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Chu’O’ng 4 107
Truong tinh dién trong vat chat

Bai tap 4.1
E=V/x=500/10"°=5x10°. Table 4.1: «/4zs, =0.66x10"®, SO
a =47(8.85x107%)(0.66x107) = 7.34x107*,
p=aE=ed=d=aE/e=(7.34x10*")(5x10°) /(1.6x 10" ) = 2.29x10™°m.
d/R=(2.29x107")/(0.5x10™"%) = Pé in hoa, chiang han d = R. Thi
R=gE/e=aV/ex=V =R ex/a = (0.5x10™°)(1.6x10 *°)(102)/(7.34x10*) =

Bai tap 4.2
Pau tién tim truong, & ban kinh r, dung dinh luat Gauss: jE.da = iQem, or
&

0

1 1
E-—~ ~-Q..
4re, r? Qe
— A ¢ ey A @ orja| o2 a’ r
Qenc - .Epdr—ﬂ-as Ee r dr—¥ —Ee r +ar +? 0

2 2
= —2—?{e‘2”a(r2+ar +a—)} = q{l—e‘z”a(l+2£+2r—2)}.
a 2 a a

[ChUy: Q.. (r - ») =q.] Vi vAy trudng cta electron cé thé 1a

2 ] 2 7 .2
E, = 1 %{1—e‘2”a(1+ 2£+2r—2) . Proton s& bi dich chuyén tir r = 0 dén diém d
Are, ¥ a a

¢ d6 E, = E (truong ngoai):

2
-t i{1—e-2d’a(1+29+2d—2

4rg, d? a a

| |



Khai trién theo (d/a): 108

2 3 2
R R LR DR S
a 2 a a 3\la a a
2 2
:1{1_29”(9) =0 ...][1 29+2d_2]
a a 3\la a a

2 2 3 2 3 3
y—y— 29—2d— 29+4d—2+4d—3—2d—2—4d—3+ﬂd—3+
a a’ a a a a a~ 3a

_ 4(d T A .
= —|—=| +cac s0 hang bac cao.
3la
E= 1 qz 4d 1 4 —(qd) = ! 5 P a =3ng,d’
4re, d 33 ) 4z e, 3a° 37g,a
[Khong khac nhiéu vdi mé hinh hinh cau déng déu cua vi du.(Xem pt. 4.2). Chu
y rang két qua nay tién doan o= % P= —(0 5x107°)* =0.09x10*m®, so voi gia
T,

tri thue nghiém (bang 4.1) 0.66 x 10 *m?. That tré tréu, cac cong thic c¢b dién
(phuong trinh. 4.2) kha gan véi gia tri thuc nghiém. ]

Bai tap 4.3

p r =Ar. Dién truong (theo dinh luat Gauss):

1 4zAr"  Ar?
At g, 4 4g,
trong” ndy cin bang v4i truong bén ngoai E khi hat nhan “léch tAm” mot luong
d:ad?/4e,=E=d :W. Vi vay moment ludng cuc cam ung la

p=ed =2e,/e,/AVE . Hién nhién p ti 1 voi EV? .

Pbi voi pt. 4.1 dé dung trong gidi han trudng yéu , E phai ti 18 véir, doi véir
nho , ¢6 nghia 1 n6 phai tién téi khong ddi (khac 0) tai gdc toa do :
(chtr khong phai khong xac dinh)

“bén

[ﬁE.da =E(47°) :iQenc :i EAF4zF2dF )
& &

Bai tap 4.4



1 9

Trudong cua q : 2 =f . Moment ludng cyc cam {rng cua nguyén tu 109
TE, I
(24 ~
p=caE= qzr.
Are,r

Truong cta ludng cuc nay , tai vitri q ( &=~ , trong phuong trinh.3.103 ) :

E=1 i[ Zaqzj(phéi).

- 3
Are, 1°\ Ans,¥

Luc tac dung Ién q do truong nay: (hut) .

Bai tap 4.5

Truong cua p; tai p; (6 = z/2 trong phuong trinh. 3.103) : E, = %é (hudng
g,

xudng ).

Momen trénp, : N, = p,xE, = p,E, sin90° = p,E, = % ( hudng vao trong trang
g,

giéy).

Momentrénp; : N, =p,xE, = % (huéng vao trong trang gidy )
g,

Bai tap 4.6
Dung ludng cuc anh dugc biéu dién trong hinh .(a). Kéo nguoc lai, thay p; & gbc
toa do, hinh. (b).

E =— P 2c0s0f +sindd ; p=pcosdf+ psindd .
Are, 21

( ngoai trang).

2 -
Nhung sin&cosd = 1/2 sin260, SO |N = p”sin 20

= 168 (ngoai trang )
0




Pbi véi 0<0<x/2,N ¢ khuynh huong quay p nguoc chiéu kim ddng ho ; d01
VGl 7/2<0<x,N quay p cung chiéu kim dong hd. Vi thé

Hudng 6n dinh vudng goc v6i bé mit —hoic Tor | .

Bai tap 4.7
Gia sir rang truong 1a déu va hudng theo truc y. Truoc hét manh p tir vo
cungdoc theo truc x - cai nay khong sinh cong, vi F Ldl. (Néu E khong déui
manh p nam doc theo quy dao L truong.) Bay gio quay (ngugc chiéu kim dong
h6 ) dén diém cudi. Momen bi tac dung boi E 1a N = pxE = pEsing2. Momen ma
chung ta tac dung 12 N = pEsin@ theo chiéu kim dong hé , va dé ngugc chiéu
kim dong hd, vi vay cong toan phan duoc thuc hién boi ching ta am :

4
U= I pEsin@dé = pE —cosd

/2

72=—PE (cose—cos%j ——pEcos#=—pE. ged

Bai tap 4.8

1 1 A S 1 1 . .
U = —p,.E,, but B, = g 7 XPAF =P, SO U =Fgo;[plpz—3 pf pf | ced
Bai tap 4.9

a F= pV E Eq45 ;E=— 9¢-_d XX+yy+:z3/2

47'[80 r 471'80 X2 + y2 +7




%} %} %} q X
= px + py — +tP,— 3/2 1
oy 0z )4re, x* 4 y?+7°

q 1 —Ex 2X +p —Ex 2y
4re, x> +y?+2° o2 X® +y®+12° v |2 X +y®+12° o2
q | P, 3X q | p 3r pr
= — == p.x+ +p,z2 |=—| 75— .
Are, [ s DX R } Arg, L‘Q’ re l

I I PO
F_4m90 rs[p 3 pf r].

b E= 4;9 rl [p —F ] —F —p :——[3 p.f F-p]. (Piéu nay xuét

phat tir phuong trinh. 3.104; diu trir 1a bO’l vi r huéng vé phia p, trong
bai tap nay.)

[3 pf —p].

[Cha y réng luc béng va nguoc d4u, nhu ban mong doi tu dinh luat 111
Newton.]

Bai tap 4.10

10
(@) o, =P.A= - P, = —VP———3§ r’kr :——3kr =[=3k/]

(b) Péivoir<R , Ezgipl’f (Baitap. 2.12), vivay E=|- k/g, r.
€o

+ P,



Pdi vair > R, tuong tu néu tat ca dién tich & tim ; nhung

Q.= KR 47R? + —3k (gnR3j:O,Vi viy

112

Bai tap 4.11

p, =0;0 =P.A=%P (dau cong & mot dau sang dau ma cac di€ém P hudng
to1 ; dau trir & dau con lai sang dau ma cac di€ém P hudng ra xa).
(i) L >>a. Do d6 cac dau trong giong cac dién tich diém, va

toan bd vat gidng nhu ludng cuc vat 1y, chiéu dai L va dién
tich Pza*. Xem hinh. (a).

(i) L<<a. Thé thi n6 giéng nhu mot tu dién ban song song tron.
Truong gan déu bén trong ; “trudng vién” khong déu ¢ céc
bién. Xem hinh. (b).

(ili) L~ a. Xem hinh .(c).

Bai tap 4.12

! P—'zrdr =P. 1 Ider . Nhung céc s6 hang trong ngoic nhon ding 1a
Are, 7 1 Arg,

V =

truong cta qua cau tich dién déu, chia cho p. Tich phan duoc tinh trong bai
tap.2.7 va 2.8 :



3 3 3
1 4/3 7R pf (SR R P_f=RPC0§ﬁ

3 4re r? ’ 3g,r? g r?
1 J'LZ _1 0 , SoV re ={ ° -
Argy °r P| 1 4/3zR°p, 1 Prcosé
3 r, r<rR, —Pr= ,
4rs, R 3g, 3g,
r>R
r<R
Bai tap 4.13

Xem né nhu hai hinh tru ¢6 mat d6 dién tich déu nguoc nhau +p. Bén trong

truong, & khoang cach s tir truc cua hinh tru tich di¢n déu duogc cho bai dinh luat

Gauss : E2zsl :ipnszl =E = p/2¢, s. Déi vai hai hinh tru nhu thé, mot cong
)

va mot trir. Trudng toan phan (béntrong) 1a E=E, +E_= p/2g, s,-s. . Nhung

+

s,—s_=-d,vivdy E=|pd/ 2¢, ,| & ddy d la vector tir truc am dén truc duong.

Trong truong hop ndy, momen ludng cuc toan phan ctia khoanh c6 chiéu dai |
béngP za’l = pra’l d. Vivady pd=P, va |[E=—-P/ 2¢, , ddivsis<a.

2 a
Bén ngoai , dinh luat Gauss cho chung ta E2zsl :ipnazl =E= ga S dbivei
& g S

2 14 2 & &
mot hinh tru. D& két hop, E=E, +E_= ’;a [S_us—j, & day
& \S, S

7
+

2 -1 -1
( 9) s+ 9 54 ;%(sigxﬁg) ;%(siﬂj(uﬁj
2 4 S 2 S S 2 S
:%[sis sd igJ




( chi giir cac s6 hang bac nhit cta d )

S, S 1 sd d ( s.d SJ 1
——— == || S$+S—— = |-|S-S—+= | |==
s, S ) s S 2 s 2 S

2
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a iz[z PS §-P],| ddivois>a

Es =—
2g, S

Bai tap 4.14
Pién tich tong cong trong dién mdi bang Q,, = Ul o,da+ L p dr= Ul P.da- _[V.Pd T,

Nhung dinh li divergence noi rang EﬂSP.da: .LV.Pdr, S0 Q,,. =0. qed

enc

Bai tap 4.15

Pinh luit Gauss = E =4i%f. P&i v6i r<a, Qenc=0, S0  Pbivoir
neg, ¥
>, Qenc =0 (Bai tap. 4.14) , vi vy
—k

Pbivsia<r<b, Qure :(_—kj 4ra’® + £ (—2j47ﬁ2df =-4rka—4zk r—a =-4zkr; Vi
a r

vay |[E=— k/gr f.
(b) [ﬁD.da:Qfem:O:Dzo 0 moinoi. D=¢gE+P=0=E= -1/g, P, vivay
[E=0 (ddivéir<avar>bh); E= k/e,r ¢ (dbivéia<r<bh)

Bai tap 4.16



() Giéng nhu Eq trir trudng & tAm hinh ciu v6i 6 phan cuc déu P. Cai sau
bang (pt. 4.14) —P/3z,. Vi viy |E = E, +——P

3,

D:80E250Eo+%P:Do—p+%p, So DZDO—EP.

(b) Gibng nhu Ey trir trudng cta + cac dién tich tai hai dau cua “kim” —
nhung nhitng cai nay nho , va cach xa, vi vay

D=¢gE =¢,E, =D, —P,so|D =D, —P.

(¢) Gidng nhu Eg trir truong cta ty dién ban song song vdi bang cao hon tai
o =P . Caisau bang |E = E0+1P - Ye, P, SD=¢g,E=¢,E,+P,s0iD=D, |0
o

Bai tap 4.18

(a) Ap dung jD.da =Q, cho bé mit Gauss dugc biéu dién. DA=cA=[D=0o]
(Chiy : D =0 bén trong manh kim loai.) Diéu ndy dung & ca hai tim; D
hudng xudng.

(b)) D=¢E=>E=0/¢ 6tam 1, E=0c/¢, 6 tam 2. Nhung ¢=¢., , vi vay

£ =288, :geo. E, =0/2¢,,|E, =20/3¢,.

(C) p=¢,2.E, vivay P:goxed/ £8 = X/& ix.=8&-1=2P=1-¢g" 0.
IR =0/2,P,=0/3|

(d)V =Ea+E,a= ca/bs, 3+4 =|Tca/bs,.

() p,=0; 0, =+P 0 bénduditim 1 =0/2, o, =+P, § bén duditim 2 =o/3,

o, =—P, 0 trén tim 1 =-o/2, o, =+P, 0 tréntim 2 =-o/3,
(f) O tAm1 : Dién tich bé mit toan phin bén trén : o— /2 =0/2



Dién tich bé mat toan phﬁn bén duoi:
c/2 - o/3 + 0/3 —0=-0/2,
O tam 2 : dién tich bé mit toan phdn bén trén : - /2 + ¢/2 — /3 =20/3,
Dién tich bé mit toan phin bén dudi: o/3 —o=-20/3,

116

Bai tap 4.19

Khi khong c6 dién moi, C, = As,/d (Pt. 2.54).

