the incident radiation and a field caused by an externally
applied voltage. This interaction produces a very weak beam, 90° out of
phase with the incident radiation, which shows up as a phase shift in the
transmitted radiation only because it has the same frequency as the incident
beam. However, under ordinary circumstances, the influence of this inter-
action on the applied voltage is negligible.

Chang han nhu hiéu tng dién quang c6 thé dugc xem la twong tac tron tan
s6 gitra birc Xa téi va truong dudi tic dung cua dién ap bén ngoai. Tuong tac
nay tao ra mot chim rat yéu, léch pha 90° véi truong toi, truong nay dich
pha so v&i biic xa truyén qua bai vi nd cé cing tan sé véi chum téi. Tuy
nhién, trong nhirng diéu kién binh thuong, tac dong cua twong tic nay dbi
VGi dién ap ngoai khong dang ké.

2.2 Tinh phi tuyén ciia do phan cuc

Rather than treating the interaction as a modulation of the refractive
index, as we did previously, it is more convenient to consider it as a result of
the nonlinearity of the polarization. Thus we include nonlinear terms in the
polarization and write

P = «E(l + a,E + a;E* + azE® + - - *)

Thay vi xét tuong tac dudi dang sy thay dbi chiét sut nhu di 1am trudc day,
dé thuan tién, thong thudng chung ta xét dudi nhu hé qua cua dé phan cuc
phi tuyén. Vi thé chung ta dua céc s6 hang phi tuyén vao d6 phan cuc va viét

where « is the linear polarizability and a,, a,, etc., are nonlinearities of in-
creasingly high order. Again, as in the electrooptic effect, we see immediately
that for crystals with a center of symmetry, a,, a,, etc., have to be identically

equal to zero, since the symmetry requires that ¢,E = —a,E, etc. Concen-
trating only on the first nonlinearity (i.e., a,E), we can write
P = 2d6* 2.1)

Trong d6 a 1a d6 phan cuc tuyén tinh va a;, a,, v.v....1a bac phi tuyén ting
dan. Mot 1an nira, ciing nhu trong hiéu tng dién quang, ching ta thdy ngay
rang dbi v4i cac tinh thé c6 tam ddi xang, a4, as,v.v....déu bang khong, bai
vi tinh chat di xung doi hoi ring a,E = —a, E, v.v...Chi tap trung vao do
phi tuyén bac nhat (tic 1a a, E) ching ta c6 thé viét



where £ is the nonlinear polarization due to this first nonlinearity only.*
Now let us suppose that we want to examine the interaction in the crystal
of two traveling wavest

&1(z, 1) = &, cos (w t + ky2)
and
&,y(2, 1) = & cos (wat + ks2)

To do this we substitute the superposition of these two waves for & in
equation 2.1. This gives

P = 2d[&,® cos® (w,t + ki2) + &,° cos® (wat + ky2)
| + 28,8, cos (w,t + kiz) cos (w2 + kg2)]

Trong d6 ....1a &6 phan cuc phi tuyén chi do sé hang phi tuyén bac nhat nay.
Bay gio gia st ching ta mudn xét trong tac trong tinh thé cta hai séng
Pé lam diéu ndy, ching ta thé tong cia hai song vao phuong trinh 2.1. Ta

duoc:

By using the elementary trigonometric relations cos? « = (1 — cos 2«)/2
and cos o cos f = [cos (x + B) + cos (« — f)}/2, we next find that the
polarization consists of a number of components with different frequencies;
that is, '

Py, = dEy® cos [2(w,t + ky2)]
ggm. - dgaa Cos [2(602‘ "I" kgz)]
P ooy = 24618y cos [(w, + wy)t + (ky + ky)2] (2.2)
P o1y = 246,84 cos [(w; — wy)t + (k; — ky)2)
and a steady term
2 direct = d(& i é 2 (2.3)
Théng qua cac hé thic luong gidc co ban.....va.....tiép dén ching ta tim
duoc d6 phan cuc bao gdbm mot sé thanh phan tan sé khac nhau:

Va mot sé hang 6n dinh



Thus we see that the nonlinear polarization contains a steady term, a sum-
and a difference frequency, and the first overtone of both input frequencies.
These overtones are normally called the second harmonics.

Note the factors of 2 in the expressions for the sum and difference fre-
quencies.

Vi thé chling ta thay do phan cuc phi tuyén chwra mot s6 hang 6n dinh, tan sb
téng va tan sé hiéu, va thanh phan hai bac hai cua ca hai tan s dau vao.
Nhitng thanh phan song hai nay thuong duoc goi 1a song hai bac hai.

Cha y hé s6 2 & céc biéu thirc caa tan s6 tong va tan so hiéu.

In the linear case we found that the polarization wave generated an electro-
magnetic wave of the same frequency as the incident wave, and that, providing
there was no absorption, the fraction of the incident energy that caused the
polarization wave was reradiated without any loss. Now we find that the
different components of the nonlinear polarization similarly generate electro-
magnetic waves, but these electromagnetic waves have frequencies different
from those of the incident waves. As a result, the fraction of the incident
energy used to create the nonlinear polarization can be reradiated at one or
more of a number of different frequencies.

