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Extending the applicability of the Gauss—Newton method under average Lipschitz—
type conditions

Mg rong kha ning cua phuong phap Gauss—Newton trong cac diéu kién loai
Lipschitz trung binh

Abstract We extend the applicability of the Gauss—Newton method for solving
singular systems of equations under the notions of average Lipschitz—type
conditions introduced recently in Li et al. (J Complex 26(3):268-295, 2010).Using
our idea of recurrent functions, we provide a tighter local as well as semilocal
convergence analysis for the Gauss—Newton method than in Li et al. (J Complex
26(3):268-295, 2010) who recently extended and improved earlier results (Hu et
al. J Comput Appl Math 219:110-122, 2008;Lietal. Comput Math Appl 47:1057—
1067, 2004; Wang Math Comput 68(255):169-186,1999). We also note that our
results are obtained under weaker or the same hypotheses as in Li et al. (J Complex
26(3):268-295, 2010). Applications to some special cases of Kantorovich—type
conditions are also provided in this study.

T6m tat Ching t6i mé rong kha ning cua phuong phap Gauss—Newton dé giai hé
phuong trinh ki di dua trén khai niém diéu kién loai Lipschitz trung binh dugc dua
ra gan day trong cong trinh cua Li va cac cong su (J Complex 26(3):268-295,
2010). Dya trén y tudng vé cac ham truy hoi, chung toi dwa ra phan tich hoi tu cuc
b cling nhu ban cyc bd chat ché hon cho phuong phap Gauss—Newton so voi Li
va cac cong su. (J Complex 26(3):268-295, 2010) la nhirng nguoi da mé rong va
cai thién cac két qua truée day (Hu et al. J Comput Appl Math 219:110-122,
2008;Lietal. Comput Math Appl 47:1057-1067, 2004; Wang Math Comput
68(255):169-186,1999). Chi y 1a cac két qua cua chung toi thu duoc dudi cac gia
thuyét yéu hon hodc twong tu nhu trong Li va cac cong su (J Complex 26(3):268—
295, 2010). Viéc &p dung cho cac truong hop dic biét cua didu kién loai
Kantorovich ciing dugc dua ra (thuc hién) trong nghién ctru nay.

1 Introduction

1 Gidi thi¢u



In this study we are concerned with the problem of approximating a locally unique
solution xof equation

Trong nghién ctu nay, ching toi s& tap trung vao bai toan xap xi nghiém duy nhat
cuc bo X ciia phuong trinh

where, F is a Fréchet—differentiable operator defined on an open, nonempty,
convex subset D of Rm with values in Rl ,where m, | € N.

O day, F 1a toan tir vi phan Fréchet duoc dinh nghia trén mot tap con ma, khong
rdng, 16i D cuia R™ véi cac gia tri trong R!, ¢ day m, | € N*,

The field of computational sciences has seen a considerable development in
mathematics, engineering sciences, and economic equilibrium theory. For
example, dynamic systems are mathematically modeled by difference or
differential equations, and their solutions usually represent the states of the
systems. For the sake of simplicity, assume that a time—invariant system is driven
by the equation 'x = T(x), for some suitable operator T,where x is the state. Then
the equilibrium states are determined by solving equation (1.1).

Linh vuc khoa hoc tinh toan da thuc day sy phat trién dang ké trong toan hoc, khoa
hoc k§ thuat, va If thuyét thing bang kinh té (If thuyét can bang kinh té). Vi du, cac
hé dong luc hoc c6 thé duoc md hinh hoda toan hoc bang cac phwong trinh sai phin
hodc vi phan, cac nghiém cua ching thudng biéu dién trang thai cta hé. Bé don
gian, gia str rang hé bat bién thoi gian tudn theo phuong trinh % = T (x), d6i Véi
toan ti T thich hop nao d6, ¢ day x 1a trang thai. Thé thi, cac trang théi can bang c6
thé duoc xac dinh bang cach giai phuong trinh (1.1).

Similar equations are used in the case of discrete systems. The unknowns of
engineering equations can be functions (difference, differential, and integral
equations), vectors (systems of linear or nonlinear algebraic equations), or real or
complex numbers (single algebraic equations with single unknowns).

Cac phwong trinh twong tu dwoC Sur dung trong truong hop cac hé roi rac (hé gian
doan). Bién cia cdc phwong trinh ki thudt c6 thé la cdc ham (cdc phwong trinh sai
phan, vi phan va tich phan), cac vector (cac hé phuwong trinh dai sé tuyén tinh hodc



phi tuyén), cac sé thuc hodgc phite (cdc phwong trinh dai s6 don gian Véi cac
nghiém don)

Except in special cases, the most commonly used solution methods are iterative—
when starting from one or several initial approximations a sequence is constructed
that converges to a solution of the equation. Iteration methods are also applied for
solving optimization problems. In such cases, the iteration sequences con-verge to
an optimal solution of the problem at hand. Since all of these methods have the
same recursive structure, they can be introduced and discussed in a general
framework. We note that in computational sciences, the practice of numerical
analysis for finding such solutions is essentially connected to variants of Newton'’s
method.

Ngogi trir mét sé trieong hop ddac biét, nhitng phwong phdp dwoc sie dung phé bién
nhat 1 lgp — khi bét dau tir mét hogc mét sé gan diing ban dau mét day dwoc xay
ding héi tu vé mét nghiém cia phwong trinh. Cdc phwong phdp ldp ciing dwoc ap
dung cho viéc gidi cac bai toan téi wu héa. Trong nhitng truong hop nhu thé,cac
day lgp dé dang hgi tu vé nghiém t6i wu cua bai toan. Bdi Vi tdt cd cdc phirong
phap nay c6 cdu triic dé quy (truy hai) giéng nhau, ching co thé dugc dwa ra va
duoc thdo lugn trong mét co so chung. Cha y la trong khoa hoc tinh toan, viéc
thirc hanh cac phan tich sé dé tim cac nghiém nhuw thé Vé co bdn dwoc Két noi Véi
cac bién thé ciia phirong phdp Newton.

We shall use the Gauss—Newton method (GNM)
Chung ta sé st dung phuong phap Gauss—Newton (GNM)
to generate a sequence {xn} approximating a solution xof equation

dé tao ra dy {x,} xap xi nghiém x cua phuong trinh

----------------------------------------------------------------

where, F (x)+ denotes the Moore—Penrose inverse of
matrix F (X),(x € D) (see Definition 2.3).




& day F'(x)* chi nghich dd0 Moore—Penrose cia ma tran F'(x), (x € D ) (xem
dinh nghia 2.3).

If m=land F (xn) is invertible, then (GNM) reduces to
Newton’s method (NM) given by

Néu m=I va F'(x,), kha nghich, thi (GNM) rit vé phuong phap Newton (NM)
duoc cho boi

There is an extensive literature on the local as well as the semilocal con-vergence
of (GNM) and (NM) under Lipschitz—type conditions. We refer the reader to [4, 6]
and the references there for convergence results on Newton-type methods (see also
[1-3, 5, 9-30, 32-52]). In particular, we recommend the paper by Xu and Li [52],
where (GNM) is studied under average Lipschitz conditions.

C6 mot tai lidu rat bao quat vé hoi tu cuc bo cling nhur ban cuc bo ciia (GNM) va
(NM) trong cac diéu kién loai Lipschitz. Nguoi doc cd thé tim cac cong trinh [4,6]
va tham khao céc két qua hoi tu cua phuong phép loai Newton ¢ d6 (hodc ciing c6
thé tham khao [1-3, 5, 9-30, 32-52]). Bac biét, ching t6i d& nghi bai bao do Xu va
Li [52] & ¢6 (GNM) duoc nghién ciru trong diéu kién Lipschitz trung binh.

In [31], Li, Hu and Wang provided a Kantorovich—type convergence analysis for
(GNM) by inaugurating the notions of a certain type of average Lipschitz
conditions. (GNM) is also studied using the Smale point estimate theory. This way,
they unified convergence criteria for (GNM). Special cases of their results extend
and/or improve important known results [3, 23].