Trong ciu hinh (@), voi +o ¢ bang trén, —o bén dudi, D=oc giita cac bang .
E =o0/¢, (trong khdng khi ) va E =o/s (trong dién moi). Vi vay

cd od_ Qd (l_‘_i}

g

& 2 €2 2gA
Q_&A

2 _|Ca _ 25
Vo od (1+Ve ) |C, l+e,
Trong ciu hinh (b) , véi sy chénh 1éch thé V : E=V/d , S0 6 =¢,E=¢V /d (trong
khong khi).
P=¢g,xV/d (trong dién moi) , vi vay o, =—¢,7.V /d (tai mat trén cua dién moi).
O =6V /d=0,+0,=0;—gxV/d ,S0 o, =&V 1+, [d=¢ge¢V/d (6 manh trén
dién moi).
:>Cb=9 l(o—é.ko— éj:A(go\i+go\igrj=%(l+grj.&=1+gl’.

v viC2772 d °4d d {2 Jlc, 2

[Cai nao 16n hon ?
lvs "4 2_ 1-g °
&_&zlhﬁ}_ 2e, g, <9r:1+25,+4gr de, g, 50.50 Cyp> G, ]

C, C, 2 1l+s  21l+g 2 1+¢, 2 1+e,

Néu truc x hudng xudng:

Bai tap 4.20



J.D.da:Qfem = D4rr® =pg7rl’3 =D =%pr —E= pr/3ef , d6i v6i 117

r <R; D4xr? ngﬂRs = D:pR3/3r2 =E= pR%/3¢,r* f, forr >R .

2 2 2
- [Edl= PRLie P Py PR P RT_IPRT L)
3g, I 3 3g, 3¢ 2 3¢, 2¢,

Bai tap 4.21

bat Q 1a dién tich chi€u dai | cia vat dan bén trong.
[jD.da=D2zsl = 0=5D=-2: E=—9 acs<p, E=
sl 27gysl 2resl

-fea- (25 ()2 (2203

C Q _ 2re,

(b<r<c).

1 VI |Inb/a+2e Inch’

Bai tap 4.22 ,
Phu:ong phap tuong tu nhu vi du. 4.7 : Giai phuong trinh Laplace doi voi
V. s, (s<a)vav, s¢ (s>a),thdadicukién bién.

(I) Vin :Vout tal s=a !
(ii) g% is=a,

(i) v, —>—Eoscos¢ d6i vois >>a.
Tt bai tap. 3.23 (din ra diéu kién bién (iii)):

V,, s,¢ =D s a coskg+b,sinke
k=1

(T61 da khir cac so hang hang so bang cach dat V = 0 trén mat phang y z.) Dicu

kién (i) noi

Y a“ a, coskp+b, sinkg =-Ejscosg+> a* ¢ coskg+d, sinkg

Trong khi (ii) néi



& > ka'" a, coskp+b, sinkg =-E,cosp—> ka™ ™ ¢, coskg+d, sinkg . s
Hién nhién b, =d, =0 d6i véi tat ca k , a =c, =0 néu k khac 1, trong khi d6 k =
1,

-2

aa =-Ea+a’'c, ga =-E,—-a’c .
Giai tim ai
a=-——"—), VivayV, s,¢ S scos¢$=——EO
1+y,/2 om 1+ x,/2 1+y,/2
NI ov,, . E, \ . A ,
Vavithé E, s, =——2%= .| Nhu trong truong hop hinh cau ( Vi du.
ox 1+ 7./2

4.7) , trudng bén trong 1a déu.

Bai tap 4.23

. 1 Ze e . Eole = . I A
Po:5oZeEo’E1:_gpo:_?EmPl:goZeEl:_ 03 EO’E2:_§P1:?EO’
0 0

Hién nhién E, = (—éj E, , vivay
3

E:E0+E1+E2+...=[Z(—%J }EO .

n=0
Chudi hinh hoc c6 thé duogc cong mot cach twdng minh :

Zx“:i, SO E:;EO :
n=0 1-x l+Ze/3

Phu hop véi pt. 4.49. [Ki la thay , thuong thi phuong phap nay doi hoi ring

7. <3 (nguoc lai cac chudi khong xac dinh phan ki ) , tuy nhién két qua khong
chiu han ché nhu thé, béi vi chiing ta cling c6 thé nhan duoc né biang phuong
phap cua vi du. 4.7.]

Bai tap 4.24

Thé



V

out

V., 160 Z(Ar

V.

n

r,0 =0,

Céc diéu kién bién :
i Vout :Vmed 1 (r = b)’

r.0 =-E rc036’+z B P cosé ,

jP cosd, (a<r<b)

(i) o

med —
or
(H)V g

=0(r=a)

()= —Esbcoso+ I+1P cos & Z(Ab'

Vou ,(r=b);

I+l

jP cosé ;

B Pc

(ii)ngZ{lAb"l— | +1 bl'i}P cosd =-E,cos0-) 1+1 prz Re ©0s6 ;
(i) :Alaw%:o:-az'm |
D6i voi | #1
(i) Eb+ ab’* A2 b -a
(ii) g,[ ""bﬁ]:—Eo—2%z—251—E0b3=g,A_L b® +2a°
-3E,

Viviy 3Ep*=A[2b°-a’ +5 b*+22° |; A

~3E,

med —

2[1— a/b 3]+gr [1+2 a/b 3]

|

3

a
r——chose ,
r

3E,

Ero=-VV_=

2[1— a/b 3}+gr

2a° R
FExTHI s

3

1-=<
r

a3 Jsin 4963} .

119

2[1— a/b 3}+gr[1+2 a/b 3} '



D

Bai tap 4.25 &

Co 4 dién tich lién quan : (i) q, (i) xung quanh dién tich phan cuc q, (iii) dién
tich bé mit o, trén mat trén cua dién moi théip hon, (iv) dién tich bé mat o,
trén bé mat thap hon cua dién moi bén trén. Khi nhin phuong trinh. 4.39 , dién
tich bién (ii) bang q,=—q z./1+x , vi vAy dién tich (diém) toan phan tai (0, 0
,d) brftng 0 =9+q, =q/ 1+, =0q/e, . Nhu trong vi du. 4.8,

(a’) O-b :‘S‘OZG 4_1 qd/gr 3 O-b - O-b (6 déy o-b = Pﬁ =+Pz :gOZeEz )1
g, P2 d? 2 2g, 2g,
- 101 d/e o o y an : )
0) o=e| o % % (6day o= =-sE, )
4re, 22 2 & &

Gidgicho o, , o, :dautiénchiacho y, va y. va viét gon:

O-_tly_ﬁ:i qd/graial;:;f; ﬁ-l-i qd/‘c"r3
Xe Xe 27 r2+d? 2 X 27 r2+d? 2
Thé biéu thirc nay vao (a) va giai tim o, , ding & =1+ 4. :
obz_—ngrme 1+ 7, -5 XetX. ,Vivay

AT 2Lgr e 2

-1 qd gr;{;}/‘c";
O'b :4— 3 . .

T orid? 2 [1+ Aot Ze /2]




Dién tich bién tong cong bang o, = o, + o, _ 1 o _ ze_le' (NS
ar r2+d2 2 gr|:1+ Ze+le /2:|

s& bién mat khi . = y, ) . Dién tich bién tong cong 1a ( so sanh Pt. 4.51) :

Xe= Xe - ik
0 =— q = (87 ng&. , va vi thé
25{1+ Kot Xe /2} & T& )&

V r l q/gr + qt

4re, \/x2+y2+ z—d ° \/x2+y2+ z+d °

(d6iv6iz>0)

Trong khi do, béiviﬂ.+qt=ﬂ{l+gf_gr}= '2q ;
g & e +e | & +g

r r r

V- 1 [ZQ/ g +&, :|
40¢, \/;2+y2+ z-d°’

(d6ivoiz<0).

Bai tap 4.26

Tu vi du. 4.5:

0, r<a
0 r<a 0
D= Q , E=q—=TF, a<r<b
——f, r>a drer
iy 4¢ Q
=f, r>Db
4re,r



2
w-L jpear-1 9 ZM{A R idr}:Q_{z(—_lJ
2 2 £

_ Q) 1 (E_E}E_Q—z(hﬁj
8re, | 1+, \a b) b| |87, 1+ \a b )

Bai tap 4.27

Dung pt. 4.55 : W :8_20 [E%dr . Tirvidu. 4.2 vaPt. 3.103

-1 R
3 b r<R
E={
- 2c0s0f +sin6éd » Vivay
3e,r r>R
2
r<R:i i i7T|:23=2—7Z-F)2Rs .
2 3¢, ) 3 27 &,
27R*P?
Wi = 9
&y

Paiy 14 ning luong tuong tac tinh dién cua cdu hinh, nhung n6 khong phai 14 «
cong toan phan can thiét dé tap hop hé ,” vi n6 bd di co nang 1€n quan dén su
phan cuc phan titr.

Ding Pt. 4.58 : W :% [DEdr. DSi v6i r<R,D=5,E+D =—%P+P=—250E Vi vy

2p3 3Ip2
1 27 PR j:_4_7rRP chinh

“DE=-22F?  vabay gio dong gopnay la -2 | 2~
2 2 27 &,

xac triét tiéu s6 hang bén ngoai . Két luan: [W,, =0| . Piéu nay khong co gi la, vi

27 &,




dao ham trong phan. 4.4.3 tinh toan cong duoc thyc hién trén dién tich tur do Va
trong bai toan nay khong c¢6 dién tich tu do in sight. Tuy nhién, boi vi day 12>
di¢én moi phi tuyén, két qua khong thé duoc giai thich 1a « cong can thiét dé gin
két hé thong — cai sau s€ hoan toan phu thudc vao cach ban gan két no .

Bai tap 4.28

Pau tién tim dién dung, nhu ham theo h :
24 24

E=4 =V =2 In b/a .
Phin khong khi: 4708 o SN L YY)
& &
D:ﬁ:E= 2% =V =ﬁln b/a , ° °
47s 4res e

Phan dau ;
Q=4h+A I-h =gih-ih+ Al =4[ & -1 h+l]=2 gh+| , ¢ day |14 tong chiéu
dai.

Q A zh+l z.h+1

Vo 22inbja T pa

Day 14 lyc toan phan hudng 1én dugc cho boi Pt. 4.64 : F = 1y2dC 1. 278z,
2" dh 2 Inba

Trong luc huéng xubng bang F =mg = pzr b?—a’ gh

Bai tap 4.29
0
(a) Eq. 45 =F,= p,V E = pz@ ST
Pt.3.103 £ =—P d=——P 3 Dodo
47rgor 47rsoy

E,=- PP AL, SRR o lp _ SR 4l (hygng len)
4re, dyly? 4re,y drg,r’




Dé tinh F; , datp, o géc toa do , theo hudng z; thé thi P1 nam tai -r2 , va huclfﬁg

theo huéng —-y. Vivay FE= pV E, = —plﬁ : chiing ta can E,

X=y=0,2=-r
nhu ham theo x,y,vaz.

Tirpt. 3.104 : E, = if’ Pa.1 r—p} Lo diy r=xR+y§+22 , p,=-p,9 , VAV

4re, ri r?

thé p,.r=-p,y

c p, | =3y XR+yJ+2z2 + X+y?+22 § p, | —3XyR+ X —2y* +17* y-3yz7
? 4o, X ry2ez? 4, Xry2ez?

OE, pz{Sl s 2 2 2 101 . }
—=——9———=2Yy| =3XyX+ X -2y +2° Y-3yzZ |[+— —3xX—-4yy =377

&y dmg, | 21 (-39 vt gsya Y

9k, __b _—322'F=—p P, 3| _ 3P1Pz 5

oy drg, r° Arg, r° Are,r’

0,0

Két qua phu hop véi dienh luat I Newton: Fy=-F, .
(c) Tirtrang 165, N, = p,xE, + rxF, . S0 hang tht nhat dugc tinh trong

bai tap. 4.5 ; s6 hang tht hai chiing ta nhan duoc tir () , ding r=ry

p2XE1:p1—p23 X ,rxF, =1y x[ PP, Aj 3p1p2 % ;vivay |N, = 2p,p, R

2
Arg,rt Arg,r® Ams,r

Cai nay bang va nguoc dau véi momen p; do p, , ddi v6i tAm ciia p; ( xem
bai tap. 4.5) .

Bai tap 4.30

Luc toan phan & bén pha1[[( xem d6 thi). Chay rang cac duong strc truong phai
phinh ¢ bén phai, nhu duoc biéu dién, Vi E vudéng goc vai bé mit ctia mdi vat
dan .

Bai tap 4.31



P=kr=k xk+yj+22 = p, =-V.P=—k 1+1+1 =[-3K] .

125
Dién tich bién thé tich tong cong : Q, =—3ka®

o, =P .Obémittrén, A=2z=a/2 ;S0 o, =ka/2 . RErang , [o, =ka/2| trén tat
ca sau mat .
Dién tich bién bé mit toan phan : [Q,, =6 ka/2 a’ =3ka®| . Dién tich bién tong
cong bang khong .