Trong trudng hop tuyén tinh, ching ta thy rang séng phan cuc tao ra séng
dién tir c6 cing tan sé nhu soéng t&i, va khi khdng c6 hap thu, phan ning
lwong anh sang tai tai biac xa ma khdng c6 bat ky ton hao ndo. Tuong tu, lUc
nay chlng ta thay rang cac thanh phan khac nhau ctia d6 phan cuc phi tuyén
tao ra cac song dién tir, nhung nhitng séng dién tir ndy cd tan s6 khac vai tan
sb cua song téi. Do d6, phan ning lugng cia 4nh sang toi duoc dung dé tao
ra d6 phan cuc phi tuyén co thé tai buc xa & mot hodc nhiéu tin sé khac
nhau.

To find out which one of these frequencies will be radiated we have to
examine the phases of the different waves involved. Again, in the linear case
we found that the different radiating dipoles form a phased array of antennas,
and that, because of this, they raiate a wave in the forward direction. How-
ever, the phase of the radiating dipole at any point in the nonlinear medium is
not governed by the phase of a single wave at the same frequency, but by
the relative phases at that point of two waves of differing frequencies. More-
over, the electromagnetic wave that is radiated by this dipole has a prop-
agation velocity determined by its own frequency and by the refractive
index of the material for that frequency.

Pé tim tan sb trong sé nhiing tan sé nay sé buc xa, ching ta phai kiém tra
pha cta cac song twong tng. Mot 1an nira, trong trudng hop tuyén tinh



ching ta thiy rang cac ludng cuc buc xa khac nhau hinh thanh mét mang
ang ten diéu pha, va do quéa trinh nay, ching bic xa song theo hudng thuan.
Tuy nhién, pha cia ludng cuc bic xa & bat ky diém nao trong moi truong
phi tuyén khéng bi chi phdi bai pha ciia mot séng ¢ cing tan sé, ma boi pha
trong dbi tai dém hai séng c6 tan s khac nhau. Hon nita, song dién tir bic
xa boi ludng cuc ndy ¢ van tdc lan truyén dugc xac dinh bai tan sb riéng
ctia n6 va bai chiét suat cua vat lieu ddi vai tan sb do.

In general, because of normal dispersion, this propagation velocity is
different from the velocity with which the polarization wave is propagated;
the electromagnetic wave radiated by a dipole at one point no longer couples
to the energy radiated by a similar dipole at some other point, and destructive
interference will occur. In other words, the entire system of radiating dipoles
does not necessarily form a correctly phased array of antennas any more, as
it did in the linear case. For example, equation 2.2 shows that the sum
frequency component of the nonlinear polarization has a propagation con-

stant (k, + k,). Generally this propagation constant is not equal to k3 =
nswg/c, the propagation constant at w; = w; + w,.

NGi chung, do tan sic thudng, van toc lan truyén nay khac véi van tée lan
truyén séng phan cuc; song dién tir bic xa bai mot ludng cuc tai mot diém
khong con lién két véi nang lugng bic xa cta ludng cuc d6 tai mot diém
khac, va giao thoa triét tieu s& xuat hién. Noi cach khac, toan bo hé ludng
cuc bic xa khong can phai hinh thanh mang ang ten pha chinh xac nita nhu
trong trudng hop tuyén tinh. Chang han, phuong trinh 2.2 cho thiy ring
thanh phan tan s tong caa do phan cuc phi tuyén cd hing sb truyén....N6
chung, hang sé truyén nay khong bang.....1a hang s truyén & tan sé. ...

A technique, known as phase matching, exists for restoring the proper
phasing of the dipole. It involves precise control of the indices at the three
frequencies involved in the mixing process, to match the velocities of prop-
agation of the polarization wave and the electromagnetic wave which it
radiates. As a rule, it is possible to do this with only one of the frequency
components of the polarization wave, and this is the frequency that will be
generated efficiently (see Chapter 3).

Nguoi ta sir dung k¥ thuat hop pha dé phuc hdi pha cua ludng cuc. Qua trinh
nay lién quan dén viéc diéu khién chinh xac chiét suat ¢ ba tan sé lién quan
dén qua trinh tron song dé lam cho van téc lan truyén ciia séng phan cuc va
song dién tir ma nd btc xa phu hop. Nhu mot quy luat, ching ta c6 thé thyuc
hién qua trinh nay chi véi mot trong nhitng thanh phan tan sé caa séng phan
cuc, va ddy 1a tan sé ¢d hiéu suat chuyén d6i lon (xem Chuong 3).



Before beginning our discussion of the electromagnetic radiation generated

by the nonlinear polarization, we first take a closer look at the origin of the
nonlinear terms.

Truéc khi bat dau phan tich vé qué trinh hinh thanh séng dién tir do d6 phan
cuc phi tuyén, truéc hét ching ta xét ky hon vé& ngudn gdc cua cac thuat ngir
phi tuyén.