Trong [31], Li, Hu and Wang dua ra phan tich hdi tu loai Kantorovich cho (GNM)
bang cach trién khai khai niém vé mot loai diéu kién Lipschitz trung binh nao d6.
(GNM) ciing duoc nghién ciru dung Ii thuyét wéc tinh diém Smale. Bang cach nay,
ho da hop nhat céc tiéu chuan hoi tu cho (GNM). Cac truong hop dic biét cua két
qua ctia ho mé rong va/hoac cai thien cac két qua quan trong da biét [3, 23].

In this study, we are motivated by the elegant work in [31] and optimization
considerations. In particular, using our new concept of recurrent functions, we



provide a tighter convergence analysis for (GNM) under weaker or the same
hypotheses in [31] for both the local as well the semilocal case.

Pong luc dé chang tdi thuc hién nghién ciu ndy 1a cong trinh tinh té [31] va cac
xem xét toi vu hoa. Bic biét, dung khai niém mai ham truy hoi (hdi qui)(hdi qui),
chung t6i da dua ra phan tich hoi tu chit ch& hon cho (GNM) dudi céc gia thiét yéu
hon hodc tuong tu nhu trong [31] cho ca hai truong hop cuc bo ciling nhu ban cuc
bo.

The study is organized as follows: Section 2 contains some preliminaries on
majorizing sequences for (GNM), and well known properties for Moore—Penrose
inverses. In Sections 3 and 4, we provide a semilocal convergence analysis for
(GNM), respectively, using the Kantorovich approach. The semi-local convergence
for (GNM) using recurrent functions is given in Section 5. Finally, applications
and further conparisons between the Kantorovich and the recurrent functions
approach are given in Section 6.

Nghién ctru nay duogc t6 chirc nhu sau: Phan 2 bao gom mét s6 xem xét so bo vé
cac day troi cho (GNM), va cé4c tinh chat da biét cua nghich d¢ao Moore—Penrose.
Trong phan 3 va 4, ching toi dua ra phan tich hi tu ban cuc b cho (GNM) ding
phuong phap Kantorovich. Hoi tu ban cuc bo cho (GNM) diing cac ham truy hoi
(h6i qui) duoc cho trong phan 5. Cubi cuing, cac tng dung va so sanh gitra cach
tiép can Kantorovich va céch tiép can ham héi quy duoc dua ra trong phan 6.

2 Preliminaries
2 Xem xét so bd

Let R = R U{+oo} and R+ =[0, +o0]. We assume that L and L0 are non—decreasing
functions on [0, R),where R € R+,and

Pit R = R U {+} va R, = [0, +o0]. Chlng ta gia sir rang L va Ly la cac ham
khong ting trén [0, R) , & day ReR,, va

Let B> 0,and 0 <A< 1 be given parameters. Define function g : [0, R|-—— R by

Pit f> 0, va 0 <A< 1 la cac tham s6 cho trude. Dinh nghia ham g: [0,R] — R qua



Moreover, define majorizing function hA :[0, R]—— R corresponding to a fixed
pair (A, L) by:

Thém vao d6, dinh nghia ham trdi ...... tuong ¢ng vaéi cap (4, L) khong doi qua:
We have for t €[0, R]
Déi véi t €[0, R], chiing ta co

It follows from (2.1), (2.4), and (2.6)that
Tu (2.1), (2.4), va (2.6), suy ra

Define

Dinh nghia

..........................................

................................................

Then, we have:

Thé thi, ching ta co:



where, t1 €[0, R] is such that

¢ day, .....sao cho

and 1s guaranteed to exist, since > 1 — A in this case.

va dugc dam bao ton tai, boi vi .....trong trudng hop nay.

We also get

Chung ta cling nhan dugc

Let us define scalar sequence {s; .} by

Chung ta hay dinh nghia day v6 hudéng {s, .} qua

Note that if equality holds in (2.1), then

Cha y riang néu dang thire dung trong (2.1), thi

and {sA,n} reduces to {tA,n} introduced in [31], and given by:
va {s,.} rutvé {t..} duoc duaratrong[31], va dugc cho boi:

..............................................................

We shall show in Lemma 2.2 that under the same hypothesis (see (2.16)), scalar
sequence {sA,n} is at least as tight as {tA,n}. But first, we need a crucial result on
majorizing sequences for the (GNM).

Trong bo dé 2.2, chling ta s& chiing toé rang dudi gia thiét twong tu (xem 2.16), day
vo huéng {s).,} it nhat cling manh nhu day {t, .} . Nhung trudc hét, chiing ta can
mot két qua quyét dinh vé céc day troi cho (GNM).



Lemma 2.1 Assume:

B6 dé 2.1 Gia sir:

Then, the following hold

Thé thi, nhitng diéu sau day 1a dung

(1)Function hA is strictly decreasing on [0, rA], and has exactly one zero tA € [0, rA],
such that

(i) Ham h, giam nghiém ngat trén [0, r,], va c6 mot gia tri khdng ngay tai...... , SA0
cho

(i1) Sequence {sA,n} given by (2.13) is strictly increasing, and converges to tA.
(ii) Day {s)..} duoc cho bai (2.13) ting nghiém ngat, va hoi tu vé ...

Proof

Chang minh

(i) This part follows immediately from (2.3), (2.6), and (2.10).

(if) We shall show this part using induction on n. It follows from (2.13), and
(2.17)that

(i) Phan nay dugc suy ra ngay tir (2.3), (2.6), va (2.10).

(i) Chlng ta s& chitng minh phan nay dung phép quy nap trén n. Tur (2.13) va
(2.17) suy ra rang

.............................................................................

............................................................



In view of (2.5), —g Is strictly increasing on [0, R], and so
by (2.8), (2.18), and the definition of rA, we have

Nhin vao (2.5), .....tang nghiém ngat trén [0,R], va vi vay qua (2.8), (2.18), va dinh
nghia cua r, , chung ta co

We also have hAi(sA,k)> 0 by (1). That is, it follows from
Chung ta ciing c6 hy(s;.)> 0 qua (i). Tuc 3, suy ra tr

Let us define pA on [0, tA] by

Ching ta hdy dinh nghia .....trén ...qua

We have

Chung ta cé

except if A = 0,and t = tA = rA.Asin[31], we set by convention
ngoai trir néu ....., va...... , ching ta dat theo quy udc

by Hospital’s rule.

qua quy tac Hospital.

Therefore, function pA is well defined, and continuous on [0, tA].Itthen follows
from part (i), (2.7), and (2.22):

Do d6, ham p;, cling duge hoan toan xac dinh, va lién tyc trén.... T phan (i), (2.7),
va (2.22), chung ta suy ra:

...............................................................



Using (2.18), (2.20), and (2.24), we get

Dung (2.18), (2.20), va (2.24), chung ta thu dugc
which completes the induction.

hoan thanh phan quy nap

Hence {sA,n} is increasing, bounded above by tA, and as such it converges to its
unique least upper bound s € (0, tA],with hA(s) = 0. Using part (i), we get s= tA.

Vi thé {s,..} dang ting, duoc ldy can trén boi ...., va nhu thé n6 hoi tu vé can trén
bé nhat duy nhat ctiané ....., V&i .......... Dung phan (i), chung ta thu duogc ......

That completes the proof of Lemma 2.1.

Piéu d6 hoan thanh chirng minh bo dé 2.1.

Next, we compare sequence {sA,n} with {tA,n}.

Tiép theo, chling ta so sanh day {s,..} voi {t,..}.

Lemma 2.2 Assume that condition (2.16) holds, then the following hold for

n=>0:

B6 dé 2.2 Gia sir rang diéu kién (2.16) dung, thé thi diéu sau day 1a dung cho n > 0:

............................................................

Moreover, if LO(t)< L(t) for t €[0, tA],then (2.26),and (2.27) hold as strict
inequalities for n > 1,andn > 0, respectively.

Hon nira, néu .....ddi voi...., thi (2.26), va (2.27) ding nhu 1a cic bat dang thic
ngat (hay tinh khong bang tuyét dbi) cho n> 1, va n > 0 tuong Gng.



Proof It was shown in [31] that under hypothesis (2.16), assertions (i) and (ii) of
Lemma 2.1 hold with {tA,n} replacing {si,n}.