Bai tap 4.32

dea:Qfe“ :>D:47?r2 f’E:;D: 4re, l(j-;(e rzr_i’PZEOZGE: 47qu;f;56 I’_f2
Py =—V.P=—4ﬂql¢:%(v.r%= —qllf—}ey r | Eq.1.99 ;5, =P.f = #
Q. =0, 47R* = qlf—}e . Sy bu dién tich 4m & tAm:

_[pbdr:— qz;e _[53 rdr= 1(1;;;

Bai tap 4.33

E lién tuc (Pt. 4.29); D L lién tuc ( Pt. 4.26 , v4i o, =0 ) . Vi vay
E,=E, D, =D, =¢&E, =&,E, , va vi thé

tan 02 _ Exz/Eyz Ey1 82

= =-4=-"2_ (ed
tang, E,JE, E, g

Y2

Néu 1 1a khong khi va 2 1a dién moi , % =251, va cac dudng stre trudng bi
ané, g

cong ra khoi duong phap tuyén . Day 1a phia ddi dién cia céc tia sang, vi vay

thau kinh 161 s€ lam 1€ch ti€u cadc dudng strc trudong.

Bai tap 4.34




Tur Pt. 4.39 , momen ludng cyc toan phan ¢ tim 1a p = p- 1 p= ! p :és P
1+ 4, 1+ 4, g

. Chuing ta muén thé duoc tao ra boi p (tai tim ) va o, (tai R ). Dung phuong

r

Outside:V r,0 Zf‘ P cosé Eq.3.72
1=0
phap tach bién :
. 1 pcostd &,
Inside:V r,0 = + re cosd 3. .
yr— ;A . Egs.3.66,3.102
B B| — R2|+1A
R|I+l = ARI
ViéntuctaiR R= hoac
B, 1 P
e N B, = 3
R® 4rng, &, R2 tA By 4re,e, +AR
N N B 1 2pcosé _ 1
=—> |I+1 —P cosd + —YIAR"™P cosf =——¢
or R+ or |R- 2 R 4re, &R’ 2IARTR g
= Sy T . :;{e{— L 2pcosd | s AR“P cosd }

& & or 4re, &R
- 1+1 Rliz IAR™ = zIAR'™ 1#1 ;or— 2l+1 AR™ = 2 IAR™" = A =0 I#1.

boivoil=1

3 3
_283 1 2p3_A‘= : 1 3+A1 P AR 1 ;(eerZeAlR
R* 4rg, R 4 g, &R 472'808r 2 Are, &, 2
3 3 3
4re, e, Areys, 2 Are, &, 2 2 Are, &,
1 2p _ 1 25-1p . p |, 2€-1 P 3
4re, R’s, 3+y, 4me, R’ & +2 ' Adzxse, €+2 T e £ 12



Vg =390\ 3 1 sr 127
Are,r® )\ &, +2

1 pcosHJr 1 prcosd?2 g -1
dre, er® 4w, R® g +2

r<RV r,0 =

Trong khi d6 , d6i voi

_ 3
Peost |y ol &=L R
Al e, g +2)R
Bai tap 4.35

Hai nghiém cho truée,V; (and E, =-VV,,D, =¢E, ) V2 E,=-VV,,D,=¢E, ,
xac dinh V, =V, -V, E,=E,-E,,D,=D,-D, .
[V. VD, dr= [V,D,da=0, (Vs=0trénS),vivay [ VV, .Ddr+ [V, V.D, dr=0.

Nhung V.D,=V.D,-VD, = p, —p, =0, VA VV, =VV, -VV, =—-E, +E, =-E, , vi vdy

[E,D,dr=0.

Nhung D,=D,-D, =¢E, —¢E, =¢E, , vi vay .[‘9 E, “dr=0 . Nhung £>0 , vi vy
E; =0, vi vy V,-Vi=constant . Nhung tai bé mat , Vo=V, , S0 V,=V; & moi noi.

ged

Bai tap 4.36

(a) Thé dugc dé xuét : |V r =v, | Néu vay , thi|E =—vv =v052f trong
r r

truong hop ma [P =¢,7.V, BZ F,| trong ving z < 0 . ( TAt nhién, P = 0 d6i
r

e

BZ fA = —%Revo. (Cha y : hudng ra ngoai
r

dién méi = n=—f ). Cai ndy O trén bé mit tai r =R . Mit phang z = 0
khong mang dién tich bién , bdi vi A=2 1 ¢ . Cling khong c6 dién tich
bién thé tich ( Pt. 4.39) . Néu V c6 doi xtrng cau can thict, dién tich toan
phan phai déu:

voiz>0).Dodod o, =2V,




O AR = Qy = 4rg,RY, (bO1 ViV, =Q,, /47g,R , SO 0, =&V, /R . Dodo

BEATL on northern hemisphere
f gV,/R 1+, onsouthern hemisphere |

(b) Bang cach xay dung, o, =0, +0, =&\V,/R la déu (trén ban cau bac
0, =0,0, =¢V,/R ; trén ban cau nam o, =-£,7.V,/R , S0 o, =&V, /R ). Thé
clia qua cau dién tich déu 1a
_ Qu _Cu 47R? &V, R_2 N R

0 0
Areyr Are,r R &r r

(c) Bai vi moi thir phu hop, va cac diéu kién bién (V =V, atr=Rat « ) phu
hop, Bai tap. 4.35 dam bao rang day 1a nghiém.

(d) Hinh (b) 1am viéc theo cach, nhung hinh. (a) thi khéng : & bé mit phang,
P khong vudng gbc voi, vi vay chung ta nhan dugc dién tich bién trén bé
mit nay, pha v d6i xtng.

Bai tap 4.37
ot =7 4 § Bai vi hinh cau nho, cai nay vé co ban 1a khong doi, va vi thé
EyS
EoX ’
=—20% E (Viduy. 4.7
1+Ze/3 ext ( ¢ )

2
F= [ 2ok A |df_4 §dr =| —2oke 4 (Ej(_—zljsjdr
1+ x./3 )\ 27g,5 ) ds\ 27ze,s 1+ 7./3 )\ 27,5 ) \s)\s

_ 2 2p3
[t (AL [ | FR
1+, /3 \4rn°g, ) 3 3+ y, ) mg,S

Bai tap 4.38

Mat d6 nguyén tir bang N = ;3 . Bién truong vi mo E bang , & ddy Eq la

4/3 7R

truomg trung binh trén hinh cau do chinh nguyén tir .



p=cak,, = P=NaE

- A A ) \ Are 13 A \ A129,
[Thuc sy, n6 1a truong tai tam, khong phai trung binh trén hinh cau, ma thudc ¢
day, nhung qua thyuc hai cai bang nhau, nhu ching ta thay trong bai tap. 3.41. ]
Bay gio

else*

o l «o
Pt. 3.105),vivay E, =——— —
( ) y self 472'80 R3 esle
E=- : %Eesle—i_Eelse: 1_L3 Eesle: :I-—M Eesle .
4re, R Ame, R 3¢,
Vi vay
No
P=———"7"—E=¢E,
1-Ne/3g,
Va vi thé
Na/e
L Najs,
1-Na/3¢,

Giditima :y, - Na;(e _Ne Na(1+£]:%,
3g, & & 3
_35

Hoac a:i¢:3iL.Nhu’ng Ze=¢-1,vivay a= &1 . ged
N 1+4/3 N 3+, N \eg +2

Bai tap 4.39 ’
Doi véi khi li tudong, N = so Avagadro / 22.4 lit
= 6.02x10” [ 22.4x10° =2.7x10%.Nay/g, = 27x10% A47e,x10™® f/s, =3.4x10"p
, 0 day 1a s6 duoc liét ké trong bang 4.1 .

H:p= 0.667,N0[/80 = 3.4x10" 0.67 = 2.3x 10" . = 2.5¢ 10*

He: 3 =0.205Na/g, = 3.4x10° 0.21 = 7.1x 10° 5, = 6.5 10"
Ne ;3 =0.396,Nar/z, = 3.4x10" 0.40 = 1.4x 10" , = 1.3« 10°*
Ar:p=164Najs,= 3.4x10" 1.64 =5.6x10" y, = 5.2 10°*

phu hop khé tét .

Bai tap 4.40



(a)

[pE ey KT e [- u/kT —1]‘?15
<U> — pE — pE
E
pEe /kT _kTe—u/kT

130

pE
_pE
—-pE/KT _ L pE/KT - pE/KT pE/KT
o [e e ]+[ PE/KT e + PE/KT e ]

e pE/KT _ epE/kT

epE/kT +e—pE/kT pE
= kT - pE {m = kT - pE COth(ﬁ)

. - - —(u) (pEJ KT
P=N pp= 0 E= PE E/E =—(u) E/E ;P=N,L=|N_{coth| = |-}
p;p= pcos / (u) E/E ;P=N, 2= (Ne oo |-

béat y=P/N p ;x=pE/KT. Thé thi y=cothx-1/x .

3 3 Y 4 Y 4
Khix—0,y= l+§—X—+... _1=§_X_+_.__>0 , vi vay do thi bat dau tai goc toa
X X 3 45
do, vai hé s goc ban dau bé“mg 1/3 . Khi x > o,y - coth oo =1, vi vay dd thi
tién t&i tiém cany = 1 (xem hinh ) .

, 2
(b) Pbi v6i x,y~1x, nho, vy —~LE or PaNP E_ . E—P ti 1§ V6i E, va
3 N, 3T 3T
N 2
Ae = d
3e KT

DPdi v&i nude tai
20° = 293K, p = 6.1x10°Cm: N = molecules _ molecules y moles y gram

volume mole gram  volume

2

1 0.33x10%*° 6.1x10°*
N = 6.0x10% x(—jx 10° =0.33x10%; y, = =12,
18 %773 885x10 2 138x107 203



Table 4.2 gives an experimental value of 79 , so it's pretty far off .

For water vapor at 100° =373K , treated as an ideal gas, 131

volume _ ) 4,10 x(ﬁJ — 2.85%10°2m°
mole 293
60x10° . 211x10% 6.1x107% ° ETE
==/, X , e: = A X .
2.85x10°7 A= T3 8.85x10"2 1.38x10% 373

Bang 4.2 cho 5.9x10° , vi vdy luc nay phu hop kha tt.

Boi vi vx B hudng 1én, va dé ciing 13 huéng cua luc,  phai duong. Pé tim R,

theo a va d , dung dinh 1i Pythago :

2 2
R-d 2+a2=R2:>R2—2Rd+d2+a2=R2:R=a;jd
Cong thure cyclotron cho ta
ar - 4B a’+d?
PR g

Baitap52
Nghiém tong quat 1a (Eqg. 5.6) :

yt =C,cos ot +C,sin ot +Et+C3;z t =C,cos ot —C;sin ot +C,
(a) yo=z0=0y0 =E/B;z0 . Dung nhiing cai nay dé xac dinh C, , C,,

C3,Vé.C4.
y 0 =0=C,+C,=0;y 0 =wC,+E/B=C,=0;z 0 =0=C,+C,=0=C, =0,

20 =0=C,=0 va vithé Cs=0 . Vivay |y t =Et/B;zt =0 . Piéunay coy

nghia gi ? Luc tir béng q vxB =-q E/B BZ=-qE , no triét tiéu luc dién ; Vi

khong c6 luc toan phan, hat di chuyén theo dudng thiang véi tbe do khong
doi.



(b) Gia st n6 bt dau di chuyén tir gbc toa do, vi vy C3 =-C;, C4=-C,

chingtacdé 2 0 =0=C,=0=C,=0;

E E E E
y 0 =—E:C2w+§:ﬁ:>(32=—2a)—8:—c4;yt =
E E
Zt =-5-20C0s &t +5—=, ho5e
E . E
yt =2([)—B[2wt—sm ot izt ZZa)—B[l_COS ot |
Thé thi

yt = p’[Za;t—sin ot };z t = ﬁ[l—cos ot }; y-2 fat

2

E E
———SIn ot +—=t;

208 B

Dit B = E20B

-psin at , z-p8

132

=-fcos ot =

2 2

y=2pot  + z-f =/  Payla duong tron ma tim cia ban kinh ctia no
chuyén dong sang phai véi téc do khong dbi: Yo = 28@t z, = 5
(c)
7 0 y 0 . C = C C . ,C =_E C C 0
z =Y —§:>—1a)—§:> 1——3——E, 20)+§—§3 5 = =
yt =——=cos —ot +—t+—;z t ~E sin ot [yt :E[Ha)t—cos ot |zt = Esin at .

@ @ ®B oB ®B

it f=E/wB , thé thi

[y-B l+at |=—pcos ot ,z=psin ot ;[y-pB 1+ot ]2+22=/32 . Day 1a duong
tron ban kinh g tam ctand o tai y, =8 l+ot ,z,=0 .

Bai tap 5.3

(a)TuPt.52, F=q[E+ vxB |=0=>E=vB=|v=

E
B




(b)Tupt.s.s,mv:qER:,%:L= E

: 133
BR |B°R

Bai tap 5.4

Gia str rﬁng I chay nguogc chiéu kim déng ho ( néu khong, dbi dau trong dap sb) .