Chung minh Trong [31] ngudi ta chiing t6 rang dudi gia thiét (2.16), khang dinh
(i) va (ii) ciia bo dé 2.1 dung v6i {t,..} thay cho {s,..}.

We shall show (2.26), and (2.27) using induction. It follows from (2.1), (2.13), and
(2.15)that

Chung ta sé ching minh (2.26), va (2.27) dung phép quy nap. Tt (2.1), (2.13), va
(2.15), suy ra

Hence, (2.26), and (2.27) hold for n = 0. Let us assume that (2.26), and (2.27) hold
for all k <n. Then, we have in turn:

Vi thé (2.26), va (2.27) dtng d6i véi n=0. Ching ta hdy gia st rang (2.26), va
(2.27) dung ddi véi tat ca k < n. Thé thi, chlng ta c6 két qua la:

....................................................................

which completes the induction for (2.26), and (2.27).
né hoan thanh quy nap (2.26), va (2.27).

Moreover, if LO(t)< L(t) for t €[0, tA],then(2.28)—(2.31) hold as strict inequalities.



Hon nita, néu ....... dbi véi ..., thi (2.28)—(2.31) ding nhu 13 cac bat dang thac
nghiém ngic (1 bit ding thirc ma néu ching ta thay diu 16n hon hodc bé hon bang
dau bang thi s& khong thu dugc biéu thirc dung)..

That completes the proof of Lemma 2.1.
Piéu d6 hoan chinh phan chang minh b dé 2.1.

It is convenient for us to provide some well known definitions and proper-ties of
the Moore—Penrose inverse [4, 12].

Pé thuan tién, ching toi cung cap mot s dinh nghia pho bién va céc tinh chat caa
nghich dao Moore—Penrose [4, 12].

Definition 2.3 Let M be a matrix | x m.The m x | matrix M+ is called the Moore—
Penrose inverse of M if the following four axioms hold:

Dinh nghia 2.3 Bat M la ma tran | x m. Ma tran m x 1 M+ duoc goi la nghich dao
Moore—Penrose caa M néu bén tién dé sau dung:

where, M T is the adjoint of M.
¢ day, MT la lién hop cua M.

In the case of a full rank (I, m) matrix M,withrank M = m, the Moore—Penrose
inverse is given by:

Trong truong hop ma tran (I, m) hang day du M, voi hang M = m, nghich dao
Moore—Penrose la:

................................................................

Denote by Ker M and Im M the kernel and image of M, respectively, and E the
projection onto a subspace E of Rm. We then have

Ki hiéu Ker M va Im M 13 nhan va anh cua M, va ... 1a su chiéu trén khdng gian
conEcua........ Thé thi chung ta c6

...........................................................



Note that if M is surjective or equivalently, when M is full row rank, then
Néu M 1a toan anh hoic tuong duong, khi M ¢6 hang t6i da theo hang, thi

We also state a result providing a pertubation upper bound for Moore—Penrose
inverses [4, 50]:

Chuing t6i ciing phat biéu mot két qua cung cap can trén nhiéu loan cho cac nghich
dao Moore—Penrose [4, 50]:

Lemma 2.4 Let M and N be two | x m matrices with rank N > 1. Assume that

B6 dé 2.4 bat M va v 1a hai ma tran | x m v&i hang IV > 1. Gia sir rang

Then, the following hold
Thé thi, nhitng diéu sau day 1a ding

.....................................................

3 Semilocal convergence | of (GNM)
3 Hoi tu ban cuc bo | cia (GNM)

We shall provide a semilocal convergence for (GNM) using majorizing se-quences
under the Kantorovich approach.



Chulng ta sé dua ra mot hoi tu ban cuc bo cho (GNM) dung cac day troi trong
phuong phap Kantorovich.

Let U (x, r) denotes an open ball in Rm with center x and of radius r > 0, and let U
(X, r) denotes its closure. For the remainder of this study, we assume that F : Rm
—— Rl is continuous Fréchet—differentiable,

Pit U (x, r) 1a mot qua cau ho trong ... v6i tim x va ban kinh r>0, va dat U (x,
r) 1a hinh bao cua né. Trong phan con lai ctia nghién ciu ndy, chdng toi gia s rang
.....1a vi phan Fréchet lién tuc,

where, k €[0, 1), | is the identity matrix,

o day, k €[0, 1), I Ia ma tran don vi,

We need the definition of the modified L—average Lipschitz condition on U (X0, r).

Definition 3.1 [31]Let r > 0 be such that U (x0, r) € D . Mapping
F satisfies

the modified L—average Lipschitz condition on U (X0, r), if, forany X, y €
Chuing ta can dinh nghia diéu Kién Lipschitz trung binh L diéu chinh trén U (x0, r).

Pinh nghia 3.1 [31] Pat r > 0 sao cho U (x0, r) € D . Anh xa ..,théa méan diéu kién
Lipschitz trung binh L diéu chinh trén U (x0, r), néu batky ......



Condition (3.4) was used in [31] as an alternative to L—average Lipschitz condition
[26]

Piéu kién (3.4) duoc st dung trong [31] nhu mot sy thay thé cho diéu kién
Lipschitz trung binh L

which is a modification of Wang’s condition [41, 42]. Condition (3.4)fitsthe case
when F (x0) is not surjective [31].

NG 1a mot bién thé cua diéu kién Wang [41, 42]. Biéu kién (3.4) khap voi trudng
hop khi ....khong 14 toan anh [31].

We also introduce the condition.
Chiing t6i cling dua vao diéu kién

Definition 3.2 Let r > 0 be such that U (x0, r) € D . Mapping
F satisfies the modified center LO-average Lipschitz
condition on U (x0, ), if, for any x €

DPinh nghia 3.2 Pat .....sao cho ...... Anh xa....thodn méin diéu kién Lipschitz trung
binh LO trung tdm diéu chinh trén U (x0, r), néu di véi bat ky......

If (3.4) holds, then so do (3.6), and (2.1). Therefore, (3.6) is not an additional
hypothesis. We also note that L can be arbitrarily large [1-7].

Néu (3.4) dung, thi (3.6) va (2.1) ciing dung. Do d6, (3.6) khong phai 1a mot gia
thuyét bo sung. Chiing ta ciing chi y rang L ¢6 thé 1on tay y [1-7].

We shall use the perturbation result on Moore—Penrose inverses.
Chlng ta s& dung két qua nhiéu loan trén cac nghich ¢ao Moore—Penrose.
Lemma 3.3 Let

Bb dé 3.3 bt

..................................



Suppose that 0 < r <10 satisf ies U (x0, r) € D ,andthatF
satisf ies (3.6) on U (x0, r).

Gia st rang ....thda man ...., va .....thoa min (3.6) trén .........

Then, for each x € U (x0, r), rank (F (X)) = rank
(F (x0)),and
Thé thi, d6i v&i m&i ......, ... VA

Remark 3.4 If equality holds in (2.1), then Lemma 3.3 reduces to Lemma 3.2 in
[31]. Otherwise, (i.e. if strict inequality hold in (2.1)), (3.7) is a more precise
estimate than

Nhan xét 3.4 Néu dang thic dung trong (2.1), thi bo dé 3.3 trg vé 3.2 trong [31].
NGi cach khéc, (tic 12 néu bat dang thic nghiém ngic dung trong (2.1)), (3.7) 1a
udc luong chinh xéc hon

given in [31], since

duoc cho trong [31], baoi vi
We also have

Chung ta cling c6

................................

........................................



We also state the result.

Chung t6i ciing phat biéu két qua.

Lemma 3.5 [26, 31] Let 0 <c¢ <R. Define
B6 dé 3.5 [26, 31] Pat 0 < ¢ < R. Pinh nghia
Then, function y is increasing on [0, R — ¢)
Thé thi, ham y dang tang trén [0, R — ¢)

We can show the following semilocal convergence result for (GNM). Our
approach differs from the corresponding [31, Theorem 3.1, p. 273] since we use

(3.7) instead (3.8).