Lyc ¢ ve trdi (hudng sang trai) triét tiéu lyc ¢ phia phai (hudng sang bén phai )
: lyc & trén bang 1aB = lak a/2 =1ka?/2 , ( hudng 1én trén ) , va luc & dudi bang

laB =—1a? +b’ka?/2 ( ciing hudng 1én trén ) . Vi vay luc toan phan bing

=[Ika’2]

Bai tap 5.5
(a) K= ZL vi chiéu dai vudng gboc v6i dong chay 1a duong tron.
na
(b) J N j\]da:aJESde¢:27Z'(XJ‘dS:27Z'0(a:>0(:L;J = 1
S S 2ra 2ras
Bai tap 5.6

(a)v=or ,s0[K=oor| (b)v=arsindp=|J=porsindg| 6 day p=Q/ 4/3 zR®

Bai tap 5.7
‘(j; d J' r.dr = j( )rdr = —j v.J rdr (bang phuong trinh lién tuc) . Bay gio

quy tac tlch #5chotav. xJ =x V.J +J. Vx . Nhung Vx=% , vi vdy
V. xJ =x V.J +1J,

Vi thé IV.J xdr = IV. xJ dr— IJXdr
S6 hang dau tién bang JXJ da (qua dinh li divergence) , va bdi vi J hoan toan
bén trong , n6 bang khong trén bé mit. Do do f V.J xdr= —ijdr , hodc , két hop

cai ndy voi cac thanh phany va z j V.J rdr = —_[Jdr . Hodc quay lai dong thur

e dP
nhat, — = |Jdr ged
a -




Bai tap 5.8

134

(a)DungPt.5.35, véi z=R,6,=-6,=45" ,va bén phia: B= \/E—AF:OI
T
(b) 2=R,0,=-0,=% ,vanphia: 8= sin z/n .
n 27R
(¢) Pbi véinhdo,sind~6 . Khi n—>w,B—>M[£J: Hol ( twong tu nhu Pt.
27R\ n 2R
538 ,v6i2=0)
Bai tap 5.9

(a) Cac phan duong thang khong tao ra truong tai P . Hai phan tu dudng tron

cho B=”—°I(£—1j (out).
s\a b

(b ) Hai phan hai duong thang twong tu nhu mot duong thang khong xac dinh:

4 Nira duong tron dong gop ol
2zR 8 & 8% R
voa Mol 2 \ A
Vivay B=|22|1+= || ( vao trang giay )

4R T

Bai tap 5.10

(@) Céc luc & hai phia triét tiéu . O dudi, B=4e! — F :(“_()'jua:”_(”z; (
27S 27s 2wy

2
lém ). O trén, B el o _#la ( xuong) . Luc toan phan bang
2r s+a 2r s+a

. (1én).
27s s+a

I,
L)

(b) Luc ¢ duéi giéng nhu trude, 41%/27 . O phia trai, B= ,
Ty



2 Y
dF =1 dIxB =1 dxx+dyy+dzZ x['uol 2]=§°—| —dxy +dyx . Nhung thanh phéamsx

2y Ty
. , |2 s/f3+a/2 1 ,
triét tiéu sO hang twong ng & vé phai, va F, = ’;’ J' Zdx .O day y=+3x,
T
s/3
vi vay
2
F,=- ol s/\/§+a/2 Al nl e @ . Luc & v€ phai tuong tu , vi vay
2\/_7r s/\/_ 2\/_7r
2
lyc toan phén trén tam gidc 1a |£ ol "1 2 1|14 ﬁ
27 J3 2s

Bai tap 5.11

Dung Pt. 5.38 d6i voi vong c6 do rong dz , véi 1 — nldz
2

nl a
B=1h _[ 770z . Nhung z=acoté
2 7?47
A \ 1 sin®
Vivay dz=- _a2 , va 7z = 39
sin“ @ a2+22 a
Vi vay

o
g _ tonl J‘a sin’6 _adg =Nl Isinedezﬂo—mcosﬁ 2 _| 6Nl cos6, —cosd, .
2 J‘a’sin’@ 2 2 6 2

Péi v6i solenoid vo han , 6,=0,6,=7 , vi vy cos6,—cosd, =1— -1 =2

VaB=|gnl.
Bai tap 5.12
2\,2
Luc hit tir trén mot don vj chiéu dai (Pt 537 va5.13) : f, =22 ”“d" |
T
Dién truong cia mot sgiday (Pt. 29) : E= 5 1 4 Luc day dién trén mot don
mE, S

2
A . Chiing can bang khi v’ = 1 , hodc

vi chiéu dai trén cac day kia f, =
27e, d &



1

\ oty

V= . Thé so vao

1

=3.00x10° m/§]

V=
\/ 8.85x10°2 47rx107

Pay ding 1a tbc do anh sang (1), vi vay thuc su ban c6 thé khong bao gid co

dugc day di du nhanh ; lyc dién ludn ludn chiém uu thé.

N

Bai tap 5.13
0, Fors<a
(@) [B.dl =B27s = ), =B =1 sl -
27s’ 'Fors>a
a a 3
(b) jsz;I:dea:_[ks 27s ds:2”ka —k = 3'3 ,
0 0 2ra
ﬂolsz
orks® S s . P o als¢§,Fors<a
=1=; ,doi véi s<al,, =1 ,d0ivois>a . Viviy B=
3 a !
——¢,Fors>a
S
Problem 5.14

By the right-hand-rule , the field points in the —y direction for z> 0, and in the
+y directionforz<0.Atz=0, B=0. Use the amperian loop shown :

([B.dl =Bl =g, = 115123

= |B =—p,Jzy

—u,Jay,forz>+a
So B={{ #a y }
+u,Jay, forz> -a

Problem 5.15

—a<z<a .Ifz>a, 1, =ulad,

The field inside a solenoid is ,nl , and outside it is zero . The outer solenois's
field points to the left -z whereas the inner one points to the right +z . So :( i

)

B=ygl n—-n, 2| (ii)

B=—In,2

(i )




Problem 5.16
From Ex. 5.8 , the top plate produces a field x,K/2 (‘aiming out of the page or

points above it , and into the page , for points below ) . The bottom plate
produces a field »,K/2 (aiming into yhe page , for points above it , and out of

the page , for points below ) . Above and below both plates the two fields cancel
; between the plates they add up to HoK , pointing in .

B=0

(a) |B=uyov in | betweem the plates , elsewhere .

(b) The Lorentz Force law says F = j KxB da , so the force per unit area is
f =KxB . Here K =ov, to the right , and B ( the field of the lower plate ) is,
into the pate . So | f_ = u,0v?/2 up .
( ¢ ) The electric field of the lower plate is o/2¢,; the electric force per unit area

on the upper plate is | f, = %/2s,(down)| . They balance if
LoV =]/go,orv=]/ .1, =¢| (the speed of light ) , as in Prob. 5.12.

Problem 5.17

We might as well orient the axes so the field point r lies on the y axis : x=(0,y .
0) . Consider a source pointat (X ,y ,z )onloop#1:

=—X%+ Y-y y-zZ;dl =dxX+dy¥y;

A

Xy i
dl xr=ldx dy 0 |= —zdy R+ zdx 9+[ y-y dx'+x'dy12.
X y-y -z
dBl=ﬂ°| dl':r _ i ~zdy X+ zdx )7+[ y-y dxs':x'dyli
A r Arx [X'2+ y_y'2+ . 2}

Now consider the symmetrically placed source element on loop # 2, at ( X,y
z ). Since z changes sign, while every — thing else is the same , the x and
y components from dB; and dB, cancel , leaving only a z compoment . ged



With this , Ampere's law yields immediately ;

[I52¢)

B 14,012, Inside the solenoid;
10, Outside

( the same as for a circular solenoid — Ex.5.9).
For the toroid , N/2zs =n ( the number of turns per unit length ) , so Eq.5.58

yields B = y4,nl inside , and zero outside , consident with the solenoid . [ Note :
N/2zs=n applies only if the toroid is large in circumference , so that s is
essentially constant over the cross — section .]

Problem 5.18
It doesn t matter| . According to Theorem 2 , in Sect. 1.6.2, IJ da is independent

of surface , for any given boundary line , provided that J is divergenceless ,
which it is , for steady currents ( Eq. 5.31) .

Problem 5.19
(a)p:charge _charge atoms moles grams _ e N (ij d . where
volume atom mole gram volume

e = charge of electron -1.6x107°C

N = Avogadro's number —6.0x10%mole

M = atomlc mass of copper _ 64gm/mole

d = density of copper 3

=9.0gm/cm

p=16x10" 6.0x10% (%j: 1.4x10*C/cm?,

=19.1x10°cm/s|or about 33

| | 1
b)Jl=—=pvv= -
(b) Pro 7s’p 7 25x10° 1.4x10°

cm/s . This is astonishing small — literally slower than a snail s pace .

27\ d 2

4z x107
(c)FromEqg. 5.37, fm:ﬂ(lllz): e =[2x107" N/cm.




1/1.

(d),where E= = 139
27s,
A (ij 11 i - °_2 ﬁ :_f ‘Where
27e,\ d % 272'80
10
c=1/g,u, =3.00x10° m/s. Here ]f =5—2=(32Xi8 J 1.1x10%.

f,= 1.1x10® 2x10" =|2x10" N/cm

Problem 5.20
Ampere s law says VxB = y,J . Together with the continuity equation ( 5.29)

this gives V. VxB = 4,V.J =—u,dp/ct , which is inconsistent with unless is

constant ( magnetostatics ) . The other Maxwell equations are OK :
VxE=0=V. VxE =0, and ac for the two divergence equations , there is no

relevant vanishing second derivative ( the other one is curl (grad) , which doesn't
involve the divergence ) .

Problem 5.21

At this stage I’d expect no changes in Gauss’s law or Ampere’s law . The
divergence of B would take the form |V-B=«,p,|, Where p, is the density of
magnetic charge , and «, is some constant ( analogous to and y, ) . The curl of
E becomes VxE =4,J,.|, where J_ is the magnetic current density (

representing the flow of magnetic charge ) , and 3, is another constant .
Presumably magnetic charge is conserved , so p, and J_ satisfy a continuity
equation : V-J_=-0p, /ot

As for the Lorentz force law , one might guess something of the form

d,| B+ vxE | (where g, is the magnetic charge ) . But this is dimensionally

impossible , since E has the same units as vB . Evidently we need to divide
vxE by something with the dimensions of velocity — squared . The natural




2

candidate is ¢* =1/, : |F =q,[E+ vxB ]+qm[B—Ci vxE } .In this form the4o

& O O, ¢
2

magnetic analog to Coulomb’s law reads F = , SO to determine we

dr r
would first introduce (arbitraily) a unit of magnetic charge, then measure the
force between unit charges at a given separation. [for further details, and an
explanation of the minus sign in the force law, see Prob. 7.35]

Problem 5 22

Hy ﬂo K
A= d SNk,
4 J‘\/z

:ﬂ—oli[ln 2+2° +5° }

A

2 2
Z_ |l Z,+4 2, “+s ;
+52

Z, |4m zl+\/ z, °
B:VXA:—a—Aé:—ﬂOI

1 S 1 S A
o5 A " 2+ 2 2+ 2 " 2+ 2 2+ 2 ¢
Z, Z, S Z, S Z Z S Z, S
2 2 2 2 2 2
_:“ols Z,—4 Z, +S 1 Z,—4] Z, +S 1 Z,—4 Z, +S

2 2 > - 2 2 2 a 2 2 2
ar |z, " - 1, +5\/z2 +s° L, — L +5\/z2 +s° 4L — 4 +3\/z1

__Mls _ij S R S
Az \ s \/zz ? 467 \/zl 2+s2 4”5 \/Q)S \/(}s
. . Z ; Z,
Or, since Sing, = ——— and sing, =2,
7, “+¢? z, +5°

£ Ging, -sing, §| (as in Eq. 5.35).

Ars

Problem 5.23



A¢=k:>B=V><A=li sk 2;J=i VxB =i[—E(EH¢A= k2¢3 . 141

S 0s Ho Mol Os\s oS
Problem 5.24
V~A:—%V~ rxB :—%[B- Vxr —r- VxB |=0 since VxB=0( B is uniform)
and Vxr=0
(Prob. 1.62) . VxAz—%Vx rxB :—%[ B-Vr—r.VB+r V-B-BV-r ] But
r-v B=0and v-B=0 (since B is uniform), and AN SN I
OX OX oz
Finally ,
0 0 0 o o s 5 . 5
B-Vr=B_—-+B —+B,— | xXX+yy+zZ =BX+B,y+B,2=B . S0
OX oy oz
1

VxA:—E B-3B =B .

Problem 5.25
(a) A points is the same direction as | , and is a function anly of s (the distance
from the wire ) . In cylindrical coordintes , then ,A=A s 2 , S0

oA gl

B :vXA:—%é:“—O'& ( the field of an infinite wire ) .Therefore =— =-£° and
0s 27S 0s 27s

Ar :—‘2‘—°'|n s/a 2|( the constant is arbitrary ; you could use 1, but then the
VA

units look fishy ) . V- A= o, vxa=-_&j_#l ;3 g
0z 0z 27S
2

2 _ Myls
=R

(b)) Here Ampere’s law gives [ﬁB-dI =B27s = yl,,, = 1,d 7s* =/¢0#7rs

p=to 85 OA_ Ml S sl < p2 s Herebis again arbitraty
27 R oS 27 R 4zR
except that since A must be continuous at R,



—’2‘—°Iln R/a :—4”—}'{2 R2—b? which means that we must pick a and b such thaf
T T

_ Ml o p2osfor s<R
2 a7R? > s
2In R/b =1- b/R °..T’ll use a=b=R . Then |A=

—ﬂ—olln s/R 2, for s>R
27

Problem 5.26
K:Ki:B:i%y (plus forz< 0, minus forz>0).

A is parallel to K, and depends onlyonz,so A=A z %

A A

X y Z
B=VxA=|0/dx o/oy a/az=Z—Ay=¢”°Ky
z

Az 0 0

A

L |z|%| will do the job-or this plus any constant .

Problem 5.27
(a) V-A:ﬂjv-(iJ:1 V-d +J -V(l) . But the first term is zero , because
4 r r r

J r' is a function of the source coordinates , not the field coordinates . And

since r:r—r',v(lj:—v(lj . So V-(ij:—J -V'(lj . But
r r r r

V'-(ij:% VANEESN VG) and v*-J =0 in magnetostatics (Eq. 5.31) So

v.(—j =-V" (%J , and hence , by the divergence theorem,

r

V-A=-1th jv{ijdr':—ﬂgji-da' where the integral is now over the surface
Az r dz='r

surrounding all the currents . But J = 0 on this surface , so V-A=0



(b) vXA:&ij(ijdf-:&jF VxJ -Jxv(ljdr-] But VxJ =0 ( sincadis
A r Al r r

not a function of r ) and v(%}:—riz (Eqg.1.101),so VXAZZ—OJ.J—deT':B
T

I,2
(c) VZAZZ—OIVZ(%jdr' . But Vz(ij JVZ(J (‘once again, Jis a constant , as
T

far as differenti-ation with respect to r is concerned , and VZGJ =-47z5° r (EqQ.

1.102)
L - "
So VZA_ﬁjJ r'[-4zs° r Jdz'=—p,d v

Problem 5.28
b
sl =[[B-dl == [VU -dI=—[U b -U a ](by the gradient theorem ) , so

Ub#U a . ged

For an infinite straight wire , ¢ U :—“20—'¢ , would do the job , in the
T

sense that —vU = ‘2‘0 b = ?Iiaij B. But when advances by , this function
T T

does not return to its initial value ; it works (say ) for 0<¢<2r, butat 2~ it
“jumps” back to zero.

Problem 5.29
Use Eq. 5.67 , with R—»T and O'—)de ;

,uoa)pSIn@ H0p
A= 3 ¢jrdr+ 3 rsm<9¢_[rdr

5 2 2
:(Mjsine iz LI L ¢ = rsing R ¢
3 r{<{s,) 2 2 3 5

2 2 2 2
B=VxA=®” L 0 sindrsin@ L f—li r’sin@ R 0
2 rsin@ o0 3 5 r or 3 5



R* r? R* 2r*) . . Q
= — ——|cosOf -| — —— |sin@o |But p=———— ,so 144

4/3 nR®
2 2
AR 3" eosor [ 127 |singd
47R || 5R 5R

Problem 5.30
(a)
ow,
o
oW
OX

These satisfy (ii ) and (iii ), for any C; and C; ; it remains to choose these
functions so as to satisfy (i) :

=F,=>W, xy,z =—'[Fy xy,z dx+C, y,z .
0

L=F =W, xyz =+ [F, XY,z dC, vz,
0

Z@F le ,Z ’ F I' ! aF
XN g GO XV g B g gy, But T2 Ty B g 50
2 y | @ o xoyoa
x | F, ,
J-aFZ X,'y,Z dx '+ 6C1_6C2 :FX X, Y,z . Now Iudx': Fx XY,z _Fx 0, Y.z
; oy oz
y
50 a(;:/ aac F, 0y.z . We may as well pick C,=0, C, y,z = [F, 0,y’z dy’
74 0

y X
and we’re done , with W, =0 ;W, = IFZ XY,z dx'—J‘Fy xLy,z dx';
0 0

szyIFX 0,y',z —XJ‘Fy x\y,z dx'
0

(b) vxw = [é’W W, Jx+(awx—awzj9+(aw awjz
y  a o7 ox x oy

%oF, XY, tOF, Xy, 5 0 ;
I , XL,z dx'—f : gzyz dx}x+[O+Fy X, Y, Z ]y+[|zz X,y,z —0]2

:{FX 0,y,z —

0 0



But, V-F=0 sothe & termis s

OF,
{Fx 0,y,z I X yz }:FX 0v,z +F,  x,y,z -F, 0,y,z

SO VxW =F .
oW, " OF, YoF, 0, xoF, X',z

v =T S0 O I L yz f y : -[— Y2 ax#0

X 53/ ; ; ;&

X 2

(c) Wy:!x'dx'_?W jy dy'— Izdx :?—zx :

2 2 X y Z

2. [y X o
W=?y+(?—ZXJZ . va:a/aX a/ay a/az =yX+Zy+XZ=F

0 x*/2 y?/2—2x

Problem 5.31

(a) At the surface of the solenoid , B

Kxf=-Kz2 Evidently Eq. 5.74 holds.
(b) In 0Eq. 5.67 , both expressions reduce to x,R’»c /3 sindg at the surface , so

Eq. 5.75 is satisfied .

A _ Roo _2sing 3l = sindp
or |R 3 r R 3 ar R

side of Eq. 5.76 is —u,Rwosindp . Meanwhile K =ov =0 oxr =ocwRsindp , SO
the right side of Eq. 5.76 is —u,00Rsinég , and the equation is satisfied .

above :O' Bbelow :ﬂonlzzﬂoKz;ﬁ:§; ; SO

2R g oAl _#Roo g, 04 . So the left

Problem 5.32

Because A,..=A.., at every point on the surface , it follows that ZA and % are
X

the same above and below , any discontinuity is confined to the norm derivative



9] 0. 9) 0 .
Bavore — Boetow = (— AT + P jx{ AT - A jy . But Eq. 5.74 says this equals
0z oz 0z 0z

0. 0 ..
UK =Y . SO%—%:—%K . Thus the normal derivativeof the com -
Z Z

ponent of A parallel to K surfers a discontinuity —x,K , or , more compactly :
6Aabove _ a'ﬂ)elow —
on on

Problem 5.33
( Same idea as Prob. 3.33. ) Write m= m-f £+ m-6 6 =mcosof —msingé ( Fig.

— K

5.54).Then 3 m-# —m=3mcosdf —mcosOFf +msin g6 = 2mcosOf +msindd , and
Eq. 5.87

Problem 5.34

(a) m=la=[1zR?2] .

2
(b) B= Z‘—(’I”? 2C0sOF +sin 66
T r

N

2
(c)Onthezaxis, #=0,r=zf=2 (forz>0) Bz%A (for z<0,0=r,f=-2

, o the field is the same , with |z| in place of z*) . The exact answer ( Eq. 5.38)
reduces ( for z0 R) to BzyOIR2/2|Z|3 so they agree .

Problem 5.35

R
Foraring, m=lzr> Here | - ouvdr = cordr ,S0 m= jzzrzaa)rdrz mwoR*[4
0

Problem 5.36
The total charge on the shaded ring isdq=c 2zRsing Rd@

The time for one revolution is dt=2z/» . So the current in the ring

IS | :% = owR?sin0do . The area of the ring is~ Rsing °, so the magnetic



moment of the ring is dm= cwR*sindd@ =R*sin’@ , and the total dipole moment

of the shell is m = owR* Isin39d9: 4/3 ocwrR*, Or mz%raa)R“i

0
The dipole term in the multipole expansion for A is there — fore
Uy 4r ooR® siné -

_ My A _/JOO'CUR sing
Aw =473 7 7o 3
5.67) ; evidently a spinning sphere produces a perfect dipole field , with no

higher multipole con — tributions .

—¢ , which is also the exact potential ( Eq.

Problem 5.37
The field of one side is given by Eq. 5.35 , with s —,/z?+ w/2 “and
sin6?2=—sin6?1:W—/2 , B = £l W . To pick off the
,/22+ w?/2 an \/zz+ w?/4 \/22+ w/2
vertical compoment , multiply by sin¢=L ; for all four sides , multiply
JZ2+ wA/2
2
by4: |B=*el W 3| For 20 wB~*" 3 The field of a

2w \/22+ W2/4 [224_ WZ/Z 27[23
dipole [m=w?] , for points on the z axis ( Eq. 5.86 , with r —z,f —2,6=0) is

=t M,
2m z°

Problem 5.38

The mobile charges do pull in toward the axis , but the resulting concentration of
( negative ) charge sets up an electric field that repels away further accumulation
. Equilibrium is reached when the electric repulsion on a mobile charge q

balances the magnetic attraction : F=q[E+ vxB |=0=E=- vxB . Say the

current is in the z direction : J=p-v2 (where p_and v are both negative )
9

pP—US »

[B-dl =B27s = i ns’ = B=FL = ;
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JE-da:EZﬂSI:i p.+p 7z52|:>E:i p.+p SS
& 2¢g,

2
zi Pt p- S§=—[ vz X(M¢ﬂ B0 p-US8=p.+p. = p. Eofte0 —p—[u—zj
o 2 2 C

2
Evidently p, :—p—(l—l;—zj % ,0r p.=—y?p, . In this naive model , the mobile

negative charges fill a smaller inner cylinder , leaving a shell of positive (
stationary ) charge at the outside . But since v c, the effect is extremely small .

Problem 5.39

(a) If positive charges flow to the right , they are deflected [down |, and the
bottom plate acquires a positive charge .

(b) quB=qE = E =vB =V = Et =[uBt] with the bottom at higher potential .

( ¢) If negative charges flow to the left , they are also deflected down , and the
bottom plate acquires a negative charge . The potential difference is still the
same , but this time the top plate is at the higher potential .

Problem 5.40

From Eq. 5.17 , F =1 j dixB . But B is constant , in this case , so it comes

outside the integral : F =1 jdl x B and jdl =w , the vecto displacement from the

point at which the wire first enters the field to the point where it leaves . Since w
and B are perpendicular, F=1B» and F is perpendicular tow .

Problem 5.41
The angular momentum acquired by the particle as it moves out from the center

to the edge is

= %dt det—erF dt—Irxq vxB dt= q'|'r>< dlxB _q“rBdI IBrdI]

Butrls perpendiculartoB,so r-B=0, and
r-dI:r-dr:%d r-r :%d r> =rdr= 1/2z 2zrdr



R
S0 L= [B2zrdr=—-" [Bda . It follows that |L = -4 , where ¢= [Bda1i®
21§ 2 2

the total flux . In particular , if ¢=0 , then L=0 , and the charge emerges with
zero angular momentum , which means it is going along a radial line . ged

Problem 5.42

FromEq.5.42, F = [ KxB,, da . Here K =ov,v=wRsingdadg , and

Bave:% B B, .FromEq.5.68, Bm:%yoasz:%%aRw cosOf —singd . From

Eq. 5.67

4 4 )
B, :va:VX(ﬂoRsa)O' sm26'¢} 1R a)a{ 1 i[smzejf_lg(sme)e}

3 rsin@ o6\ r ror\ r

4

ﬂog 2c0s6f +sin6d = ﬂORg 2cosOf +sindd (since r=R)
3
L Roo

B,,. = OT 4cosOFf —sin 6

KxB,,= owRsing (&;’GJ[W 4cosOf —sin 6o }:% owR * 4c0s00 +sinOF sin
Picking out the z compoment of ( namely , ) and of ( namely, ) , we have

KxB :—% cwR *sin@cosd

ave 7

. )
F,=—% gwR *R? [sin® gcos0dodg = —22 coR? “27] X 012 o
2 2 4 o
F=-t" 5oR? "2
4
Problem 5.43
(a) F=ma=q, vxB =ﬂ—qe?m vxF ;azﬂ—qeq;” vxr
4 r 4z mr
1d _1d 2
(b)Because.But alv,av==— v-v =v—. S0 ——0 qed

2 dt T 24t dt dt



(c)

dQ £ A (1) _ o . oG fy (v T dr)
—S=mvxy +m rxa - ) = =0 B0 [y ey |- S
dt 4z dt\r 4rr 47 \r r°dt
M09 | L7 2 v rd 100, v fv , v F2rw
=0 eI iy rv I |——+—— rr = — - f——+— =0
A {r3[ g Y ] roor’dt } 47 {r r r2r r

(d)(i) Q-¢=0Q 2-¢ =m rxv .ﬁ_% F-¢ .BUt2.d=F-§=0,50
T

r<v -¢=0.But r=rf , and v=%:r'f+r6"é+rsin6?¢5¢3 ( where dots denote
differentiation with respect to time ) , so
F o ¢
rxv=lr 0 0 = —r%sin0g O+ r%0 ¢
rré  rsindg
Therefore rxv -¢=r?9=0, so is constant . ged

(ii) QF=Q 2-F =m rxv .f—% F-f But 2-f=cosd, and
JT
Fxv Lr= rxv -F=0,50 Qcosg=—t%In or = #%I  And since 6
A 47 cosd

constant , so too is Q . ged
(iii) Q-6=Q 2.6 =m r-v 6-#%% ¢ ) But 2.9=—sino,f-0=0, and

4
rxv -@=-r’sindp (from (i)), so —Qsiné’:—mrzsints?;izn/izgz:L2 , with
mr’ r

k 9 _ luoqeqm

m 47 cosd

(e) v?=i2+r%? +r’sin?64%, but 6=0 and ¢:% ' S0

. ) k? k?sin?@
r? =0’ —r’sin®— =0’ - -
r r




2 .2 2 . 2 2 2
dr Py k25|n4¢9/r _p2 (u_r) _sino 119" (U_rJ _sin?o 151
dg ) ¢ k?/r k d¢ k

(), = |dg = ¢ — ¢0——sec ;5ec| @—¢, sinf |=
J‘r\/ ur/k —sin’ @ I [ 1= ksme
orir ¢ = A : where A:_M
cos| ¢—¢, sind | Armo
Problem 5.44

Put the field point on the x axis , so. Then . The x and y compoments integrate
to zero ( z integrand is odd , as in Prob . 5.17) .
Inside the solenoid , . Outside the solenoid , s >R, so

Here , so (inside ) , and O ( outside ) ( as we found more easily using Ampere’s
law , in Ex. 5.9).