Chuing tdi ¢ thé chuang to két qua ban cuc bd sau day cho (GNM). Phuong phap
cua chung toi khac véi phuong phap trong [31, Theorem 3.1, p. 273] boi vi ching
toi dung (3.7) chir khdng phai (3.8).

Theorem 3.6 Let A > "A0. Assume

binh li 3.6. bat .....Gia st

F satisf ies (3.4) and (3.6) on U (x0, tA).
....thda man (3.4) va (3.6) trén.....

Then, sequence {xn} generated by (GNM) is well def ined, remains in U (x0, tA)
for all n > 0, and converges to a zero xof F (O)+ F()inU
(x0, tA).

Thé thi, day ....duoc tao bai (GNM) hoan toan xac dinh, gitr nguyén trén ....d6i
v6i moi n> 0, va hoi tu vé khdng tai ... trong......

Moreover, the following estimates hold:



Hon ntra, nhitng udc luwong sau ding:

Proof We first use mathematical induction to prove that
Chting minh Trudc hét ching ta dung phép quy nap toan hoc dé chitng minh rang
hold for each n> 0.

dung d6i véi mdin > 0.

We first have

Trudc hét ching ta co

then (3.16) holds for n = 0.

thi (3.16) dang ddi véi n=0.

Assume that (3.16) hold for all n <k.Then

Gia st rang (3.16) dtng dbi v&i moi n < k.Thé thi

For 6 €[0, 1] we denote by

Péi vai 0 €[0, 1], ching ta ki hiéu bang

Then for all 6 €[0, 1]

Thé thi d6i véi moi 6 €]0, 1]



In particular
bac biét

By Lemma 33 and the monotony property  of
—q (.)—1, we obtain

Qua bo dé 3.3 va tinh chat don diéu ctia ham ....., chung ta thu dugc
We deduce by Lemma 3.5, (2.7)and(3.17)that
Qua bo dé 3.5, (2.7) va (3.17), chlng ta suy ra

then estimate (3.21) becomes

thé thi uéc luong (3.21) tré thanh

Using (2.1), we obtain the identity

Dung (2.1), chling ta thu dugce dong nhat thac

By (3.1), (3.4), (3.21), and (3.23), we obtain

Qua (3.1), (3.4), (3.21), va (3.23), chung ta thu dugc

..................................................

function



Note that B = sk,1 <sA,k.By(3.11), we have

Cha y rang p = sA,1 <sA.k. Qua (3.11), chling ta c6

thenk+A g (sA,k)—1 < 0. Consequently, by (3.24), we get
thé thi ...... Do d6, qua (3.24), chtng ta thu duogc

and the induction for (3.14) is completed.

Va quy nap cho (3.14) dugc hoan thanh.

In view of Lemma 3.5, sequence {xn} (n > 0) converges to some x € U (x0, tA).
Estimate (3.15) follows from (3.14) by using standard majorization techniques [4,
6].

Nhin vao bo dé 3.5, dy .....hoi tu vé mot ...nao d6 thudc. Udc lugng (3.15) duogc
suy ra tir (3.14) dung cac ky thuat troi tiéu chuan [4,6]

By letting k — oo in the inequality
Bing cach dit ...trong bat dang thuc

we obtain F (x)+ F(x) =0.

Chung ta thu duoc........

That completes the proof of Theorem 3.6
Piéu d6 hoan thanh chtng minh dinh Ii 3.6.
Remark 3.7

Nhan xét 3.7

(@) If equality holds in (2.1), then Theorem 3.6 reduces to Theorem 3.1 in [31].
Otherwise, it follows from Lemmas 2.1, 2.2, and Remark 3.4 that under the



same computational cost and hypotheses, we obtain the advantages over the
works in [31] as stated in the introduction of this study. It also follows from
(3.24)that {vA,n} defined by

(a) Néu ding thuc dung trong (2.1), thi dinh Ii 3.6 trg thanh dinh 1i 3.1 trong
[31]. Mic khac, tir bo dé 2.1, 2.2 va nhan xét 3.4 suy ra rang véi chi phi tinh
todn va gia thiét tuong tu, chung t6i thu dugc nhiéu tién bo hon so véi cac
cong trinh trong [31] nhu da duoc phat biéu trong phan gigi thiéu cia nghién
ctu nay. Tu (3.24) suy ra ....dugc xac dinh boi

is a tighter majorizing sequence for (GNM) than {sA,n},sothat

la day troi chat ché hon cho (GNM) so vdi ..., sao cho

(see also the proof in Lemma 2.2 and Theorem 3.6). Hence, {vA,n}, VA can
replace {sA,n}, s\, respectively in Theorem 3.6.

(xem chitng minh trong bd @& 2.2 va Binh i 3.6). Vi thé, {v, ,n}....c6 thé thay
tuong (g bang {s,,n}, ....trong Binh Ii 3.6.

At this point, we are wondering if conditions (3.13) can be weakened, since this
way the applicability of (GNM) will be extended. It turns out that if {vi,n} is
used as a majorizing sequence for (GNM), conditions (3.13) can be replaced by
weaker ones in many cases. The claim is justified in Section 5. However, before
doing that we present the rest of our results for Section 3, which also constitute
improvements of the corresponding [31]. The proofs are omitted, since they
follow from [31] by simply using g instead of
h 0. Note also that Corollary 3.8, Theorem 3.9, and
Corollary 3.10 hold, with {vn}, vO replacing {sn}, sO, respectively.




Vao luc nay, ching ta chua biét diéu kién (3.13) c6 thé duoc lam yéu hay
khong, bai vi theo cach nay kha nang cua (GNM) sé duoc mo rong. Hoa ra la
néu {v,,n} duoc str dung nhu mot day troi cho (GNM), cac diéu kién (3.13) ¢6
thé duoc thay thé bang cac diéu kién yéu hon trong nhiéu truong hop. Viéc
kiém tra dugc thuc hién trong phan 5. Tuy nhién, trugc khi lam viéc d6 ching
ta gigi thiéu phan con lai cua cac két qua cua chdng toi cho phan 3, n6 ciing tao
nén nhitng cai tién so vai cdng trinh [31]. Viéc ching minh duoc bo qua, bai vi
chung duoc suy ra tir [31] don gian bang cach ding. ....chir khéng phai.....Ciing
can chd y 1a Hé qua 3.8, Pinh Ii 3.9, va Hé qua 3.10 dang véi ....... thay cho
...mot cach tuong ung.

(b) The condition (3.13) depends upon the choice of A. The best choice of A is
“A0 given by (3.11) and in this case, (3.13)wouldbeimplicit. Inthe following
corollary, we consider the simple choice A = k such that the condition (3.11)
Is explicit.

(c) biéu kién (3.13) phu thudc vao viéc chon A. Chon A bang ...dwoc cho trong
(3.11) 1a tét nhat va trong truong hop nay, (3.13) sé an. Trong hé qua sau,
ching ta xét phép luya chon don gian ....sao cho diéu kién (3.11) tuong
minh.

Corollary 3.8 Assume
Hé qua 3.8 Gia st

Then, the conclusions of Theorem 3.6 hold in U (x0, tk ) with A = k.
Thé thi, cac két luan cua dinh 1i 3.6 dung trong ....voi .....
We have the following improved version of Theorem 3.6 for k = 0.

Chlng ta c6 phién ban duoc cai thién sau day cua dinh 1i 3.6 d6i voi . ....



Theorem 3.9 Assume

binh 1i 3.9 Gia su

and F satisf ies (3.4),and (3.6) on U (x0, t0).
VaF.....théa man (3.4), va (3.6) trén.........

Then, the conclusions of Theorem 3.6 hold in U (x0, t0) with A = 0.Furthe-more,
we have the additional estimate for n> 1:

Thé thi, cac két luan caa dinh 1i 3.6 dung trong ....v6i ...Hon nita, chung ta c¢6 wdc
luong bd sung dbi véin > 1:

In the case when F (x0) is surjective, we have the
following corollary.

Trong truong hop khi .....toan anh, ching ta c¢6 hé qua sau.

Corollary 3.10 Assume that F (x0) is surjective, and the
conditions of Theorem 3.9 hold.