Problem 5.45
Let the source point be , and the field point be ; then and

Problem 5.46

(a) FromEg. 5.38,

( b) Differentiating again :
. Zero if , in which case

Problem 5.47

(a) The total charge on the shaded ring is . The time for one revolution is . So
the current in the ring is . From Eq. 5.38 , the magnetic field of this ring ( for
point on the axis ) is, and the total field of the disk is

(b ) Slice the sphere into slabs of thickness t , and use ( a) . Here

First rewrite the term in square brackets :

But. So . But

Problem 5.48

B Hol J‘d| xr
4 r’

on ¢ ) r’ =R?cos’ ¢+ y>—2Rysing+R?sin’ ¢ +2° = R? + y* +z° —2Rysing .The source

coordinates ( X’ ,y’, z’ ) satisfy

. r=—Rcosgx+ y—Rsing y+z2 ( For simplicity I’1l drop the prime



X'=Rcos¢ = dx'=—Rsingdg; y' = Rsing =dy'=Rcosgdg;z'=0=dz'=0 . SO 5

dl' = —RsingdgX + Rcosgd gy

X y Z
di'xr =|-Rsingd¢ Rcosgdg 0|= Rzcosgg R+ Rzsingdg Y+ —Rysingdg+R’dg 2
—Rcos¢ y—Rsing z
B _ IR ZT cos gd ¢ _ 4R 1
" 4z § R24+y’+72-2Rysing o 4r Ry \/R2+y2+zz—2Rysin¢ 0

Since ¢=0 at both limits . The y and z components are elliptic integrals , and

cannot be expressed in terms of elementary functions .
f R—ysing d¢

B _0p R ZT singdg B =,uOIR2J-
2 ) 327 ; 32
ToAr g R2+y2+22—2Rysin¢/ 4r R2+y2+22—2Rysin¢/

2
1 7 _0o

dh < . the force on

2 1

Problem 5.49
From the Biot-Savart law , the field of loop # 1 is B :‘;L'lu]
4 1

loop #2is F = |2[ﬁdlzx B =&|1|2Eﬁ[ﬁw
3 4r 12 r

.Nowdl,x di,xf =dl, dl,-f —¢ dl,-dl, S0

o g ~ ‘“—z-A:
g oo o %)

The first term is what we want. It remains to show that the second term is zero:




> > N
r=€&-xxX+€¢,-y, y+¢€, -2, 7,50 153

‘/rjzaxikz_xlj"'"z_ylj"'tz_zljjy +_I< 3/1/-"t jlzy-i_
2

0 ~ > > V2,
oz I(Z_Xl/+‘/2_yl/+t2_zlzj A
2

__‘(Z_Xl '\_‘,2_y1 '\_QZ_Zl/z
- rs r3 -y r3

¢
So Ci[r_zO“-z =0 (by corollary 2 in sect. 1.3.3). ged

Problem 5.50
VAV = !
Poisson’s equation (Eq. 2.24) Says - _g_p' For dielectrics (with no free charge),
0

1 P(
4rs, j 2 Lat. In general

_ ~ E ( 3
p=%V g (gauss’s law), so the analogy is P 2> &k , and hence V€ - Ar 3 r2 dt.

ged
[there are many other ways to obtain this result. For example, using Eq. 1.100:

Py =—V.P (Eq.4.12), end the resulting potential is V ¢~

A

() el e
r r

Ve = Ve §¢-rdi=—— [VIrV.(=)dt'=— |—.F'V ¢ di——4dv ¢ = d
B j Coe-re 475'[ ) (rz) 47rjr2 [7 tj 47er- t/rz
(Eq. 1.59) but V'V ¢ = _E"/, end the surface integral > 0 at

VE€>- EO)T gy o :
= E ,[ r2 »as before. You can also check the result, by computing its gradient —

but it’s not easy:.]

Problem 5.51



(@) For uniform B, Iexdl} Bx_[dl=B><r¢A=—%6><m:
0 0

(b) =l g
27
dBxdl = “—°'§—”—°'§jw=—”°'“’(1—1j§¢o
27ma 270 2r \a b
1 1 -
() A=—prJ‘/1dl=—§(><B/
0
ol 2 g~ ol 2 Ho j 1 ol € >
d B=*" ) B@r: A=t A=da=—t" €«4.
@ 2 P BY 5 o f 2;zs(><¢0 p) 2m(x¢/

. But r here is the vector from the origin—in cylindrical coordinates r = s§+ zZ . So

78| A ~S AN AN 7% IR
A:_ﬁ [(x¢/+z(><¢A, and (><¢/= z,(x¢/=—s..80 A:its—sz‘.

The examples in (c) and (d) happen to be divergenceless, but this is not the case in

1
general. For ( letting L = J‘J,B (irbﬂ.,for short)

0
VA=-V&xL =—[L@xr -rqvxL _*r€@xL ,and

—

VxL= ljz, bxBe€r = ljﬂf V. xBQrElﬂ,:yoljﬂzJ €rdi,so

1
V.A= yor.jﬂfJ €Qr Bﬂ,, and it vanishes in regions where J = 0 (which is we the
0

examples in (c) and (d) were divergenceless ). To construct an explicit
counterexample, we need the field at a point where J= 0—say, inside a wire with

uniform current. 105
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Here ampére’s law gives B27 5= 1l . = py178° = B = Hod 0% 54,50
o (1,d ~ AN ,u -
A=—r><_[l( ; jﬂs¢dl= s€xg >0 ¢-s2
0
V.A:ﬂo‘][la<2z\ 8(_ j /Jo ( J 'uOJZ;tO
6 | sos 3
Conclusion: (ii) does not automatically yield V.A=0.
Problem 5.52
ﬁ: Exploit the analogy with the electrical case :
E-_1! %[e.f}—P' (eq.3.104)=—VV ,with V = ! ﬂ(eq .3.102).
drgy v i Arg, r?

[(nr T-m_  (eq.5.5.87)=—VU , (eq.5.56).
47r r? -
~ Mo mr

Evidently the prescriptionis P/&, - p,m:U € = 1
T re

(b) comparing Eqgs .5.67 and 5.85 . the dipole moment of the shell
ism= € /3 poR*Z (which we also got in prob .5.36). using the result of (a) , then

woR* cosd 5

U \)UO
( 3 r?

rr>R.



Inside the shell, the field is uniform (eq.5.38): B = %yoaa)Ri, SO 156
U (} % H,00Rz +constant . we may as well pick the constant to be zero , so

U (}—é,uooer cos & forr<R.

[notice that U(r) is not continuous at the surface (r=R): U, (R)— —% 1,00R?

cos 0 =U_,(R) = %,uoosz cos 4. As | warned you on p.236 : if you insist on using

magnetic scalar potentials , keep awap from places where there is current !]

(©)

2 2
o[y 3 N (1S gy 2 L,
47R 5R 5R or r oo rsing o¢

&Y
o¢

2 2
la_U: 'Uoij 1- 6r2 sind = U t,&::— ﬂoij 1- 6r2 rcosd + f(r).
r oo 47R 5R 47R 5R

aU /’lOa)Q} 3r2 ~ /,loa)Qj I’3 ~
=— 1- cosd=U&€,0 =- r— cosé + .
( 5R? €0 5R* 9€.-

=0=>U¢, 0,4 =U ¢ 0.

o 4R AR

Equating the two expressions :

Lo0Q 6r? ~ [ 10Q r ~
- 1- rcosé+ f ¢ =— 1- r cosé + ,
( 47R j{ SRZJ « ( 4R 5R? 90,




(#Ow?jr3cos«9+ f¢€ =g@ 157
4R 106

r®cos@ 0
But there is no way to write as the sum of a function of and a function of r,

so we’re stuck. The reason is that you can’t have a scalar magnetic potential in a

region where the current is nonzero.

Problem 5.53
€)] VB=0, VxB=g,J,and V.A=0,

VXA=B:A=Z‘—°j%dt',so V.A=0,VxA=B,and VW = 0(We’ll choose it
T
s0), VW=A=W =iJ'Edt'.

Az Jr

(b) W will be proportional to B and to two factors of r (since
differentiating twice must recover B), so I’ll try something of the form

w=ar €B ¥ fr?B, and see if | can pick the constants « and £ in such a way
that VW =0and VxW = A

VW =a KB Xr 3rve€B} a2 €¢BIBVE

-Vr=%+%+%=1+1+1=3;V(.B}r><(7><B} Bx@xr >€VB+@VT;
Z

but B is constant, so all derivatives of B vanish, and Vxr =0 (Prob.1.62), so
V¢B =@Vr-= Bxﬁ+ B, 9, BZQ €%+yj+22 =B X+B,y+B,2=B;
OX oy 0z

~ 0 0 0 ~
VO = | 8=+ +72— |€*+y>+2° =2xR+2yy+227 =2r.
¢ ( x5 82]( y 3 ¥y



So
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VW = }¢B + ¢B _} s P+2¢B _+2¢.B €a+ 3, which is zero if
20+ =0

VW = kB Wxr =rxVe¢B + [P ¢xBZBxVE Lap-€xB+pp-2@xr"
:_(xB:(z—Zﬂ::—%(xB:

(Proh K 24Y Snwe want a -20 = 1/2 Fvidentlhva - 2(-92) =53 =1/2, or a=1/10; 0 - -2a = -1/5.
Conclusion: (But this is certainly not unique.)

©VxW=A/(VxW)-da=fA-+da.Or/ W+ dl=JTA"-
da. Integrate around the amperian loop shown, taking W to
point parallel to the axis, and choosing W = 0 on the axis:

’

(using Eq. 5.70 for A).

Is <R)



1+ 21n(5/i)] z
[ n(5/il)] -



Problem 5.54
Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that V « [Ux (Vx V)] =
VxV) - (VxU)-U-[Vx (VxV)]

[v.[Ux(VxV)]dr = J{VxV) « (VxU)-U-[Vx (VxV]}dr=1ff [Ux(VxV)] * da.

As always, suppose we have two solutions, B* (and Ai) and B3 (and A2). Define B3 = Bz - Bj (and Az = A2 - Ai), so that
VxAs=Bszand VxB3=V x Bj- Vx Bz=/iod - fM)J = 0. Set U =V = Azin the above identity:
CHAPTER 5. MAGNETOSTATJCS
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J{(VXA3) * (VxAs)-As * [Vx (VxAs) dr mj{(Bs) | (Bs)- As * (Vx B3]} dr = j(Bsfdr

= |[Asx(Vx A3)] * da=x Bs) * da. But either A is specified (in which case As = 0), or else B is

specified (in which case B3 = 0), at the surface. In either ease /(A3 x Bg) * da = 0. So J(B3)2dr = 0, and hence Bi = Ba. gqed

Problem 5.55

From Eq. 5.86, Bt = ~(2c0s0* + sm00). There-
47TT

fore Bmr=B,(Z.r) - *2cos* = (Bo - cos*.

4 nr8

This is zero, for all 0, when r = R, given by £o

Evidently no field lines cross this sphere.

Problem 5.56
(a) J=:9=9%.- ¢ =TrH% m = "-tcR? z = %u>R2 z. L = RMv - MuR?; L. = Mu>R?2 z. (27r/w) 2?r 21r 2
108
MOTttQ
27xR?
, Or
R= fMomo\1/s
n_Q wR*QL2Mwi?22M"
— I&H.
and the gyromagnetic ratio is
9=
2M

(b) Because g is independent of R, the same ratio applies to all "donuts", and hence to the entire sphere (or any other figure

of revolution):
9

yven_eh_(1.60x1Q-19(1.Q5x1Q-34)Lm 2m 2 4m 4(9.11 x 10~39)

Q

2M

4.61 x 10~2¢ A m2.
J(VxA)

/{/H




4nr/*a 47r

A
(4H S (] X * £ Note t¥)at J depends on the

source point r', not on the field point r. To do the surface integral, choose the (x, y, z) coordinates so that r' lies on the z axis
(see diagram). Then * = y/R? + (*')2 - 2Rz'cos0, while da = R? sin 0d$d<t>r. By symmetry, the x and y components must
Integrate to zero; since the z component of t is cos0, we have

Problem 5.57 (a) Bavc =
1] two+im Tt S-jsl

-Mr)* -7TRx'u*6 Joy/Jp + (z2'y -2Rz'co*0 161
Ustu «odii» -gin0dO0.
tat f1 ) » ¢, v//P + (*)* - 2/k'u
22012 + (2)?) + 2i22'd —— ceceemeeemeeeceeanea 1
HQRVP VIP + W-W- J
= -g2p {[iZ2 ++ Hz*] v/H? + (z')2 _2tfz' - £/22 + -HA] ft] {[H2 + (*>)2 + Rz"\ \R - - [H2 + - fbt\ (R +2*);}
"Air,, 4tt . r—zz = —r,
4tril3 R2,..m
dm
do.
For now we want r7 < fl,50Bfive = J{3xt")dr' m J(Ixr)*. Now m . JJ(rx J)<fr
(Eq. 5.91), so Bave = qed

(b) This time 1 > R, 50 By, = "MAfA / (1% p2) #% = § / A A where #n0WgDes

(a) Problem 5.51 gives the dipole moment of a shell: m = — owtf z. Let R-* r,a pdr, and integrate: 4tt « fRa . 4t HS 0
4. 4tti%6 g

/RN 1» 2m

Po QvR2 sin 0 ? 4tt 5 r2

(d) Use Eq. 5.07, with R —t f,cr pdf, and integrate: 4 paupsinO j fE _4 uquj 3Q sind R6 ?
= 1" - U =

This is identical to (c); evidently the field is pure dipole, for points outside the sphere.

(e) According to Prob. 5.29, the field is B = fl-cosO0?-(1-s1nj. The average
(4%)2f13 3
from the source point to the center (-» = ~r/). Thus Bave — Been * qed Prgblem 5.58
m 1.

= . u>
fip 2Qu 4*r 5R '

4irr
/xq Qu:i?? sin 0 ? 4tt 5 r?
Bdr

dr=xda—



(3/4)7TT/?73 Axda=
4ttH3
3 n0
4ttB3 3/x0
obviously points in the * direction, so take the z component of * (cos0) and § (-sin0):
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4/3)irR? J
r? sin 9drdBd<f>

Bm 162
5 R?)

41tR ( ;
€S.

_ lesS-a, " |{1'_ } cos'O + (4 - HI sin? fij sinM
(&) UV iSRS '35 6HV]

ill PilliN (m! 1 m - <»'

2007ri?

Problem 5.59
The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard Eq. 5.87 as correct
outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a delta-function, A53(r), with A selected
so as to make the average field consistent with Prob. 5.57:
3._{Mj2m _2%pm 4TT« 4?r#3=* 3
m<53(r).
. The added term is
Bnve —
Problem 5.60

(a) IdX -¥ Jdr, so
n=0
3drm= dirr di (Prob. 5.7), where p is the total electric dipole moment. In magne-
to statics, p is constant, so dp/dt — 0, and hence Amon = 0. ged (¢c) m =/a = \If{r xdl) -fm = | /(r x J) dr. qed
Problem 5.61
For a dipole at the origin and a field point in the xz plane (<p = 0), we have

AN—(2co0s9t + sin9§) = cos O(sin 9 x+cos 9 z) +sin O(cos 9x-sin 9 z))

~[3s1in0 cosOx + (2 cos? $ - sin2 0)«].

Here we have a stack of such dipoles, running from z » -L/2 to z - +L/2. Put the field point at s on the x axis. The x
components cancel (because of symmetrically placed dipoles above and below z = 0), leaving B =
Po
dzy where M is the dipole mo-
4* 7o rM ment per unit length: m m IirR?2 - (<rvh)%R2 = auRnR2h =>
?llflm ~as irawR*. h
-s cot 9 dz —
sin 0

12 (3 cos20—1)

i

2Mz

1 .

Now sin0 =-r

dO. Therefore



obviously points in the * direction, so take the z component of * (cos0) and § (-sin0):
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4/3)irR? J

r? sin 9drdBd<f>
Bm

5 R?)

iR ( lesS-a

£ |{1’_ ) cos'O + (4 - HI sifﬂ fij sinM
4*&)*UIV3 iSR'J i: 35 6HV

163

ill PilliN (m! 1 m - <»'

2007ri?

Problem 5.59
The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard Eq. 5.87 as correct
outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a delta-function, A53(r), with A selected
so as to make the average field consistent with Prob. 5.57:
3._{Mj2m _27pm 4TT« 4?r#3=* 3
m<53(r).
. The added term is
Bnve —
Problem 5.60

(a) IdX -¥ Jdr, so
n=0
3drm= dirr di (Prob. 5.7), where p is the total electric dipole moment. In magne-
to statics, p is constant, so dp/dt — 0, and hence Amon = 0. ged (¢c) m =/a = \If{r xdl) -fm = | /(r x J) dr. qed
Problem 5.61
For a dipole at the origin and a field point in the xz plane (<p = 0), we have

AN—(2co0s9t + sin9§) = cos O(sin 9 x+cos 9 z) +sin O(cos 9x-sin 9 z))

~[3s1in0 cosOx + (2 cos? $ - sin2 0)«].

Here we have a stack of such dipoles, running from z » -L/2 to z - +L/2. Put the field point at s on the x axis. The x
components cancel (because of symmetrically placed dipoles above and below z = 0), leaving B =
Po
dzy where M is the dipole mo-
4* 7o rM ment per unit length: m m IirR2 - (<rvh)%R2 = auRnR2h =>
?llflm ~as irawR*. h
-s cot 9 dz —
sin 0
12 (3 cosz20—1)
i
2Mz

1
Now sin0=-r
dO. Therefore
111
sin305

HoauB? a [**



Mo

27T

/(Bcos20-1) Jwn

B

= 21(8cos20—1)sin0dO

stsin 0

UOCTUJE? ,,, *m b= z (- cos? 0 + cos 0)

mO I11If

, and cos 0,
+ PPr 164
c0s Om (1 — COS Ow) z as
9%2
flQ<7L>R3L
B
42 + (L/2)2]3/2

COSOn sin Om z.

2s2(1/2)
/2
But sin
Z.

=, S0

yV 1 (1/2)2

| Chapter 6

J Magnetostatic Fields in Matter

Problem 6.1
N =mjX Bj; Bi = [3(mi ¢ r)f - mi]; r = y;mi = m*; mz = mzy. Bi =

=-**x. Here m, = Tra2?/, m: = 91. So
Final orientation
downward] (—S8).

Problem 6.2

rfF=/dl x B; dN=rXdF = /rx(diX B). Now (Prob. 1.6):r x (flXB) +dlx BXr) + BX (rxtfl) =
0. But d[r XX B)] =dr X (r x B) 4 r x (dr X B) (since B is constant), and dr = dl, so dl1x(Bxr) = r X (d X
B) -d[r XX B)dJ. Hence 2r X (<flX B) =d[r X (rxB)j-B x (r X dl). dN =\I{d[r x(rxB)]-Bx(rx dl)}
N =1l {/d[r X (r X B)] - BX x dl)}. But the first term is zero (f d(- * ¢) = 0), and the second integral is
2a (Eq. 1.107). So N--/(B xa) =m x B. qed

N

According to Eq. 6.2, F = 2-RIRBcosO. But B = and Bcosa _ B y, so Bcos$ = p-ps [3(111!-r)(r * y) - (mi
$)]. Butms * y=0and f ¢« y = sin <f>; while mi ¢ f=m\ cos 6. BcosO — ££ i3mi sin <f>cos d>
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Problem 6.4
I\ ~(dy$) X [B(0, y.c) - B(0,y.0)]+(d*&) x [B(0,c.s) - B(0,0, } TOx g - f X g} . [Note that /dy *oANandJdzif | *ef
0,0,0
9
yo
x 0
x0
. »dBx dBy BB;,,dB,
F=m
dBrn dBrn
dy dy ay
9~¢
using V.B =0 to write * + " =

dy dz dx
"6 B X Ade ade
=m
But m + B=mB: (since m = mx, here), so V(im ¢ B) - mV(B.) = m -f + Therefore F=V(m * B). qed
Problem 6.5

(a) B = £todoxy (Prob. 5.14).
m * B=0, so Eq. 6.3says F=0.

(b) m *+ B = mofxodoX, so F = mofioJoH.

(c) Use product rule #4: V(p * E)=px (VxE)+ Ex(Vxp)+ (p * V)E + (E * V)p. But p does not depend on (x,y,z), so the
second and fourth terms vanish, and V x E = 0, so the first term is zero. Hence V(p * E) = (p * V)E. qed

This argument does not apply to the magnetic analog, since VxB"O. In fact, Vim * B)=(m * V)B + no(m x J). (m * V)Bo =
mo”(B) = mo/xodby, (m * V)Bs = mo*fiodox?) = 0.

Problem 6.6

Aluminum, copper, copper chloride, and sodium all have an odd number of electrons, so we expect them to be
paramagnetic. The rest (having an even number) should be diamagnetic. I
Problem 6.7

Je - VxM = 0; Kt = M x ft = MO.
The field is that of a surface current Kb = MO, but that's just a solenoid, so the field
outside is zero, and inside B = /ioK» - M. Moreover, it points upward (in the drawing), so|B = /<pM.

z
>

ffd =dJoz
> tt ro.




M |igi

|M

Problem 6.8
VM s Jse = ks2)i =i(3fca?)S = pil Kj =M x n = ks2{j>x s) = -kR?Z.

So the bound current flows up the cylinder, and returns down the surface. [Incidentally, the total current®nould be zero ...
is it? Yes, for JJvda = foR(3ks)(2irsds) = ggKg while fKidl §J (~kR2)(2nR) 1 Since these currents have cylindrical symmetry,
we can get the field by Ampere's law:

B ¢ 27rs = fxolgne — pa I Jbdo. — 2ivkpos3 => B = poks24>
Jo e

Outside the cylinder Jenc =0, so|B = 0.

Problem 6.9
= p.oM.

mf¥
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Ki=MXn=M4>.

(Essentially a long solenoid)

(Essentially a physical dipole)
(Intermediate case)

[The external fields are the same as in the electrical case; the interned fields (inside the bar) are completely different—in
fact, opposite ih direction.]

Problem 6.10

I fa - Mt so the field inside a complete ring would be poM. The field of a square loop, at the center, is givenby Prob. 5.8: B, =
y/2pql/tcR. Here I = Mw, and R = a/2, so

y/2poMw 2y/2PQMW _ _ ., .= = — Ciieldmg oy

2y/2t
B=poM 1 -
CHAPTER 6. MAGNETOSTATIC FIELDS IN MATM

Problem 6.11 ! d
As in Sec. 4.2.3, we want the average of B = Bout + Bin, where Bout is due to molecules outside a sm$ sphere around point
and B,n is due to molecules inside the sphere. The average of Bout is same as field at center (Prob. 5.57b), and for this it is OK
use Eq. 6.10, since the center is "far" from all the molecules k question:
Mx1i
_Afof47Xd
outside

dr

*out



The average of Binis g Eq. 5.89—where ra = #irR3M. Thus the average Bin is 22qM/3. But what is
left out of the integral Aot is the contribution of a uniformly magnetized sphere, to wit: 2AM/3 (Eq. 6.16), and this is
precisely what Bjn puts back in. So we'll get the correct macroscopic field using Eq. 6.10. ged .

Problem 6.12

(@ M=ksz\ Jo- VXM = Ky = MXn=FkR<j).

B is in the z direction (this is essentially a superposition of solenoids). So B = 0 outside. Use the amperian loop shown

(shaded)—inner side at radius s:
f B -dl =Bl =/iodnc = Po [M da + Ksl] = jzo [~kI(R -$§) + RRI] - yokh. 167
B = noksz. inside.

(b) By symmetry, H points in the z direction. That same amperian loop gives fH * di = HI - Volfx. - 0, since there is no free
current here. So | H=0, and hence B =/ioM. Outside M = 0, so B = 0; inside M = ksz, so B = {lohsz.

Problem 6.13

(a) The field of a magnetized sphere is |/ioM (Eq. 6.16), so
with the sphere removed.

In the cavity, H = ~B, so H = ~ (Bo - f/icM) = Ho + M - |M

The field inside a long solenoid is “K. Here K =M, so the field of the bound current on the inside surface of the
cavity is /ioM, pointing down. Therefore

B = Bo - MoM,;
1
H=—@Bo-/xoM) =—Bo - M => H = Ho.
il e

Kb This time the bound currents are small, and far away from the center, so B = Bp,
while H=j~Bo=Ho+M | H=Ho + M.

[Comment: In the wafer, B is the field in the medium; in the needle, H is the H in the medium; in Dm sphere

(intermediate case) both B and H are modified.]
B = Bo - “MoM,

H=Hn+ M.
()
(©)
- M.

M
\ 2
-lioM.
Problem 6.15

1Potentials

Win(r,0) =T Air! Pycos6), (r <R); Wou(r+§) = (r>R).

Boundary Conditions:

J Q) Wia{R,9) = Wou(R,9), 100 -*r\y+ "\gr =M"=Mz.r=Mcose. {The continuity of W follows from the gradient

theorem: W(b) - PF(a) = VIW-dl =-H - dl; if the two points are infinitesimally separated, this last integral 0.)

\Y ARl — = R2+A,
\Y Z{l + DilfaPi(casO) + ZIAtR?-*P;(cose) = McosO.
~Combining these:

1 +)RI~AtPtica&O) - M cos 0, s0 At =0 (I ?1),and 3Ax=M =» Ai =



Thus WjnM) =%’<’:6As§1’ =——and hence Hn =-VWin = -yy‘—”—lM, S0

B=/ioH+ M) =/iof- "M + M" =
CHAPTER 6. MAGNETOSTATIC FIELDS IN MATTER
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Problem 6.16

/H-d1=//.,,=/,soH= B =0+ Xm)H =
Jfc=VxL.— _,«x 5ds\ 21(8J

Total enclosed current, for an amperian loop between the cylinders:

L+ gA2me +XmI> 80 8" S = | Ml +pif B= /

Problem 6.17 ===
Prom Eq. 6.20: $H « dl= H(2ns) = I* = SIN A <a);

11 (s >a)
Mt' iiit itsi!

Jt - XmdJf (Eq. 6.33), and Jj - so Ke =M Xn=XmH xn
Xml2ira

M=XmH= Xml 2
2m?’

=Mxn= | fAfz, ats = a; [-
Mz, at r = 6.