Hé qua 3.10 Gia st rang .....toan anh, va cac diéu Kién cta dinh 1i 3.9 dung.
Then, the conclusions of Theorem 3.9 hold for tO replaced by sO. Furthemore,
we have the additional estimate for n > 1:

Thé thi, céc két luan cua dinh i 3.9 dung khi ...duoc thay bang ...Hon nia, chiing
ta ¢6 udc luong bo sung ddi véin > 1:

4 Local convergence of (GNM)
4 Sy hoi tu cuc bo cua (GNM)

We shall provide a local convergence analysis for (GNM).



Chung ta sé thuc hién phan tich hi tu cuc bo cho (GNM).

Assume:

There exists x € D such that F(x) = 0,and F x)=0;
Gia su:
Tontai....sao cho...., va ......... ;

Next, we provide an upper bound on the norm



F (x0)+ F(x0) needed in the proof of the main result of

this section.

Tiép theo, chung t6i dua ra can trén trén .....chuan can thiét trong viéc ching minh

két qua chinh cua phan nay.

Lemma 4.1 Let 0 <r < "r0. Suppose that F satisf ies (3.4)

and (3.6) in U (x, ).
Then for each x0 € U (X, r), the following hold:

B6 dé 4.1 Pit ...... Gia St rang .....thoa man (3.4) va (3.6) trong ......

And

Proof Let x0 € U (x, r). Using Lemma 3.3, we have
(F (x0)) =rank (F (x)),and
Va

Chtng minh Bat ....... Dung B6 dé 3.3, chung ta co........ , va

We have also the identity

Chiing ta ciing c6 dong nhat thirc

Using (3.4), (3.6), (4.3), and (4.4), we obtain

Dung (3.4), (3.6), (4.3), va (4.4), chung ta thu duoc
That completes the proof of Lemma 4.1

Piéu d6 hoan thanh chting minh b dé 4.1

rank



Remark 4.2 If equality holds in (2.1), then Lemma 4.1 reduces to Lemma 4.1 in
[31]. Otherwise, it constitutes an improvement, since, the estimate

Nhan xét 4.2 Néu dang thic dung trong (2.1), thi bd dé 4.1 rat vé bd dé 4.1 trong
[31]. N6i cach khac, né tao ra mét cai thién, boi vi, udc lugng

Is used in [31], and in this case
duoc st dung trong [31], va trong trueong hop nay

Using (4.2)instedof(4.5), we obtain the following improvements of Lemmas 4.2,
4.3, Theorem 4.1, and Corollaries 4.1-4.3 in [31].

Dung (4.2) thay cho (4.5), chung ta thu dwoc nhiing cai thién sau ddy cua bo dé
4.2,4.3,binh li 4.1, va cac h¢ qua 4.1-4.3 trong [31].

Lemma 4.3 Suppose that F satisf ies (3.4) and (3.6) in U
(x, r0).Letx0 €U (x,r0),and let L ......... defined by

B6 d¢ 4.3 Gia st rang ....théa min (3.4) va (3.6) trong ....DPat ..., va dat
L....duoc dinh nghia qua

Then, the following hold:
Thé thi, nhitng diéu sau day 1a ding:

() ,where,

....................................

.........

................................



B6dé 4.4 Pit ....... duoc xac dinh qua

Then, ¢x is a strictly decreasing function on [0, rk ], and has exact one zero rk €[0,
1K | satisfying

Thé thi, ....1a ham giam nghiém ngit trén ...., va c6 dung mot zero....théa man

Theorem 4.5 Suppose that F satisf ies (3.4) and (3.6) in U
(X, r0).Letx0 € U (x,rk ),where rk is given in Lemma 4.4.Then {xn} generated by
(GNM) starting at x0O converges to a zero of F )+ F().

Pinh Ii 45 Gia sir rang ....théa man (3.4) va (3.6) trong ...... bat ....., & day
....dugc cho trong bo dé 4.4. Thé thi ....duoc tao boi (GNM) bat dau tai .....hoi tu
vé zerocua .......

Corollary 4.6 Suppose that F satisf ies (3.4) in U (X,
r0).Letx0 €......Then {xn} generated by (GNM) starting at xO converges to a zero
of F ()+ F().

Hé qua 4.6 Gia strrang ........ thoa man (3.4) trong ...... Pit.....Thé thi ....duoc tao
boi (GNM) bit dau tai ...hoi tu vé zero cua .......

Corollary 4.7 Suppose that F satisf ies (3.4) in U (x, r0),
and the condition (3.31) holds. Let x0 € U (x,r0),where r0 is the exact one zero of
function @O0 :[0, r0]—— R def ined by

Hé qua 4.7 Gia st rang .....thoa mén (3.4) trong....., va diéu kién (3.31) dung. Dat
....., 0 day .....6 ngay tai mot zero cua ham .....dugc dinh nghia la

---------------------------------------

Then {xn} generated by (GNM) starting at xO converges to a zero of
F ()+ F().

Corollary 4.8 Suppose that F IS surjective, and satisf ies
(3.4) in U (X, r0). Let x0 € U (x,r0),where r0 is given in Corollary 4.7.Then {xn}
generated by (GNM) starting at X0 converges to a solution of F(x) = 0.



Remark 4.9 The local results obtained can also be used to solve equation of the
form F(x) = O,where F satisfies the autonomous
differential equa-tion [4]:

Thé thi ....duoc tao ra bai (GNM) bt dau tai ....hoi tu v& mot zero cua........

Hé qua 4.8 Gia sir rang ...toan anh, va thoa méan (3.4) trong ....... bat ....., o day
.....duoc cho trong hé qua 4.7. Thé thi .....duoc tao ra boi (GNM) bat dau tai
....hoi tu vé mot nghiémcua ........

Nhan xét 4.9 Céc két qua cuc bo thu duoc cling c6 thé dugc ding dé giai phuong
trinh dang ...., & day ....théa man phuong trinh vi phan ty dinh (tu sinh hay doc
lap) [4]:

where T : Y — X is a known continuous operator.

Since F (x) = T(F(x)) = T(0), we can apply our results
without actually knowing the solution of x of equation F(x) = 0. As an example, let
X =Y = (-, +0), D=U (0, 1), and define function F on D by

Then, for x= 0,wecanset T(x) = x + 1 in (4.7).

O day ....... 13 mot toan t lién tuc da biét.
B&i vi.......... , chiing ta ¢ thé ap dung cac két qua ciia ching ta ma khéng can
biét nghiém ....cta phuong trinh ....Chéng han nhu, dat ....... , va dinh nghia ham

F trén D qua
Thé thi, d6i Vi ....., ching ta ¢6 thé dat............... trong (4.7).
5 Semilocal convergence Il of (GNM)

5 Hoi tu ban cuc bo 1l cua (GNM)



We shall provide a semilocal convergence for (GNM) using our new concept of
recurrent functions. This idea has already produced a finer convergence analysis
for iterative methods using invertible operators or outer or general-ized inverses
[5-7].

Chuing ta s& cung cap mot hoi tu ban cuc bd dbi vai (GNM) dung cac khai niém
mai cta ching ta vé cac ham truy hoéi. Y tudng nay di tao ra phan tich hoi tu tét
hon cho cac phuong phap 1ap dung cac toan tir nghich dao hoac cac nghich dao bén
ngoai hoic nghich dao suy rong (hoic tong quat héa) [5-7]

We need to define some parameters, sequences, and functions.
Chuing ta can dinh nghia mot s6 tham so, day, va cac ham.
Definition 5.1 Let x0 € D, x €[0, 1),and A €[0, 1).

Pinh nghia 5.1 Bat ....,....,va .......

Define parameter f, iteration {vA,n}, functions fA,n, €A,n, uA,n on [0, 1),and

Ehon........... by

Pinh nghia tham s B, phép lap {v,,n}, cac ham f,,, &, 1., trén [0,1], va &, trén
...qua

where,

o day,

.........................................................

Define function fA,o0 on [0, 1) by
Dbinh nghia ham f, ., trén [0, 1) qua
Remark 5.2 Using (5.2), and (5.11), we get

Nhan xét 5.2 Dung (5.2), va (5.11), chung ta thu dugc



It then follows from (5.2)—(5.10) that the following identities hold:
Tir (5.2)-(5.10) suy ra cac dang thtc sau dung:

We need the following result on majorizing sequences for (GNM)

Lemma 5.3 Let parameters B, k, A, iteration {vA,n}, and functions fA,n, géA,n, uA,n,
and EA be as in Def inition 5.1.