1anil 2w
(s>0).
J =Xm/6 ?rqa2
(same direction as I),
Kfc =
(opposite direction to I).
Ib =Jb(na?) +Kb(2na) — Xml ~yw/ = | o] (as it should be, of course).
Problem 6.18 s==—== = At
By the method. of Prob. 6.15:

For large r, we want B(r,0) Bo = Boz, so H = 37 Boi, and hence W -> -j~Boz -
-jfeBorcosO.

aPotentials

mWi(r,0) « £v4,1r'P,(cos0), < R);

BWout(x,") =— /fe-Bor cos 0 +J2 pafr Pj (cos 0), (r > R). Boundary Conditions:

JO) Wi, (R#) = Whit(fl»), i(«) -*Mk + ~L-o. (The latter follows from Eq. 6.26.)

AHocos0 + | gg + 1) Pi (cos #j» M/**cosfi) = 0.

Fori~1,(3) Bi= so + 1) + 1iJA/A?™1 = 0, and hence At = 0.
For/=1,(0) => AiR = —fcBoR+BJR2, and (ii) =» Bo + 2miBi/R* + nA.: =0, so Ax** -3Bo/(2w»t"
(i1) =S> Ho
WW*!* = "(2,\)
B=/iH=
3Bo

3Br

168



ZBgz (2po + p)'
3/iBo
Hln=-Wm =
uzZ=
rcosf = -
(2po+ M) (2/1Q +#}'
i+Xm \ r
ITwaJ®0-
(2/U0 + M)
By the method of Prob. 4.23:
m Step I: Bo magnetizes the sphere- M f sphere given by Eq. 6.16:  ~~ ~ Me(f+xm)B°- This magnetizatif®sets up a field
within

Bl & 3<*Me _ f]f*Bo = §«Bo (where « | | J the sphere- Bl magnetizeS the sphere an gdditional amount Mx = £Ba. This sets up an

additional field in
B2 =1"0Mj * %Bi « *yl B, etc.

The total field is:

B=Bo4-Bi+ B2+ ¢+ » » = Bo+ (2K/3)Bo + (2K/3)2By + ., = [[+m (2%/3) + (2/c/3)2 + « » » | Bo=B°
(1-2K/3)

1 3 3 + 3xm 3(1+ Xm)
SO
1—2k/ZZ-2Xm/(l+Xm) 83+ 3xm - 2Xm 3 + Xm

Problem 6.19
ear* r». A/r _ Am

Am = fA-B; M = 72 = ;4A7VB' where vis the yolume per electron. M = *yH (Eq. 6.29) = BMWD (Eq. 6.30). So Xm = "~fMo-
[Note: Xm 1, so I won't worry about the (1 + Xm) term; for the same reason we need not distinguish B from Beise> as we did
in deriving the Clausius-Mossotti equation in Prob. 4.38.] Let's say V= §7rr3. Then Xm = ruuse 1T A= 10~10 m for r.

Then Xm = — (10~7) (44032£0-9FG»)) = ~2x 10"V whichisnot Ad~Tghle 6.1 says Xm = -1x 10

However, I used only one electron per atom (copper has 29) and a very crude value for r. Since the orbital radius is smaller
for the inner electrons, they count for less (Am ~ r2). I have also neglected competing paramagnetic effects. But never mind
... this is in the right ball park.

Problem 6.20

> Place the object in a region of zero magnetic field, and heat it above the Curie point—or simply drop it on a hard surface.
If it's delicate (a watch, say), place it between the poles of an electromagnet, and magnetize it back and forth many times:;
each time you reverse the direction, reduce the field slightly Problem 6.21

V Identical to Prob. 4.7, only starting with Egs. 6.1 and 6.3 instead of Egs. 4.4 and 4.5.
V Identical to Prob. 4.8, but starting with Eq. 5.87 instead of 3.104.
V U =-g*r[3cos0i cos#2 - cos(0z - 0i)Jmims. Or, using cos(0z - 0i) = cos0i cos0z - sin0i sin0s,

U = — ££**4 (gin sin 02 — 2c0s0i cos02).

——— e s e lyj. agi— o2 — W

W _ M5 (cosion sin02 + 2sin”1 cos02) =0=> 2sin0i cos0a = - cos0i sin0z; fg = 2££* (sin 9\ cos + 2 cossin02) = 0 2 sin Oa cos02 = -

4co0s01 sin h
the

______ - qovm* v»jr uij. u,xg;



Stable position occurs at minimum energy: = =

k@

Either sin0i = sin0z = 0 : —>~—» or or cos#i p cos 02 — 0 : ft or t

Which of these is the stable minimum? Certainly not© or®—for these m: is no
parallel to Bj, whereas m know mz will line up along Bj. It remains to comparec

(with Q\ = 02 = 0) and® (with 6\ — tt/2, 02 = -jr/2): Uy - MAjJea(~2); Ui - 1)
Ui is the lower energy, hence the more stable configuration. 170

Conclusion: They line up parallel, along the line joining them:

(d) They'd line up the same way:
Problem 6.22

F=/*caxB = * Ba+I £ dLx[(v Vo)Bo] ~ I (/>dl) x Kr® * v)Bo] =jd\ X [(r * Vo)Bod
(because fdl - 0). Now

(di x Bo)* = €jjkdlj(Bo)i, and (r * Vo) = s0
j> ti dlj [(Vo)i(Bb)jfe] » Lemma 1: j>n dlj = X) (proof below), J JJ |

=1%ijJ#iS(Vo)/(Bo)k | Lemma 2: [T eyittim - Suhm - hm&ki (proof below). 1 =/ J2 - MVo)i(£o)fc =/,

MVy)i(Boh - *i{VoMBo)k}
k,l,m k
=J[(Vo)i(a m Bo) — a,(Vo * Bo)]. But Vo * Bo - 0 (Eq. 5.48), and m =/a (Eq. 5.84), so F =W(m * Bo) (the subscript just
reminds us to take the derivatives at the point where m is located), ged Proof of Lemma I:
Eq. 1.108 says /(c * r) dl - a x ¢ =-¢ x a. The jth component is f W dh = ~ Ep,m §pmCpOm- Prck Cp — 5pi (i.e. 1 for the Ztl

component, zero for the others). Then / « dlj - ~ €jim«m = Em £in<Im' A Froo/ 0/ Lemma 2:

must be the other, so
Atijktijm = + BSimSkt-

To determine the constant pick t =1 =1, fc = m = 3; the only contribution comes from j » 2:
€1237123=1=-4"11"33 + £613631 =j4 => " =

To determine B, pick t =m=1,& =/ = 3:
€1236321 ="1=713*31+Htl* ="~=»B» -1.

J” cyfecym - - 6imbu- »
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Ft=1
»/ o/ Lemma 2: . ..
=0 unless ijk and /jm are both permutations of 123. In particular, « must either be I or m, and 9

So
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Problem 6.23

inSideaUnif°rmiy Pelarized sPAre, B = -g—P (Eq. 4.14) translates toH = -fcipoM) = _J—-« 'v - Mo(H-fM). So the
magnetic field inside a uniformly magnetized sphere is B = po(- |[M+M) =
gftoM j (same as Eq. 6.16).

(b) The electric field inside a sphere of linear dielectric in an otherwise uniform electric field is E = s=+x/s"*0 (Eq. 4.49). Now
translates to Xm, for then Eq. 4.30 (P = eox.E) goes to poM = **mH, or M = *,H (Eq. 6.29). So Eq. 4.49 H == n.yu/sHq. But
B = /x0(1 + *:0)H, and Bo = "oHo (Egs. 6.31 and 6.32), so the magnetic field inside a sphere of linear magnetic material in an
otherwise uniform magnetic field is B 1 171

Bo

(as in Prob. 6.18).

ol + Xm) a+Xmi3)/10'

(c) The average electric field over a sphere, due to charges within, is Eave == -jsfcy Let's pretend the charges are all due to the

frozen-in polarization of some medium (whatever p might be, we can solve V-P — —p to find the approprlate P). In this case
there are no free charges, and p = JP dr, so Eave = -4™ 753- fPdr, which _"anslatesto ;
"poM dr = —
4irR3

1+ Xm 1+Xm/3

Bo

B=

Have —

But B :po{H4- M), s0 Bave = + /JOMave, and Mave = so

with Eq. 5.89. (We must assume for this argument that all the currents are boundl but again it doesn't really matter,
since we can model any current configuration by an appropriate frozen-in magnetization. See G. H. Goedecke, Am. J.
Phys. 66,1010 (1998).)

Problem 6.24

Eq. 2.156: E=, fv * dr'}

Eq. 4,9: V «

Eq. 6.11: Aa peeoUx { * fo dr>}
f

. For a uniformly charged sphere (radius R): <
I Eout
in agreement

So the scalar potential of a uniformly polarized sphere is:

= ~(Mxr), Aout « "£?(Mxf),
and the vector potential of a uniformly magnetized sphere is:

(confirming the results of Ex. 4.2 and of Exs. 6.1 and 5.11). Problem 6.25
(a) Bi« (Eq. 5.86, with 0 =0). So m"Bj = -gj. F=V(m-B) (Eq. 6.3) » F=£ [-

This is the magnetic force upward (on the upper magnet); it balances the gravitational force downward [-mdgi):
-m<t9550



Zpom?

X | 2it
38 | m<t9.
po 2m
Brve —
47r R3'
(for uniform charge density); (for uniform polarization); (for uniform magnetization). 53 (Prob. 2.12),

= KsMf*) (Ex. 2.2).

Vout «» 172

A
Mom*1a

3/ip m? 2rrz*
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(b) The middle magnet Is repelled upward by lower magnet and downward by upper magnet:

Zpom? Zpem?

The top magnet is repelled upward by middle magnet, and attracted downward by lower magnet:

3 Atom? 3/xom?

Subtracting: [J, - J, - J, + -mdg+madg m 0, or «0,50: 2="+"g
Let q = x/y, then 2 = *r + iw+P4 - Mathematica gives the numerical solution a = x/y = 0.850115...

Problem 6.26

At the interface, the perpendicular component of B is continuous (Eq. 6.26), and the parallel component of H is
continuous (Eq. 6.25 with K/ = 0). So B{- = Bfr, H$ = H|. But B = pH (Eq. 6.31), so = *Bf. Now tan*i = B\jB” and tan0: =
B\IB£,50

hn Lsee TH «e

tan 0i BI bJI Pr

(the same form, though for different reasons, as Eq. 4.68).
Problem 6.27

In view of Eq. 6.33, there is a bound dipole at the center: mg = So the net dipole moment at the |
center is m~nter = m + mp = (1 + Xm)m = j*m. This produces a field given by Eq. 5.87:

Beenter T~"'T [3(m * f)f - m1. dipole 4?r r3 '!

This accounts for the first term in the field. The remainder must be due to the bound surface current (K*) at I » ~ R (since
there can be no volume bound current, according to Eq. 6.33). Let us make an educated guesi 3 (based either on the answer
provided or on the analogous electrical Prob. 4.34) that the field due to the surface I bound current is (for interior points)

of the form Bguf.ce — -4m (i.e. a constant, proportional torn). In that |
« current

case the magﬁe.tizatior.l”\’ivill be:
M=XmH=—B=B3m *fr-m]+*"Am p 4 n r * p

This will produce bound currents = VxM = 0, as it should, for 0 < r <R (no need to arlcuUU thiti curl—the second term is
constant, and the first is essentially the field of a dipole, which we know it curl-Ism* i except at r = 0), and

Ke=M(R) X t m *(-m xf)+ xf)«x-m (-475 + *)



But this is exactly the surface current produced by a spinning sphere: K - a v=awR sin 9+; with (owA) fIS Xn>m - j*RtV So
the field it produces (for points inside) it (Eq. 5.68):

Bturfoce « Zpg(ou>R) ® ZélﬁXm** /[4 ] r-\sr 1current 3 3
122
tan
Everything is consistent, therefore, provided A = §MoXm - orA(-"g*Xmd - But
=L soAl-T+ D= orA(+= A= and hence’ >

I + I*

The exterior field is that of the central dipole plus that of the surface current, which, according to Prob. 5.36, is also
a perfect dipole field, of dipole moment

w_ _43/3 N _2irRz p. 2(lip - fi)m _ lifep - fi)m
msurface ~ \auJK) — -TTtt 1 —*surface J ~ "'~ e>af i—\ —To —
current 3 3 \2/Zq current/ fiQ 4T «I(2/io + /*) A»o(2/4) +fl)

So the total dipole moment is:

TM-**~.M_!P0-M!3/um mtot — —m H m-

—ui T o--eee- 111. y—"/-A - cmm\
Pq /Xo (2fio + W + At)

and hence the field (for r > R) is

N 4tr

Problem 6.28
The problem is that the field inside a cavity is not the same as the field in the material itself.

V Ampire type. The field deep inside the magnet is that of a long solenoid, Bo « /ioM. From Prob. 6.13: ( Sphere: B =

Bo - froM s | /*oM;

< Needle : B=Bo - fioM = 0; [ Wafer : B=/10M.

(b) Gilbert type. This is analogous to the electric case. The field at the center is approximately that midway between
two distant point charges, Bo « 0. From Prob. 4.16 (with E B, 1/eo Ho, P M):

(Sphere: B=Bo+fMm

< Needle: B=Bo=0;

( Wafer : B=Bo + MoM = FIOM.
hnthe cavities, then, the fields are the same for the two models, and this will be no test at all. Yes. Fund it with t1 M from
the Office of Alternative Medicine.