Assume there exists ol € (0, 1) such that

Chung ta can két qua sau trén cac day troi cia (GNM)

B6 dé 5.3 Pit cac tham sb....., phép lap ..., va ham ....... va ....nhu trong dinh
nghia 5.1.

Gia st ton tai .....sao cho

Then, iteration {vA,n} given by (5.1) is non—decreasing, bounded from above by
Thé thi, phép lap.....duoc cho bai (5.1) khong ting, duoc lay can tir trén boi
and converges to its unique least bound vA such that

va hoi tu V& can nho nhat duy nhét cua nd ....sao cho

......................................



Moreover, the following estimates hold for all n > 0:
Hon nita, cic ude luong sau ddy 1a dung ddi véi moin > 0:

Proof Estimate (5.23)istrue, if

Chting minh U'éc luong (5.23) 14 dung, néu

holds for alln> 1.

Pung d6i véi moin> 1.

It follows from (5.1), (5.16), and (5.17) that estimate (5.25) holds for n = 1.
T (5.1), (5.16), va (5.17), suy ra rang udc luong (5.25) ding ddi véi n=1.
Then, we also have that (5.23) holds for n = 1,and

Thé thi, chung ta ciing c6 (5.23) dung d6i v&i n=1, va

Using the induction hypotheses, and (5.26), estimate (5.25)istrue,if

Dung gia thuyét quy nap, va (5.26), udc luong (5.25) dung, néu

....................................................

..........................................................

hold for all k <n.
dung d6i véi moi k < n.

Estimate (5.28) (for dA = aA) motivates us to introduce function fAk given



by (5.2), and show instead of (5.28)

Udc luong (5.28) (ddi véi dih = o)) thuc day chung toi dua vao ham .....duoc cho
bai (5.2), va cho thay thay vi (5.28)

We have by (5.13)—(5.15) (for dA = ai)and(5.19)that
Qua (5.13)—(5.15) (d6i véi dh = o) va (5.19), ching ta co

In view of (5.11), (5.12), and (5.30), estimate (5.29) shall holds, if (5.20)is true,
since

Nhin vao (5.11), (5.12), va (5.30), udc luong (5.29) s& dang, néu (5.20) dung, boi
Vi

and the induction is completed.
va phép quy nap hoan thoanh.

It follows from (5.23)and(5.26) that iteration {vA,n} is non—decreasing, bounded
from above by vA given by (5.21), and as such it converges to vA. Finally, estimate
(5.24) follows from (5.23) by using the standard majorization techniques [4-6].

T (5.23) va (5.26) suy ra rang phép lap ...khong ting, dugc lay bién tir trén
qua....duoc cho bai (5.21), va nhu thé nd hoi tu vé ....Cubi cing, udc lugng (5.24)
suy ra tir (5.23) bang cach dung céac k§ thuat troi tiéu chuan [4-6].

That completes the proof of Lemma 5.3.
Piéu d6 hoan thanh chting minh b dé 5.3.

We can show the following semilocal convergence result for (GNM) using
recurrent functions, wich is the analog of Theorem 3.6.

Chlng ta c6 thé ching minh két qua hoi tu ban cuc bo sau ddy cho (GNM) dung
cac ham truy hdi, n6 twong tu nhu Dinh 1i 3.6.



Theorem 5.4 Let A > "A0. Assume

Dinh li 5.4 bit .....Gia su

F satisf ies (3.4),and (3.6) on U (x0,vA); and Hypotheses
of Lemma 2.2 hold.

Then, sequence {xn} generated by (GNM) is well def ined, remains in U (x0,vA)
for all n > 0, and converges to a zero xof F )+ F()inU
(x0,vL).

Moreover, the following estimates hold:
.....théa man (3.4), va (3.6) trén .....; va Gia thiét cua bd dé 2.2 dang.

Thé thi, ddy ....duoc tao ra boi (GNM) hoan toan xac dinh, gitt nguyén trén...doi
véi moi n> 0, va hoi tu vé zero cua.......... trong........

Hon ntra, cac uong luong sau day dung:

Proof  AsinTheorem3.6,wearriveattheestimateonlineabove(3.24)  (with  vAk
replacing sA,k), which in view of (5.1)leadsto

Chung minh Nhu trong Dinh i 3.6, chung ta di dén uéc luong trén dudng ¢ trén
(Vdi ....thay cho .....), nhin vao (5.1) n6 dan dén

........................................

Estimates (3.18), (3.19), (5.35), and Lemma 5.3 implie that sequence {xk} is a
complete sequence in Rm, and as such it converges to some x € U (x0,vA) since U
(x0,vA) is a closed set).



Cac wong luong (3.18), (3.19), (5.35), va B6 dé 5.3 cho thdy ring day ....1a diy
hoan chinh trong ...., va nhu thé né hoi tu vé ...nao d6 vi ...1a tip dong.

That completes the proof of Theorem 5.4.

Piéu d6 hoan thanh chimg minh dinh I 5.4.

Remark 5.5

Nhan xét 5.5

(a) The point vA given in closed form by (5.21) can replace vA in hypothesis
(5.32).

(a) Piém ....duoc cho dudi dang dong boi (5.21) cb thé thay thé ...trong gia thiét
(5.32).

(b) Hypotheses of Lemma 5.2 involve only computations at the initial data.
These hypotheses differ from (3.13) given in Theorem 3.6.

(b) Gia thiét cua B6 dé 5.2 chi lién quan dén cac tinh toan ¢ dit liéu ban dau.
Nhitng gia thiét nay khéc véi (3.13) duge cho trong Pinh |i 3.6.
In practice, we shall test to see which of the two are satisfied if any. If
both conditions are satisfied, we shall use the more precise error bounds
given in Theorem 5.4 (see also Section 4).

Trong thuc té, chling ta s& kiém tra xem cai nao trong hai cai duoc théa man. Néu
ca hai diéu kién duoc thoa man, ching ta s& dung cac can I8i chinh xac hon (hay
bién 15i) dugc cho trong Pinh i 5.4 (xem Phan 4)

In Section 6, we show that the conditions of Theorem 5.4 can be weaker than those
of Theorem 3.6.

Trong Phan 6, chling toi ching to rang cac diéu kién cua Dinh 1i 5.4 ¢d thé yéu hon
cac diéu kién caa Binh Li 3.6.

6 Ung dung



We compare the Kantorovich—type conditions introduced in Section 5 with the
corresponding ones in Section 3.

Chung ta so sanh cac diéu kién loai Kantorovich dugc dua vao trong phan 5 véi
cac diéu kién twong wng trong phan 3.

6.1 Semilocal case

6.1 Truong hop ban cuc bd

An operator Q : Rm — Rl is said to be Lipschitz continuous on D 0 € D with
modulus L > 0 if

Mot toan tr ....... duoc goi la lién tuc Lipschitz trén ...... véi mé dun ....néu
and center—Lipschitz continuous on D 0 with modulus LO > 0O if

va lién tuc Lipschitz trung tAm trén ...vdi mo dun .....néu

Let X0 € D ,and r > 0 be such that U (x0, r) € D . Clearly, if

F (x0)+ F IS Lipschitz
continuous on U (x0, r) with modulus L,then F satisfies
the modified L-average Lipschitz condition on U (x0, r). Similarily, if
F (x0)+ F is center Lipschitz
continuous on U (x0, r) with modulus LO,then F satisfies

the modified center LO—average Lipschitz condition on U (x0, r).

bat ..., va .....sao cho .....R0 rang, néu .....lién tuc Lipschitz trén .....véi m6 dun
L, thé thi ....théa man diéu kién Lipschitz trung binh L hiéu chinh trén ....Tuong
tu, néu ...... lién tyc Lipschitz trung tam trén ...... véi mo dun ..., thi .....thoa mén
diéu kién Lipschitz trung binh LO trung tdm hiéu chinh trén .....

Using (2.2), (2.3), (2.9), and (2.10), we get for t > 0:
Dung (2.2), (2.3), (2.9), va (2.10), d6i voi t > 0, chung ta thu duoc:



Moreover, if

Hon nira, néu

We have the following improvement of Theorem 5.1 in [31].
Theorem 6.1 Let A ="A0 = (1 — B LO)x. Assume

Chung ta c6 cai tién sau trong dinh 1i 5.1 trong [31].
Pinhli6.1bat...................... Gia str

and F x0O)+ F satisf ies
(6.1),and (6.2) on U (x0, tA).

Then, sequence {xn} generated by (GNM) is well def ined, remains in U (x0, tA)

for all n > 0, and converges to a zero xof F (O)+ F()inU
(x0, tA).

Moreover, the following estimates hold
Va ....théa mén (6.1), va (6.2) trén ........

Thé thi, ddy ....duoc tao bai (GNM) hoan toan xac dinh, giir nguyén trong ....di
véi moi n> 0, va hoi tu vé zero cua ...... trong........

Hon ntra, nhitng uéc luong sau day dung



Proof Similarily replace {tA,n} by {sA,n} in the proof of Theorem 5.1 in [31]. That
completes the proof of Theorem 6.1.

We provide now example, where « = 0, and the hypotheses of Theorem 6.1 are
satisfied, but not earlier ones [23, 26].

Example 6.2 [8, 26]Let i =] = 2,and R2 be equipped with the 1-norm. Choose:

Chtmg minh Tuong tu, thay ....bang ....... trong phan chimg minh dinh Ii 5.1
trong [31]. Piéu d6 hoan thanh chirmg minh dinh Ii 6.1.

Bay gio ching t6i dwa ra mot vi du, trong dé ..., va cac gia thiét caa dinh Ii 6.1
dugc théa man, chir khdng phai cac gia thiét trusc [23,26].

Vidu 6.2 [8,26] Pit....., va .....dugc trang bi chuan 1. Chon:
Define function F on U (x0,06) € D (6 =.72)by
Dinh nghia ham F trén ...... boi

Then, for each x = (v, w)T € D, the Fréchet—derivative of F at x, and the Moore—
Penrose—pseudoinverse of F (x) are given by

Thé thi, d6i véi mdi ....., dao ham Fréchet cua F tai X, va gia nghich dao Moore—
Penrose cua ....l1a

...........................................

............................................

respectively.



tuong ung.
Letx=(viwl)T e Dandy = (v2,w2)T € D .By(6.14), we have

bit .....va .....Qua (6.14), ching ta co

Using (6.14), (6.15)and(3.1), we obtain:
Dung (6.14), (6.15) va (3.1), chung ta thu duoc:

Hence the constant k in hypothesis (3.1) is given by:

Vi thé hang s6 .....trong gia thiét (3.1) la:

Using hypotheses of Theorem 6.1, (6.13)—(6.15), Theorem 2.4 in [23], and
Theorem 3.1 in [26] are not applicable. However, our Theorem 6.1 can apply to
solve equation (6.13).

Dung cac gia thiét cua dinh 1i 6.1, (6.13)—(6.15), Binh Ii 2.4 trong [23], va dinh Ii
3.1 trong [26] khéng &p dung dugc. Tuy nhién, dinh Ii 6.1 cta ching ta cd thé ap
dung dé giai phuong trinh (6.13).

Remark 6.3 If L = LO, Theorem 6.1 reduces to [31, Theorem 5.1]. Otherwise, it
constitues an improvements (see Lemma 2.2).

Nhan xét 6.3 Néu ...., Binh Ii 6.1 rat vé [31, dinh Ii 5.1]. N6i cach khac, n6 ciu
thanh nhitng cai thién (xem Bo6 dé 2.2).

If « = 0 (Newton’s method for h0), we have A = 0,and = 1/2.Then sequences {tA,n}
and {vA,n} reduce to:



Néu .....(phuong phap Newton ddi véi ....), chiing ta ¢6 ..., va ...... Thé thi cac
day ...va ...rat vé:

respectively. The corresponding sufficient convergence conditions are:
tuong Gmg. Cac diéu kién hoi tu day du twong ung la:

(see Lemma 5.3).
(xem bé dé 5.3).
Note that

Cha y ring

but not necessarily vice versa unless if L = LO. Moreover, since LO L can be
arbitrarily small, we have by (6.18), and (6.19)that

nhung khong can nguoc lai néu khong co .....Hon nita, bai vi ...co thé nho tuy y,
qua (6.18), va (6.19) chung ta co

......................................

That is our approach extends the applicability of (GNM) by at must four times.



Concerning the error bounds, we have already shown (see Lemma 2.2) that vn} is a
tighter majorizing sequence for {xn} than {tn} (see Example 6.4 (b)).

D6 1a cach tiép can cua chung t6i d& md rong kha niang cua (GNM) bon lan.

V& céc bién 15i (can 13i, can sai b, bién sai sd)(can 15i), chung t6i da chirng to rang
(xem bd @& 2.2) d6i v6i {x.}, {v.}a mot chudi troi manh hon {t,} (xem vi du 6.4

().

Example 6.4 Let X =Y = R2, be equipped with the max—norm, D =[, 2 — ]2, €]0,
1), and define function F on D by

Vidu 6.4 Dit....., duoc trang bi v4i chuan cyc dai, ......... , va dinh nghia ham F
trén D qua

The Fréchet—derivative of operator F is given by

Dao ham Fréchet cua toan tu F la

(@) Let x0 = (1, 1)T . Using hypotheses of Theorem 6.1, we get:
bat........ Dung cac gia thiét caa dinh 1i 6.1, ching ta thu duoc:
Condition (6.18) is violated, since
Diéu kién (6.18) bi vi pham, bai vi
Hence, there is no guarantee that (NM) converges to x=( 3V, 3\)T ,
starting at x0. However, our condition (6.19)istrueforall € |1 =.450339002, 1
. Hence, the conclusions of our Theorem 6.1 can apply to solve equation
(6.23)forall € 1.
Vi thé, khong thé dam bao (NM) hoi tu Vé ....., bit dau tai .....Tuy nhién,
diéu kién (6.19) ctia ching ta 1a ding d6i véi moi ....... Vi thé, cac két luan
cta dinh 1i 6.1 c6 thé ap dung dé giai phuong trinh (6.23) d6i véi moi ........
(b) Let x0 =(.9,.9)T ,and =.7. Using hypotheses of Theorem 6.1, we get:



Then (6.18)and(6.19) are satisfied.

Thé thi (6.18) va (6.19) dugc thoa man.

We have also:

Chung ta cling co:

where, | is the identity 2 x 2 matrix.

¢ day I 1a ma tran don vi 2 X 2

The hypotheses of our Theorem 6.1, and the Kantorovich theorem are
satisfied. Then (NM) converges to x= (.8879040017,.8879040017)T |,
starting at x0. We also can provide the comparison table using the software
Maple 13.

Céc gia thiét cua dinh i 6.1 ca ching ta, va dinh Ii Kantorovich duoc thoa
man. Thé thi (NM) hoitu vé .......... , bit dau tai ....Chung toi ciing co thé
cung cap bang so sanh diing phan mém Maple 13.

The table shows that our error bounds vn+1 — vn are tighter than tn+1 — tn.
We also have the following result on error bound for (GNM).

Bang cho thay rang cac bién 15i (can I8i, can sai s, bién sai sé)cta ching
toi ...chatché hon ...... Chiing t6i ciing c6 cac két qua sau trén bién 15i (can
13i, can sai so, bién sai s6) d6i vai (GNM).

Lemma 6.5 [7] Assume that there exist constants LO > 0, > 0, with LO <L,
and B > 0, such that:

B6 dé 6.5 [7] Gia st rang ton tai cac hang sb ...... VO Lo, VA L , Sa0
cho:

where, Lisgivenby (6.20).

0 day, .... dugc cho trong (6.20).

Then, sequence {vk} (k> 0)givenby (6.17) is well def ined, nondecreasing,
bounded above by v, and converges to its unique least upper bound v
€[0,v],where

Thé thi, ddy .....(k > 0) duoc cho béi (6.17) hoan toan xac dinh, khong ting,
c6 can trén 13 ..., va hoi tu V& can trén nho nhat duy nhatcaand la ..., &
day

Moreover, the following estimates hold:



Hon ntra, nhitng udc luwong sau day dang:

Remark 6.6 If L = LO, the error bounds reduce to the classical ones [31].
Otherwise, the error bounds are tighter since the ratio 2 hAH is smaller than
2 hLHW (see also the comparison table in Example 6.4).

Nhan xét 6.6 Néu ....., cac bién I5i (can 13i, can sai sb, bién sai s6) rit vé
cac bién 16i ¢ dién [31]. Mt khac, cac bién 15i (can 16i, can sai s6, bién sai
sb) chat ch& hon bai vi ti s6 ....nho hon ....(xem bang so sanh trong vi du
6.4).

We provide numerical examples [6], where LO < L.

Chiing t6i dua ra cac vi du s6 [6], o ddy .......

Example 6.7 Define the scalar function F by F(x) = c0 x + ¢1 + ¢2 sin ec3 X,
X0 = O,where ci, i =0, 1, 2, 3 are given parameters. Then it can easily be
seen that for c¢3 large and c2 sufficiently small, L LO can be arbitrarily large.
Example 6.8 Let X =Y = C [0, 1], equipped with the max—norm. Consider
the following nonlinear boundary value problem [4]

Vi du 6.7 Dinh nghia ham v6 huéng F 1a ........, & day...,....1a cic tham sb
cho trudc. Thé thi, c¢d thé dé dang thay rang ddi véi ¢3 16n va c¢2 da nho,
....cOthé lon tuy y.

Vidu 6.8 Bat ....... [0,1], dwoc trang bi voi chuin cuc dai. Xét bai toan gia
tri bién phi tuyén sau [4]

It is well known that this problem can be formulated as the integral equation
Ching ta ciing biét ring bai todn nay c6 thé duoc phat biéu dudi dang
phuong trinh tich phan

where, Q is the Green function:

¢ day, Q la ham Green:

We observe that.

Chung ta thay diéu do.

Then problem (6.25) is in the form (1.1), where, F : D — Y is defined as
Thé thi bai toan (6.25) & dang (1.1), ¢ day .....duoc dinh nghia 1a

.............................................



If we set u0(s) = s,and D = U (u0, R),thensince u0 = 1, it is easy to verify
that U (u0, R) ¢ U (0, R + 1)If 2 y< 5, then, the operator
F satisfies conditions (6.1), and (6.2), with

Néu ching ta dat ..., va ...., thé thi boi vi ...., d& dang thdy ring ........ Néu
....., thé thi, toan tr ....théa méin diéu kién (6.1), va (6.2), véi

Note that LO < L.

Chayrang ......

Other applications and examples including the solution of nonlinear
Chandrasekhar—type integral equations appearing in radiative transfer are
also find in [4-6].

Céc ring dung khéc va céac vi dy lién quan dén nghiém ciia cac phuong trinh
tich phan loai Chandrasekhar xuat hién trong chuyén dich birc xa ciing c6
thé tim thay trong tai liéu tham khao [4-6].

6.2 Local case

6.1 Truong hop cuc bo

Let x € D be such that F(x) = 0, F (x) = 0,and(4.1)
holds.
bat ...... saocho ........ , va (4.1) dang.

We present the following improvement of Theorem 5.2 in [31].

Chiing ta dua vao cai tién sau cua Binh 1 5.2 trong [31].

Theorem 6.9  Assume  that F (x)+
F satisf ies (6.1),and (6.2) on U (x, 1L0). Then,
sequence {xn} generated by (GNM) is well def ined, remains in U (X, RO)
for all n > 0, and converges to a zero xof F )+ F()
in U (X, RO), where,

Pinh 1i 6.9 Gia sir rang ....théa man (6.1), va (6.2) trén ....Thé thi, day
.....duoc tao boi (GNM) hoan toan xac dinh, gitr nguyén trén ...d6i voi moi
n>0, va hoi tu V& zero .....cla .....trong ....., & ddy.

.......................................

Proof Note that the quantity under the radical in non—negative by (6.26).
Let

Chung minh Chl y rang dai lugng dudi ddu cin khong am qua (6.26).
bat

.............................



Then, by Lemma 4.3, F x +
F 1s "L—Lipschitz continuous on U (x0, “r), and
Thé thi, quabd dé 4.3, ........ 1a 1ién tyc Lipschitz L trén ....., va

That is
Tuc la
Using Lemma 4.1, we have
Dung bo dé 4.1, ching ta cé

by the choice of RO, and the function

qua Vviéc chon ..., va ham

For s <t, Y is increasing on (0, 1)2. Therefore, Theorem 6.1 is applicable.
That completes the proof of Theorem 6.9.

Remark 6.10 If L = LO, Theorem 6.9 reduces to Theorem 5.2 in [31]. Other-
wise, it is constitues an improvement since the radius of convergence

Ddi véi, .....tang trén .....Do @6, Binh 1i 6.1 c6 thé &p dung duoc.

Piéu d6 hoan thanh chting minh Dinh Ii 6.9.

Nhan xét 6.10 Néu ...., Binh 1i 6.9 rat vé dinh 1i 5.2 trong [31]. N6 tao ra su
cai tién bai vi ban kinh hoi tu

given in [31] is smaller than RO. Hence, our Theorem 6.9 allows a wider
choice of initial guesses x0, and also provides tighter error bounds than
Theorem 5.2 in [31].

Example 6.11 [4, 6]Let X =Y = R. Define function F on D =[-1, 1], given

by



Puoc cho trong [31] nhé hon ....Vi thé, dinh Ii 6.9 cua ching ta cho phép
lya chon nghiém du doan ....ban dau rong hon, va ciing dua ra cac bién 15i
(can 15i, can sai sd, bién sai sb) chit ché hon Dinh Ii 5.2 trong tai liéu tham
khao [31].

Vidu 6.11 [4,6] Pat .....Dinh nghia ham F trén ....., dugc cho bai

Then, for x= O,using(6.28), we have F(X) = 0,and
F (X) =e0 =1.More-over, L=e>L0=¢— 1.

Thé thi, d6i voi ...., dung (6.28), ching ta c6 ....., va ... Honnita, ........
Example 6.12 Let X = Y = C [0, 1], the space of continuous functions
defined on [0, 1], equipped with the max norm, and D = U (0, 1). Define
function F on D, given by

Vidu6.12 bat ....... , khong gian ctia cdc ham lién tuc duoc dinh nghia trén
[0,1], dugc trang bi chuan cuc dai, va ....Dinh nghia ham F trén D, duoc cho
bai

Then, we have:

Thé thi, ching ta co:

Using (6.29), for x(x) = 0 for all x €[0, 1], we get

Dung (6.29), di véi ...... dbi v&i moi ..., chung ta co

We also have in this example LO < L.

Trong vi du nay chang ta cing c6 ......

7 Conclusion

Using our new concept of recurrent functions, and a combination of average
Lipschitz/center—Lipschitz conditions, we provided a semilocal/local
conver-gence analysis for (GNM) to approximate a locally unique solution
of a system of equations in finite dimensional spaces. Our analysis has the
following advantages over the work in [31]: weaker sufficient convergence
conditions, and larger convergence domain. Applications of our results to
Kantorovich’s analysis are also provided in this study.

7 Két luan

Dung khai niém mai vé ham truy hdi ciia ching t6i, va su két hop gitra diéu
kign Lipschitz trung tdm/ Lipschitz trung binh, chung t6i da dua ra phan tich



cuc b ciing nhu ban cuc bo cho (GNM) dé xap xi nghiém duy nhét cuc bo
ctia hé phuong trinh trong khong gian c6 sé chiéu xac dinh. Viéc phan tich
ctia ching tdi c6 nhiéu wu diém hon so voi cong trinh [31]: cac diéu kién hoi
tu du yéu hon, va mién hoi tu I6n hon. Viéc eng dung cac két qua cua ching
toi cho phén tich Kantorovich ciing dugc dua ra trong nghién curu nay.



